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In a final chapter some aspects of the generalization of the theory 
to Kahler manifolds of higher dimension are discussed. 

The first three chapters contain a development of the classical 
theory along historical lines, and these chapters may be omitted 
by the specialist. It was felt to be desirable to include these chapters 
as a means of providing a historical perspective of the field. A more 
modern treatment is included in Chapter 9 as the special case of a 
Kahler manifold of complex dimension 1 (a Riemann surface may 
always be made into a Kahler manifold by the construction of a 
Kahler metric). 

The monograph is self-contained except for a few places where 
references to the literature are given. 

M. Schiffer and D. C. Spencer, 
Hebrew University, Jerusalem, and 
Princeton University 

December, 1951 
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2 


GEOMETRICAL AND PHYSICAL CONSIDERATIONS [Chap. I 


harmonic functions and vectors, to disregard the metric of the 23 2 
entirely, retaining only the conformal structure. Thus we are led 
to the axiomatic definition of a Riemann surface as a surface every 
point of which has a neighborhood which can be mapped conformally 
onto a region of the plane. 

In this chapter we shall discuss briefly the differential geometry 
of a $8 2 , and we define harmonic functions on a general 93 2 . Motivation 
for this definition arises naturally if we consider the flow of an ideal 
incompressible fluid over the surface. 

Consider a two-dimensional Riemannian manifold %$ 2 for which 
the element of arc length ds is given by the formula 

(1.1.1) ds 2 = Ed£ 2 -j- 2 Fd£dr) + Gdrj 2 , 


where £ and rj are curvilinear coordinates and E, F, and G are 
functions of £ and rj. 

Given an arbitrary point of the manifold, we wish to introduce new 
coordinates x(tj, rj), y(£, rj) in some neighborhood of this point so that 
this neighborhood is mapped conformally onto a region of the 
Euclidean plane. 

We consider the equations 


( 1 . 1 . 2 ) 


G (-' 


dx\ 2 

W' 

dx dy 

a? a? 


dx dx 

2F— -—\-E 

d£ dr) 


F 


(If =< 


(1.1.3) 


/dx dy 
lai drj 

dx dy ' 
+ dr) 

)+E 

equivalent to 


dy 

F^- 

a£ 


dt 

Yeg- 

- F 2 ’ 

dy 

a£ 

f t 

dr) 

dr) 

Yeg- 

- F 2 ’ 


<M 2 _ 

del 

dx dy 
dr) dr) 


2 F 


dy dy 

0£ dr) 


= 0. 



where VEG — F 2 = H may have either choice of sign, or to 
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GEOMETRICAL AND PHYSICAL CONSIDERATIONS [Chap. I 


G continuous but such that the only continuously differentiable 
solution of (1.1.3) is * = constant, y = constant. In the exceptional 
cases there can be no non-constant harmonic or analytic functions, 
respectively, in the neighborhood. If E, F, and G have derivatives of 
all orders or are real analytic, the same will be true of the solutions 
x and y of (1.1.4). We remark that the Jacobian has the same sign 
as H. 

If we introduce * and y as local coordinates in this neighborhood 
we have 


( 1 . 1 . 6 ) 


and by (1.1.2) 


d(£. V) 
d{x, y) 



d(£. V) 

d{x. y ) 



(1.1.7) ds 2 = E d£ 2 -f 2 Fdtjdrj -f Gdr) 2 = o(x, y)(dx 2 + dy 2 ) 


where 


*(*. y) = h 


3(g. n) 
d(x> y) 


> o 


using (1.1.5). 

Thus the function z = x + iy maps a neighborhood of the given 
point of the S3 2 one-one and conformally onto a neighborhood in the 
complex plane with the Euclidean metric | dz \ 2 = dx 2 + dy 2 . The 
mapping cannot be chosen so as to be isometric, in general, since 
o(x, y) is not constant. 

A continuously differentiable function of the type z = x + iy will 
be called a local uniformizer of the surface S3 2 in the neighborhood of 
the given point. If z' = x' - f- iy ' is another uniformizer in the same 
neighborhood, then and y' satisfy equations (1.1.2), which are 
necessary for a relationship of the form (1.1.7), and by (1.1.3), (1.1.3)' 
and (1.1.6) we have 


( 1 . 1 . 8 ) 




dy 

dx 


} 


according as z' and z correspond to the same or opposite choices of 
the sign of H, so 2 ' is an analytic function of 2 or of its complex 
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conjugate z in this neighborhood. Conversely, any analytic function 
z ' 0 f z with dz'jdz ^ 0 can be introduced as a uniformizer. In parti¬ 
cular, 

8V 3V „ 

( L1,9 ) + 

The Cauchy-Riemann differential equations (1.1.8) are the special 
case of (1.1.3), and (1.1.9) is the special case of (1.1.4), in which 
E = G, F = 0. A complex-valued function on the surface will be 
called an analytic function in a neighborhood of a point of the $8 2 if it 
is analytic in the ordinary sense as a function of the local uniformizer. 

While it is always possible to map a $B 2 locally on the plane with 
preservation of angles, this is in general not true in the large since, 
for topological reasons, it is not always possible to map a S3 2 “glo¬ 
bally". For example, it is not possible to map a torus onto a sub- 
domain of the plane. However, it follows from the general Unifor- 
mization Principle given in Chapter 2 that, if a global map is pos¬ 
sible at all, then the SS 2 can be mapped conformally in the large, 
Beltrami’s equation is the analogue for the surface 33 2 of the 
Laplace equation (1.1.9). In order to understand this analogy even 
better, suppose that we consider an incompressible fluid contained 
between two planes parallel to the x, y plane. The exact nature of 
this fluid is irrelevant but for many reasons it is convenient to 
identify it with an electric fluid. Suppose that there is a potential 
u = u(x , y) (in the case of an electric fluid the electrostatic poten¬ 
tial) which gives rise to the streaming, and let v = v(x, y) be the 
stream-function. Then 

du dv du dv 

i _____ ^ _ • 

dx dy’ dy dx 

( 1 . 1 . 10 ) 

d 2 u dhi dh) d 2 v 

dx 2 ^~ dy 2 * dx 2 dy 2 

The curves u = constant are the equipotential curves, and the curves 
v = constant are the stream-lines. It is clear that u and v are only 
determined up to additive constants. Moreover, the equations 
(1.1.10) remain unchanged if we replace u by v and v by — u. Cor¬ 
responding to this we obtain a second system of streaming which 
Klein calls the conjugate streaming. 
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GEOMETRICAL AND PHYSICAL CONSIDERATIONS [Chap. I 


From the physical point of view, the Laplace equation 


( 1 . 1 . 11 ) 




for the potential u expresses the property that as much fluid flows 
into an element of area per unit time as flows out. The Beltrami 
equation (1.1.4) has the same physical interpretation when the fluid 
is considered as streaming over a curved surface $8 2 in space. For 
let £, 7] be curvilinear coordinates on the surface, and let the arc 
length be given by (1.1.1). Let u be a function of position on the 
surface, and let the direction of fluid motion on the surface at every 
point be perpendicular to the curve u = constant passing through 

die 

that point. Let the velocity be —, where dn is the element of arc 

on 

drawn on the surface, normal to the curve. 

At a point of the surface 3$ 2 the direction parameters of a £-curve 
(that is, a curve along which rj is constant) are 



and the orthogonal direction is defined by 

F 1 YE 

M Ye Yeg — f 2 ’ f ‘ Yeg — f 2 ’ 


That is, 

FA 1 /* 1 + F(AV + ;. 2 /F) + = 


1 


(— F + F) 


0. 


VEG — F 2 

The velocity of the flow at right angles to the £-curve therefore is 

1 


( 1 . 1 . 12 ) 


du 1 du 2 1 

ds + dr] /l ~ Ye Yeg — f 2 


du _ du\ 

+ V ’ 


By symmetry the velocity of flow across the ?y-curve is given by 

1 1 

-I — F 

drj 


( 1 . 1 . 12 )' 


VG VEG — F 2 


( 


du du\ 

F -—H G — j. 




Now consider a small element of the surface S3 2 bounded by the 
coordinate curves corresponding to the parameter values 



§ l.l] CONFORMAL FLATNESS. BELTRAMI’S EQUATION 7 

and r),n + dr i- The flow across the coordinate curve extending from 
the point {(, n) to the point (f + ft, v) is 

1 1 

Ve VEG — F 2 ' ft dr > 

(1.1.13) x , 

-y/£G — F 2 \ 

while the flow across the segment of the coordinate curve from 
({, n + dr,) to (f + ft,r,+ dr,) is given by 


F t+E^)VEft = 


du _ du 

F — + E — 

d£ drj 



(1.1.14) 


+ 



1 

l ^du ^du\ 

— F -h E — df 

VEG — F 2 

\ d^ drj! 

d 

* 

f 1 

1 _ du ^ du 

F _l E — 

drj 

i Veg — 

F 2 \ d( + dr. 


dtj [ dr]. 


The difference in flow across these two boundary lines of the surface 
element is therefore equal to 


(1.1.15) 


a 

drj 


1 


du ^ du\ 

F - +E Vr) 


dtjdr). 


{ VEG — F 2 \ ft 
Adding the difference in flow across the other two boundary lines 
and setting the result equal to zero we obtain Beltrami’s equation: 

( du ^ du 

F - G — 

dn dS 

VEG=W) + dr, WEG 



= 0. 


From the form of (1.1.16) it follows that for every u which satisfies 
(1.1.16) another function v can be found having a reciprocal relation 
to u. For by (1.1.16) the following equations hold simultaneously: 


du 


du 


dv 


d£ dr] 

VEG — F 2 


du 


du 


dv 

dv 


d£ drj 

VEG — F 2 


(1.1.17) 
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These equations define v up to an additive constant. From the 
geometrical meaning of the equations (1.1.17) we see that the 
systems of curves u = constant and v = constant are in general 
orthogonal; in fact 

(1.1.18) dn 2 + dv 2 = Xds 2 = X(Ed £ 2 + 2 Fd^drj -j- Gdr\ 2 ) t 

so u -f- iv is a complex analytic function of position. 

If the surface 33 2 is mapped conformally upon another surface 
with arc length ds\, then 

ds 2 = f.ids\. 

Hence by (1.1.18) 

du 2 + dv 2 = Xnds\ = A x ds\ t 

so u -j- iv is transformed into a complex analytic function in $8?. 
This property is essentially a consequence of the fact that the 
equations (1.1.16) and (1.1.17) are homogeneous of degree zero in 
E, F and G. The stream-lines and equipotential curves on the one 
surface are mapped into stream-lines and equipotential curves on 
the other, but the velocity of the flow at corresponding points on the 
two surfaces is in general quite different. In particular, a harmonic 
function remains harmonic under a conformal transformation. 

This theorem has the following converse: If two complex analytic 
functions on two surfaces are given and if the surfaces can be mapped 
onto one another in such a way that at corresponding points of the 
surfaces the two complex analytic functions have the same values, 
then the surfaces are mapped conformally onto one another. In 
fact, this criterion will later be used as the definition of conformal 
equivalence. 

Another approach to Beltrami’s differential equation is obtained 
by considering extremum problems on the S3 2 . Let <p(£, rj) be a real, 
twice continuously differentiable function on the surface. We seek 
the direction of steepest descent of cp at a given point of the surface. 
For this purpose suppose that we proceed from the point along an 
arbitrary curve and compute the derivative of cp with respect to 
the arc length s along this curve. We obtain 


(1.1.19) 


dcp d£ dr) 

Ts = <P( Ts + ^Ts- 
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The fact that s is an arc length is expressed by the condition 


(1.1.20) & = E 



( j \ 2 

—j under the side condition (1.1.20) 
by means of the Lagrange multiplier rule. In this way we find 


(1.1.21) max(J) 2 = (EG-F^E^\ 2 -2F(^) + G 


\d£ drj) 


m 


In analogy with the terminology of plane geometry, we might call 
the expression on the right of (1.1.21) [grad<p] 2 . By virtue of its 
definition, [grad <p ] 2 is independent of the choice of the coordinates 
£ and rj of S3 2 . It is called the first differentiator of Beltrami and 
can be expressed as follows: 


( 1 . 1 . 22 ) 


[grad q >] 2 = 


1 


EG — F 2 


E 

F 


F 

G Vn 


Vi % 


0 


Let <p and xp be two twice continuously differentiable functions on 
S3 2 and let (i be a constant. We have 


[grad [cp + fixp)} 2 = (grad tp) 2 + 2pi grad <p . grad xp + pi 2 (grad xp ) 2 
where 


E F Vi 

F G Vt, . 

Vi Vr, 0 

Clearly this expression is also invariant to changes of the (£, rj)- 
coordinate system. 

The operator 


(1.1.22)' grad cp • grad xp =—-- 

EG — F 2 


(1.1.23) - 1 \ d l G Vs — 9 / E(p n — Fq>A \ 

VEG — F 2 [ d£ WEG — F 2 ' drj WeG — F*/J 

is called the second differentiator of Beltrami [2, 5]. Its close relation 
to the first differentiator is exhibited by the identity 



10 


GEOMETRICAL AND PHYSICAL CONSIDERATIONS [Chap. I 


(1.1.24) 


grad 99 • grad ip 4- ipA<p 


1 

V EG — F 2 



This identity is a generalization to curvilinear coordinates of the 
well-known vector identity 


grad (p • grad ip -f- y>Aq> = div (ip grad 9 ?). 

A more detailed study of vector analysis on Riemannian manifolds 
of higher dimensions will be given in Chapter 9. The reader can 
regard formula (1.1.24) as an illustration of the general theoiy. 

We wish to apply (1.1.24) as follows: Let ip vanish on a smooth 
1-cycle 03 which bounds a sub-domain 3 of the $8 2 . In view of 
(1.1.24) we have 


/ 



grad cp • grad ip \ EG — F 2 d^dr] = 


since the divergence integral is equal to an integral over the boun¬ 
dary 03 * an d this integral vanishes. 

The function 9 v is said to be harmonic in 3 if Acp = 0 in 3 - Thus 
we have proved the following result, namely: If 9 ? is harmonic in 
3 , and ip vanishes on 03 * then 


(1.1.25) J grad 9 : • grad y V EG — F 2 dt-drj = 0 . 

3 

Let now y be another twice continuously differentiable function 
in the closure of 3 > which has the same boundary values as the 
harmonic function 9 ?. The difference y — 99 is a function ip which 
vanishes on the boundary. Hence, by (1.1.25) 


J' (grad y) 2 V EG — F 2 d£dr\ = J' (grad (p) 2 V EG — F 2 d£drj 



(grad ip) 2 VEG — F 2 d£drj. 


a 


Thus we have verified Dirichlet’s Principle in a formal way for the 
region 3» namely, that any given harmonic function has a smaller 
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integral of the squared gradient than any other smooth function 
with the same boundary values. 

Dirichlet’s Principle has served as a starting point for proving 
the existence of harmonic functions with prescribed boundary values. 
The corresponding existence proof in Section 2.8 represents a modifi¬ 
cation of the original Dirichlet’s Principle which is due to Kelvin, 
Riemann, and Hilbert. 

1.2. Exterior Differential Forms 

So far we have been concerned mainly with the potential function 
of the fluid flow. We now examine briefly the vector field defined 
by the fluid velocity. First, however, let us make some remarks of 
general character. 

Let Z 1 , / 2 be a pair of continuously differentiable functions of the 
rectangular coordinates x\ x 2 in a domain cr 2 of the plane. We may 
consider these functions as defining a change of variables in a 2 . If 
the Jacobian 

a / 1 az 1 

d(j\ z 2 ) a * 1 w 

d(x\ x*)~ dp_ 

dx 1 dx 2 

of Z 1 , z 2 (in this order) with respect to x 1 , x 2 does not vanish over the 
domain of integration we then have the formula 

(i - u > /«■ - 

the first integral being evaluated over the image of a 2 , regarding 

Z 1 , Z 2 as independent variables. Even if f\ f 2 do not map a 2 in a 

one-one manner, it is a matter of convenient notation to have the 
formula 

( 1 . 2 . 2 ) = 

d{x\ x 2 ) 

Since 

3 if 1 , n d ( j \ /i) 

X 2 ) d ( x \ X s1 ) ’ 
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we should have 


( 1 . 2 . 2 )' dffl* = —df 2 df K 

We now proceed formally. A differential of degree 1 is an ex 
pression of the form 

a = a x dx x -f* ci 2 dx 2 . 



p = b x dx l + b 2 dx 2 


is another such differential, we define addition of two differentials 
by the natural formula 

a + p = (a 1 + bjdx 1 + (a 2 + b 2 )dx 2 . 


If / is a function (or a differential of degree zero), then we define 

/a = fa x dx l + fa 2 dx 2 : 

The operator d is defined as usual by the formula 



dx 1 + 


dx 2 


dx 2 


when / has continuous first partial derivatives. A differential of 
degree 2 is an expression of the form 

adx l dx 2 . 


The sum of two such differentials, and multiplication by a function 
are defined in the obvious manner. We now define a multiplication 
for differentials, called exterior multiplication. The first rules 
(definitions) are given by the formulas 

( 1 . 2 . 3 ) dx l dx 2 = — dx 2 dx l ; dx 1 dx 1 = dx 2 dx 2 = 0 . 

Furthermore, the multiplication shall be distributive, associative, 
and shall reduce to the ordinary scalar multiplication when defined 
for functions. Scalars (that is, functions or differentials of degree 
zero) shall commute with all differentials. Thus we have the formulas 

a(/3y) = (a0)y; a(0 + y) = a£ + ay; (/a)0 = « UP) = M 

where a, p, y are differentials of any degree, and where / is a func¬ 
tion. In other words, we may multiply in the natural way, being 



•""lilh.m"" !: ' mm i 
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GEOMETRICAL AND PHYSICAL CONSIDERATIONS [Chap. I 


where a = a^dx 1 + a 2 dx 2 is a differential form of degree 1 and 
where da 2 denotes the positively oriented boundary of o 2 . The in¬ 
tegral on the right in (1.2.5) is the circulation of the fluid around 
the boundary of o 2 . If this circulation is to be zero for every o 2 , we 
must have 


( 1 . 2 . 6 ) 
that is, 

(1.2.7) 



& a i __ o 

dx 2 dx 1 


The equation (1.2.7) expresses the property that the vector field 
a, is irrotational, and it implies the existence (locally) of a velocity 
potential u(x 1 , x 2 ) such that 

du du 

(1.2.8) du = a x dx Y + a 2 dx 2 ; a x = —, a 2 = 


If the fluid is incompressible, we have seen in Section 1.1 that the 
potential function u satisfies (1.1.11); that is, by (1.2.8), 


(1.2.9) 



The equation (1.2.9) is the so-called equation of continuity, and it 
expresses the property that the divergence of the vector field a { 
vanishes or that the vector field is solenoidal. 

A vector field which is both irrotational and solenoidal is said 
to be harmonic. In the case of the flat plane the harmonic character 
of a vector field (a v a 2 ) is expressed by equations (1.2.7) and (1.2.9). 
The question arises as to the nature of these equations on a surface 
which is not flat, and it turns out that the equations which charac¬ 
terize a harmonic vector field on a $8 2 remain unchanged under a 
conformal transformation. Since a $B 2 is locally conformal to a flat 
surface, we see then that we may always express the equations 
characterizing a harmonic vector field in terms of the Euclidean 
coordinates of the flat plane. In other words, we may use the equa¬ 
tions (1.2.7) and (1.2.9) to define a harmonic vector field on a 

general $8 2 . 



DIFFERENTIAL FORMS 
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§ 1 . 3 ] 


The fact that the harmonic character of differential forms of degree 
1 on a S3 2 depends only on the conformal structure is a special case 
of a more general result which has often been emphasized by H. Weyl, 
namely that on Riemannian manifolds of dimension n = 2p the 
harmonic ^-vectors (or harmonic />-forms) depend only on the 
conformal structure. The proof of this result is based on tensor 
calculus, and will therefore be omitted. 


1.3. Differential Forms on Riemann Surfaces 


At the end of Section 1.2 it was pointed out that the conformal 
structure alone enters into the definition of harmonic functions and 
harmonic differentials on a S3 2 . Since a neighborhood of each point 
P of a S3 2 can be mapped conformally onto a domain of the plane, 
the metric may be disregarded entirely in so far as harmonic functions 
and 1-vectors are concerned. However, this is not true for 2-vectors; 
and for this reason we shall not consider them further. If x, y are 
the Euclidean coordinates of the plane which correspond to points 
of S3 2 in the neighborhood of p, the function z = x + iy is a com¬ 
plex function of position in the neighborhood of p in the sense of 
Section 1.1, and is called a (local) uniformizer at the point p. We 
are thus led to consider surfaces which have uniformizers at each 
of their points, a pair of uniformizers valid over a common neigh¬ 
borhood being related by a conformal mapping. Such a surface is 
called a Riemann surface, a concept which will be defined more 
precisely in Section 2.1. 

A differential of degree 1 on the Riemann surface is a linear 
expression of the form 

, a = adx -f bdy 

where a and b are functions (not necessarily analytic) of the local 
uniformizer z = x iy. There is one such expression for each 
uniformizer, and the coefficients are supposed to depend on the 
uniformizer in such a way that a is invariant. We suppose that a 
and b are continuous together with their first partial derivatives. 

A differential of degree 2 on the Riemann surface is an expression 

cdxdy 

with a corresponding invariance property. 
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Finally a function is a differential of degree 0 whose value at a 
point does not depend on the choice of uniformizer. 

An analytic function on a Riemann surface is a complex scalar 
which, expressed in terms of a local uniformizer, is a power series. 
In particular, a uniformizer is locally an analytic function. Let 
z = x + iy be a uniformizer at the point p, and introduce the 
Wirtinger operators 


(1.3.1) 


dz 2 \dx 1 dy)’ dz 2 \dx dyJ 


A harmonic function U on the Riemann surface defines an analytic 
differential 



Starting on the other hand from an analytic differential 
dw = (u + iv)dz, its real and imaginary parts give the harmonic 
differentials (in the sense of Section 1.2) 


(1.3.3) a = udx — vdy, p = vdx + udy. 

In fact, the Cauchy-Riemann equations connecting u and v express 
the solenoidal and irrotational character of the vector fields. 

The complex unit i may be regarded as a symbol which distinguishes 
the positions of the components of the combination u + iv. Multi¬ 
plication of u + tv by i replaces u by — v and v by u. In other 
words, i sends a harmonic function into its conjugate. We could 
avoid the use of complex numbers entirely by introducing the fol¬ 
lowing * operator acting on differentials. Given 

a = a x dx Y -|- a^dx 2 , 

we define 

(1.3.4) *a = — a 2 dx 1 + a x dx*. 

We observe that, in (1.3.3), 0 = *a; in other words, the real and 
imaginary parts of an analytic differential are a pair of conjugate 
harmonic differentials. We have, for general a and /?, 
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number h of handles. If it is non-orientable, each handle may be 
converted into two cross-caps and the genus is defined to be equal 
to the total number of cross-caps when all handles have been con¬ 
verted, therefore equal to 2 h + c. The surfaces therefore have three 
topological invariants: orientability or non-orientability, genus, and 
the number m of boundary curves. 

A 2-simplex is oriented by ordering its vertices, say {P^P X P 2 ), 
a 1-simplex is oriented by ordering its end-points, say (P 0 Pi), and 
a 0-simplex is oriented by attaching a + or — sign. If 

o 2 = 4- (P 0 P X P 2 ) 


is an oriented 2-simplex or “triangle", then 


Similarly, if 
then 


- a 2 = - (P0P1P2) = + (PiP 0 p 2 )- 

a 1 = (-PqPj), 

-a^ = -(P 0 P 1 ) = Hr (PiPq)- 


We form chains from the oriented simplexes of the surface. A k- 
chain (k = 0, 1, 2) of a finite surface consists of the finitely many 
^-simplexes belonging to the surface, each with a definite orientation 
and with a definite multiplicity. A £-chain C k is written 

(1.4.1) C k = u x c7 k -I- u 2 a\ + ’ * • + 

where the u k are integers and a = a fc is the number of ^-simplexes 
belonging to the surface. If, for example, u x = 0, then the simplex 
uf does not occur. If u x = 2, o\ occurs with multiplicity two while, 
if Ul = — 2, the oppositely oriented simplex occurs twice. The 
boundary of o k consists of its (k — l)-dimensional sides, each having 
the induced orientation. We denote the boundary of o k by da k . For 
example, 

do 2 = d[P Q P 1 P 2 ) = (PiP 2 ) — ( P 0 P 2 ) + (P 0 Pi)> 
do 1 = d(P x P 2 ) = (P 2 ) —(P 1 ). 


The boundary dC k of C k is defined to be 

(1.4.2) dC k = Zu x da\. 
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If the boundary of a chain vanishes, the chain is called a cycle. 
It is easily verified that d 2 o = d(do) = 0, and therefore that 
d(dC) — 0. Thus, any boundary is a cycle. The addition of 6-chains 
is commutative, associative and distributive. The chains 

C k = u^[ H-+ «.oJ, D k = vrf H-f- 


have the sum 

C* + D k = (n t + vjo* + • • • + K + *.)<& 

If a 6-cycle C k is the boundary of a (6 -f- l)-chain, it is called 
a bounding 6-cycle or it is said to be homologous to zero; in symbols 

C k ~ 0. 

The residue classes of the group of 6-cycles with respect to the sub¬ 
group of bounding 6-cycles are the homology classes, and they form 
the elements of the 6-dimensional homology group. In the case of 
a Riemann surface it is only the 1-dimensional homology group which 
is significant. We remark that on a connected complex (of arbitrary 
dimension) the 1-dimensional homology group is the Abeliani.zed 
1-dimensional homotopy group. 

By formula (1.2.5) applied to a 2-chain C 2 : 

(1.4.3) J'dot = J* a. 

c* sc« 

Here a = a-^dx 1 + a^dx 2 is a 1-form. Let 

(1-4.4) P(«,C»)=Ja 

c l 

be the period of a around the cycle C l . From (1.4.3) we see that if 
a is closed and if C 1 ~ 0 (in which case C 1 = dC 2 ), then P( a, C 1 ) = 0. 
Thus the periods of closed differential forms depend only on the 
homology class of the cycle C l . In particular, the periods of harmonic 
differentials depend only on the homology class. 

For further details concerning the elementary topology of surfaces 
we refer the reader to the literature (in particular [8]). We remark 
that m many applications it is preferable to consider chains whose 
coefficients are real numbers which are not necessarily integers, 
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for example in applications involving integration over chains on a 
manifold. Here we require only the simplest results of the classical 
topology of surfaces. 


1 . 5 . Integration Formulas 


In this section we bring together the formulas of integration which 
we shall have occasion to use in the sequel. 

The scalar product of two differentials 

a = a x dx + b x dy, p = a 2 dx -f- b 2 dy 

over a domain Q of a Riemann surface is defined to be 


(1.5.1) (a, P) = J a • *0 = J (a x a 2 + b x b 2 )dxdy = (P, a). 

0 3 

We observe that 


(1.5.2) (*oc, *p) = J*oc • **P = — J*a = jP * * a = ( a , P) 

0 3 3 

by (1.3.5). The scalar product of two scalars cp and rp is defined 
by the formula 

(1.5.3) (cp, rp) = j<P ' *V = jn’dxdy. 

3 3 

Let yj be a function which is twice continuously differentiable 
and set 


(1.5.4) 




dhp 
dy 2 


dhp 

dzdz 


where z = x iy is a uniformizer. We have 

(1.5.5) dzdz = (dx — idy)(dx + idy) = 2 idxdy. 

We shall often denote dxdy by dA (element of area). Then 
dy dx = — dA. It is apparent that 


Axpdxdy = 


d 2 xp 

— 2 i - dzdz 

dzdz 


(1.5.6) 
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is a differential of degree 2 and that 


(<p, Aip) = j(pAipdxdy 


We observe that 


A = *d*d. 


Let tp be a function (scalar), a a differential, both assumed to be 
continuously differentiable. Then we have the formula 


(1.5.7) 


(dtp, *a) — {(p, *dcc) = — j<p • a. 


as 


This follows at once from (1.2.5) by choosing a 2 = Qf and replacing 

a by (p • a. Taking a = y a scalar, we obtain the standard 
unsymmetrical Green’s formula, namely 


(1.5.8) 


(d<p, 


dip) + (cp, Aip) = I* • *dip 


where, in the more usual notation, 


as 


(1.5.9) j\p • *d\p = — 

as 


dip dip 

dx - 


dy 


dx 


d y) = — J <p 


dip 

dn 


ds. 


as 


Here ds is an element of arc length on the boundary and d/dn denotes 

differentiation with respect to the normal which points to the left 
of the vector {dx, dy). 

The symmetrical Green’s formula is 


(1.5.10) 


J 


as 


Finally, if we take a = dy,, then (1.5.7) becomes, since d(dy>) = 0,. 


(1.5.11) 


/ 

as 


All the above integration formulas are extremely trivial and mav 

SSJf" y - Ho ’ vev "' ,he no,ation " 

We shall be concerned mainly with analytic differentials. An 
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analytic differential df has the form 

(1-5.12) df = dn -f- idv 

where 

(1.5.13) dv = *du. 

Thus 


(1.5.14) 


dj = adx + bdy 


where a, b are complex and 


(1.5.15) 


We have 


du .dv du .dv 

a = — —I - i —, b =- \- i — 

dx dx dy dy 


(1.5.16) d] = du — idv = adx -f bdy 

where a, b are the complex conjugates of a, b. By (1.3.4), 

(1.5.17) *d] = dv + idu = idJ, 


and it would therefore be natural to define 


W. d i) = jdf • *dg = i yf • dg 

o o 

= i J* f'g'dzdz — 2 J /' • g'dxdy 
o o 

as the scalar product of two analytic differentials. Here df = f'dz. 
However, for formal reasons we take instead 


(1.5.18) 




/' • g'dxdy. 


We observe that 


(1.5.19) (df, dg) = {(dg, df))~ 

where (a)“ denotes the complex conjugate of a. Also 

(1.5.20) (*df, *dg) = (df, dg). 
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Writing 

(1.5.21) N(df) = (df, df), 
we have 

(1.5.22) N(df) =Ljd/df = j\r | °dxdy. 

0 3 

In formulas (1.5.18) and (1.5.22), we understand that dxdy is the 
area element. Thus 

(1.5.23) N(df) ^ 0. 

We note the useful identities 

(1.5.24) J dfdg = J fdg, J dfdg = — J dgdf = — jgdf, 

a 33 3 a 33 

and 

(1.5.25) jdfdg = 2 judg = 2ijvdg, df — du + idv. 

0 33 33 
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2. Existence Theorems 
for Finite Riemann Surfaces 


2.1. Definition of a Riemann Surface 

In this chapter we establish the existence of analytic functions 
and differentials on Riemann surfaces. The proof of the existence 
is based on the concept of a Hilbert space of differentials, in the 
metric of which orthogonal projection is possible. The method of 
orthogonal projection, which is closely related to the classical 
Dirichlet’s Principle, leads to the existence of harmonic and analytic 
differentials. It is sufficient to apply these methods to the particularly 
simple case of a closed orientable Riemann surface. Any compact 
Riemann surface 5DI which has a boundary or is non-orientable may be 
covered by a symmetric closed orientable Riemann surface called 
its "double". We shall construct the functionals of 9ft (such as the 
Green's function) in terms of the functionals of its double. 

In Section 1.3 we arrived at the concept of a Riemann surface. 
Now we give a more precise definition. A Riemann surface 3R is a 
connected complex, to each point p of which there is a neighborhood 
which is mapped one-one and bicontinuously onto an open domain 
of the complex 2 -plane. The variable z belonging to the point p is 
called a local uniformizing parameter or, more shortly, a uniformizer. 
If the point q lies in this neighborhood of p and if 2 ' is a uniformizer 
at q, then 2 and z' are related by a direct or indirect conformal 
mapping. That is, z' is an analytic function of 2 or 2 (the complex 
conjugate of 2 ) which has a non-vanishing derivative at p. 

If the Riemann surface is a finite complex, we say that it is 
a finite Riemann surface. In this case, corresponding to each boundary 
point p of m, we suppose that there is a boundary uniformizer which 
maps a subdomain of 9R near p onto a domain of the upper half¬ 
plane Im z > 0 in such a way that the boundary of SR goes into a 
segment of the real 2 -axis. Every finite Riemann surface! compact 

[25] 
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and is bounded by m closed curves, m ^ 0. It is proved in topology 
that a finite Riemann surface 9ft is topologically equivalent to the 
sphere with m holes cut out and with h handles and c cross-caps 
attached. If c > 0 the surface is non-orientable, otherwise it is 
orientable. If 9}? is non-orientable the genus is 2h c while if 9ft 
is orientable the genus is simply equal to h, the number of handles. 
When 931 is orientable we shall retain only one or the other of the 
two classes of uniformizers which are related to one another by 
direct conformal mappings and the other class will be rejected. We 
remark that a finite Riemann surface cannot have a single isolated 
point (puncture) as part of its boundary. The unit disc is a finite 
Riemann surface, but the unit disc punctured at the center is not. 

From the point of view of the systematic theory of Riemann 
surfaces, it would be desirable to define a Riemann surface in a 
somewhat more general way and to show that this definition is 
equivalent to the one given above (see [15]). However, since we shall 
be concerned primarily with functionals of finite Riemann surfaces, 
we do not enter into these finer topological considerations here. 

If 2 - = x + iy is a single-valued analytic function on the Riemann 
surface and if the value of 2 at the point p of the surface is a, we 
say that p lies over the point a of the sphere. In this way we are 
led to a realization of the Riemann surface as a multi-sheeted surface, 
spread over the z-sphere, which is conformally equivalent to the 
original surface. In general, we shall say that two Riemann surfaces 
are conformally equivalent if there exists a topological mapping of 
one surface onto the other such that any analytic function or differen¬ 
tial on the one is carried into an analytic function or differential 
on the other. We must distinguish the essential properties common 
to all realizations from the non-essential properties associated with 
particular ones. For example, the genus is an essential property while 
the kind and position of the branch points of a multi-sheeted surface 
are non-essential properties. 

A common realization of a finite Riemann surface of genus zero 
is a multiply-connected domain of the complex z-plane having m 
analytic boundary curves. Near a boundary pount z 0 of such a domain 
we may use a boundary uniformizer s which coincides on the boundary 
curve with the arc length parameter. A half-neighborhood of the 
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domain at z 0 is mapped by s onto a half-neighborhood bounded by 
a segment of the real s-axis. 

Any finite Riemann surface may be represented as a disc of the 
complex plane having 2 n arcs on the boundary of the disc identified 
in pairs (see end of Chapter 8). It is a classical theorem in the 
elementary topology of surfaces that any finite surface is equivalent 
to the disc (topological polygon) with pairs of arcs on the boundary 
of the disc identified. The identification in topology is accomplished 
by a topological map of one arc upon the other, a pair of corresponding 
points in the mapping being regarded as equivalent. In the case of 
Riemann surfaces we must show that the indentification can be 
established by one-one conformal maps. 

For example, consider the unit disc z \ < 1 of the complex z- 
plane and let the upper half of the circumference \z — 1 be iden¬ 
tified with the lower half by the direct conformal mapping which 
sends the point z into the point l/z. The resulting surface is topo¬ 
logically equivalent to the sphere, and it is made into a Riemann 
surface by introducing appropriate uniformizers. At an interior point 
of the disc the variable 2 itself is a uniformizer. At a point p 0 of the 
surface which corresponds to a pair of identified points z 0 , l/z 0 on 
|*| = L *0 + 1, — 1, we define a uniformizer in the following way. 
Let 9^ be the half-neighborhood at z 0 which is the intersection of 
the circle \z — z 0 \ < q with the disc \z\ < 1, and let % be a 
similar half-neighborhood at l/z 0 . We set 

\z — z 0 , 

(2.1.1) t= 1 

z 0 , Z € %. 
z 

Then the half-neighborhoods 31, and 9f 2 fit together in the plane of 
t to form a full neighborhood of t = 0, so t is a uniformizer at the 
point p 0 of the surface. At the point of the surface corresponding 
to 2 = 1 , we define a uniformizer by first mapping the circum¬ 
ference 2 | = 1 into a straight line by the transformation 

2 1—2 

W = ---1 — _I 

* + 1 1+2 

in which 2 = 1 goes into w = 0 and in which the half-neighborhood 
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VI — [ \ z < 1] n [\z — l|<{?] goes into a half-neighborhood 
lying to the right of w = 0. Set 



In the plane of t the neighborhood 9? appears as a neighborhood 
of t = 0 cut along the negative real axis, opposite points on the two 
edges of the cut corresponding to identified points 2 , 1/2 near 2 = 1 . 
The identification of points is therefore achieved by erasing the cut 
to give a full neighborhood of t = 0. Thus t is a uniformizer at the 
point of the surface corresponding to 2 = 1. A similar uniformizer 
may be defined at 2 = — 1. With these definitions of uniformizers, 
the surface is made into a Riemann surface. 

From the topological point of view, the projective plane is represen¬ 
ted as the unit disc with diametrically opposite points of its boundary 
identified. Now let this identification be accomplished by the in¬ 
direct conformal mapping which sends the point 2 of | 2 | = 1 into 
the point — 1 / 2 . Let 9?! be the half-neighborhood [| 2 | < 1] n 
[ | 2 — 2 0 | < £>] at 2 0 , 9? 2 a similar half-neighborhood at —l/ 2 0 , 
and define 

2 — 2 0 , 2 € 9 ?j 

(2.1.3) T= _I_ 7 „ ST> 

Z 


Then t maps the union of 9?! and 9? 2 onto a complete neighborhood 
of the origin and is therefore a uniformizer at the point p 0 of the 
surface corresponding to the pair of identified points z 0 , — l/ 2 0 . 
With these uniformizers the surface becomes a closed non-orientable 
Riemann surface which is topologically equivalent to the projective 
plane. 

The simplest example of a non-orientable finite Riemann surface 
with a boundary is provided by the Mobius strip. The Mobius strip 
may be obtained by cutting a hole out of the projective plane. Con¬ 
sider also the circular ring 1 < | 2 | < R of the 2 -plane. The Mobius 
strip is obtained from this by identifying the points 2 and — R/z. 
This clearly represents a non-orientable surface, because in the 
identification a small circle oriented clockwise at 2 goes into a small 
circle oriented counterclockwise at — R/z. By cutting the ring along 
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g 2 . 2 ] U\JU jDJUJC, l/I’ /i i iitx a it* 4-4»*4****« ww 

the real axis in the z-plane, and joining the two halves together along 
corresponding boundaries, it may be verified that the familiar 
Mobius strip is obtained. Thus the ring 1 < ] 2 | < R with points 
z and — Rjz identified is a canonical form for the Mobius strip. 


2.2. The Double of a Finite Riemann Surface 

A finite Riemann surface has a “double”, which we presently 
define. The double of a multiply-connected domain of the plane was 
first introduced by Schottky [11], and it was later used by Picard 
(see [9]) and by Klein [5], the latter of whom extended the concept 
to general Riemann surfaces. 

The double g of a finite Riemann surface 9ft may be defined as 
follows. Two points of % are associated with, or lie over, each interior 
point of 9ft and one point of % is associated with each boundary 
point of 9ft. Two disjoint neighborhoods of g lie over each neigh¬ 
borhood of an interior point of 9ft. If z is a uniformizer at an interior 
point of 9ft, then z is a uniformizer in one of the two associated g- 
neighborhoods and z (the complex conjugate of z) is a uniformizer 
in the other. If z is a boundary uniformizer at a boundary point of 
9ft, then a uniformizer at the corresponding point of g is given by 
the variable which is equal to 2 : in one sheet of g and equal to z in 
the other. Only direct conformal transformations of the uniformizer 
are permitted on If 9ft is orientable and has a boundary or if 9ft 
is non-orientable, ^ is a closed orientable Riemann surface; if 9ft 

is a closed orientable manifold, ^ consists of two closed orientable 
surfaces. 

To obtain a more complete description of g, let us assume first 
that 9ft is orientable and that it has a boundary. In this case we 
suppose (by discarding one class of uniformizers) that two unifor- 
mizers which belong to the same neighborhood of 9ft are related by 
a direct conformal mapping. Now let aft be obtained from 9ft by 
introducing the class of uniformizers which was discarded for 9ft. 
The double g is obtained by identifying corresponding boundary 
points of 2U and TO. If p and p are identified boundary points of TO 
and TO, let * be a boundary uniformizer of TO at p. Then z is a boun¬ 
dary uniformizer of TO at p, and we take as uniformizer on g at the 
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point p = p the variable r defined by 

_ z in 9ft 

T — z in Sb 

> 

Second, assume that 9ft is a non-orientable finite Riemann surface. 
To each point of 9}? there are two classes of uniformizers, the unifor- 
mizers within each class being related to one another by direct 
conformal transformations. Let 9? be the relatively unbranched two- 
sheeted orientable covering of 9ft. Two points of 9? lie over each 
point of 9ft and one class of uniformizers is associated with one of 
these points, the other class with the other. Then 9? is a connected 
neighborhood space. For, the curve on 9? lying over a 1-cycle on 
9ft along which the orientation is reversed leads from one sheet of 
9? to the other. In fact, 92 is an orientable finite Riemann surface. 
If 9ft is closed, the double g of 9ft is defined to be 9?. If 9ft has m 
boundary curves, m > 0, then 9? has 2m boundary curves and two 
boundary curves of 9? lie over each boundary of 9ft. If a boundary curve 
of 9ft is oriented and if the two overlying boundary curves of 92 
are given corresponding orientations (defined by the continuous 
mapping of 92 onto 9ft), then 92 lies to the left of one of the curves 
and to the right of the other. We now identify the two boundary 
curves of 92 lying over each boundary curve of 9ft (a pair of equivalent 
points lying over the same boundary point of 9ft), and we obtain 
in this way a closed orientable Riemann surface 5 which is defined 
to be the double of 9ft. 

The two points p and p of $ which lie over the same point of 
9ft are called conjugate points of If p corresponds to a boundary 
point of 9ft, then p = p. Thus at a point p of g which corresponds to 
a boundary point of 9ft we may use as uniformizer either the variable 
2 or its complex conjugate z. The correspondence between conjugate 
points of § defines a one-one indirect conformal mapping of 3 on t° 
itself. If this mapping is S, then S 2 = I, the identity mapping. 
Klein [5] calls a closed orientable Riemann surface symmetrical if, 
as in the case of 5, there is a one-one involutory indirect conformal 
mapping of the surface into itself. If we identify conjugate points 
of a symmetrical surface, we obtain a finite Riemann surface 9ft whose 

double is the given symmetrical surface. 

To compute the genus G of the double g, we assume first that 9ft 
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is not closed and orientable and we make a simplicial decomposition 
of 9ft. This division of 9ft may be carried up (in the usual way) to g, 
and we then apply the Euler characteristic formula to %. Each 
simplex which is interior to 9ft gives rise to two simplexes of % while 
each simplex lying in the boundary of 9ft gives rise to one simplex 
of %. Since the number of O-simplexes on any boundary component 
of 9ft is equal to the number of 1-simplexes on that boundary, the 
boundaries of 9ft contribute nothing to the Euler characteristic N 
of 9ft and we see that the characteristic of % is equal to 2 N. The 
genus G of $ is therefore equal to N + 1. But if 9ft is equivalent 
to the sphere with h handles, c cross-caps and m holes we have 

N = 2h + c + m — 2, 
so 

Q = 2h -\- c m — 1. 

If 9ft is closed and orientable, we define G = 2h. 

To obtain a formula for G which will be valid in all cases, we let 
R° be the number of components of the double (O-dimensional 
Betti number). Then R° is equal to 1 unless 9ft is closed and orientable 
in which case R° = 2. The formula 


(2.2.1) C = 2h + c + m + R° — 2 


is valid for every finite Riemann surface 9ft. 

The double of a simply-connected domain with boundary is the 
sphere, while the double of a multiply-connected domain of genus 
zero with m boundaries is the sphere with m — 1 handles. The double 
of the Mobius strip discussed in Section 2.1 is the torus. 

We now define what is meant by an analytic differential dZ v of 
dimension v on a closed orientable Riemann surface %. It is a rule 
which associates to each point of g a meromorphic function g(r), 
r a local uniformizer, such that 

( 2 - 2 * 2 ) dZ v = g(r)dT v , dr v = (dr) v , 

is invariant to direct conformal transformations of the uniformizer. 
In other words, if t is another uniformizer at the same point of g. 


( 2 . 2 . 2 )' 


dZ v _dZ v idtV 

dx v ~ dt v \dr) ' = 
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where g Y (t) is the meromorphic function assigned to the uniformizer t. 
If v is zero, g is invariant under direct conformal changes of the 
uniformizer and is called a function of g. 

If S' is symmetrical and is the double of a finite Riemann surface 
2ft» then to each differential dZ v of g we can associate a conjugate 

differential dZ v . If p, p are a pair of conjugate points of S, we define 
(2.2.3) dZ v (p) = (, dZ v (p ))- 


In other words, if r and r are uniformizers at p, p, then 


(2.2.3)' 


dZ v {p) 

dr v 



If r = t, the factor (d(r)-/(dz)) v is equal to unity. If dZ v (p)==dZ v (p), 
we say that dZ v is a differential of 9)1 (of dimension v). Thus the 
differentials of 9)1 are characterized by the property that they take 
conjugate values at conjugate places of g and are real on the boundary 
of 9ft. The operation of forming the conjugate of a differential will be 
called the operation'. The operation is of order 2 — that is, the 
square of the operator is the identity. 

If 9ft is non-orientable, the parameter transformations are both 
direct and indirect. In fact, at each interior point there are two 
classes of uniformizers which correspond to conjugate points of g. 
If dZ v is a differential of 9ft, then at one point it takes the value 
dZ v and also the value (< dZ v )~. We shall therefore agree that in the 
interior of 9ft the differential dZ v depends on the uniformizer in 
such a way that it remains invariant under direct conformal trans¬ 
formations of the uniformizer and goes into the complex conjugate 
under an indirect conformal transformation of the uniformizer. On 
a non-orientable surface invariance means “invariance up to the 
complex conjugate”. 

As we have already remarked, a differential of dimension 0 is 
called a function. Differentials of dimension 1, 2, and — 1 will be 
called linear, quadratic and reciprocal differentials respectively. In 
general, differentials are defined only for integer values of the 
dimension v although it is possible to extend the definition to fract¬ 
ional values of v. An ambiguity then arises in (2.2.2) owing to the 
presence of the factor (dt/dr) v . 
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There are also differentials of integer dimension which are multi¬ 
valued on the manifold. For example, a linear Prym differential is 
multiplied by a factor of modulus unity when we pass around a 
closed loop of the manifold which is not homologous to zero (see 
[11]). However, we shall be concerned for the most part with dif¬ 
ferentials which are single-valued. 

A harmonic function u on a closed orientable surface g gives 
rise to a linear analytic differential of namely 


(2.2.4) 





If u is single-valued on $ and has only polar singularities (including 
logarithmic poles), we say that u is a harmonic function of g. If % 
is symmetrical and is the double of a surface 9ft, we say that u is a 
harmonic function of 9ft if it is single-valued and if either dZ or 
idZ is a linear differential of 9ft. Suppose that 9ft has a boundary 
and that z in formula (2.2.4) is a boundary uniformizer. If idZ is 
a differential of 9ft we see that du/dx = 0 on the boundary, while 
if dZ is a differential of 9ft then du/dy = 0 on the boundary. According 
as idZ or dZ is a differential of 9ft, we say that u is a harmonic 
function of 9ft of the first or of the second kind. 

If 9ft is not a closed orientable surface, the harmonic function 
of 9ft of the first kind which has a source at a point q of % and a sink 
at the conjugate point q will be called the Green's function G{p t q) 
— &{P> ?) of Let f be a uniformizer at q , £(q) = 0. Then f 

is a uniformizer at q and we suppose that G is normalized such that 


(2.2.5) 


G = log 



G = log f 


+ regular terms (near q)\ 
+ regular terms (near q). 


The harmonic function of the second kind which has a dipole sin¬ 
gularity at a point of 2J1 is of importance in conformal mapping. 


2.3. Hilbert Space 


A set H of elements /, g,. .. is called a Hilbert 
the following postulates: 

(1) H is a linear space. That is: 


space if it satisfies 
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(a) There exists a commutative and associative operation, called 
addition and denoted by + , such that / + g belongs to H if / and 
g are both elements of H. 

(b) There is a field of numbers A, called multipliers, such that for 
each element f e H and each A the element A/ is defined and belongs 
to H. This scalar multiplication satisfies the usual associative and 
distributive laws. It is required that 1 - / = /-If this field is the field 
of real numbers, H is called a real Hilbert space; if it is the field of 
complex numbers, H is called a complex Hilbert space. No fields 
other than the field of real numbers and the field of complex numbers 
are considered here. 

(c) There exists a null element which, in general, is denoted by 
zero despite the fact that it is not a number but an element of H. 
It satisfies the requirements 

/ + 0 = /, A • 0 = 0, 0 • / = 0. 

On the left side of the third formula the symbol 0 is a number; 
elsewhere in the formulas it is to be interpreted as zero element. 

(2) H possesses a metric which measures the “length” of each 
element. That is, for each pair of elements /, g of H there exists a 
complex number (/, g) with the following properties: 


(a) 

W, g) = HI, g ) 

(b) 

(/l + /,. g) = (fv g) + (/a. g) 

(c) 

(g. f) = ((/. g))~ 

(d) 

(/, /) ^ o 

(e) 

(/, /) = 0 if and only if / = 0. 

In the case 

of a real Hilbert space we assume that (/, g) is real so 


that (c) becomes (g, /) = (/, g). It is usual to call 

|| /1| = vqTTT) 

the norm or “length” of /. However, we shall find it slightly more 
convenient to use as norm the quantity 

(2.3.1) N(f) = (/,/) = 11/ II 2 - 

(3) H has infinite dimension. To each positive integer n there 
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exist n elements f v / 2 , *•*,/„ which are linearly independent; that is 

^l/l + ^2/2 + * * ’ + ^n/n = 0 

only if — A 2 = * * * = A n = 0. 

(4) H is separable. That is, there exists a countable set of elements 
of H, say f v / 2> ••*,/„,•• •, which is everywhere dense in H. Given 
any element g e H and any positive number e, there exists an element 
f v of the set such that N(g — f v ) < e. 

(5) H is complete. That is, if a sequence f v / 2 , • • •, /„,*-• of 
elements of H satisfies the Cauchy criterion that iV(/ p — f v ) tends 
to zero as fx, v become infinite, there exists an element / € H such 
that N(f — f M ) tends to zero. 

The great analogy of the structure of H with that of a linear 
vector space of finite dimension is obvious. 

Assume that the space is complex. From (2) we have 

(2.3.2) N(Xf + fig) = | A \ 2 N(/) + 2 Re {#(/, g)) + | fx |Wfe) ^ 0 

for every pair of complex numbers A, fx. We conclude that 


( 2 - 3 - 3 ) | (/, g) | ^ VN(f) VN(g). 

This is the familiar Schwarz inequality. In particular, taking A = 1, 
fx = — 1 in (2.3.2), we obtain 

N (f — g) = N(f) 2 Re {(/, g)} + N(g) sS N(f) + 2 | {f,g)\ + N(g) 

— N(f) + 2 VN(f)VN(g) +N(g) ={VN{J) + VN[g)f 

by (2.3.3). Thus we have the triangle inequality 

(2.3.4) VN (/ — g) ^ VN(f) + ViVfej. 

The inequality (2.3.3) shows that we may define the angle 6 
between two elements /, g by the familiar formula 


(2.3.5) 


cos 0 = 


i (/. g) 


VN(f) VN(g) 


In particular, we call two elements /, g of H orthogonal if cos 6 = 0 

at w if (/ g) _ o. By (2e), the only element which is orthogonal 
to itself is the null element. S 
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An example of a real Hilbert space is provided by the real 
differentials 

a = adx + bdy 

which are assumed to be square integrable on a Riemann surface 9ft. 
We recall (see Section 1.5) that the scalar product of two differentials 
a, is defined to be 

(2.3.6) (a, /J) = J" a • * /?. 

TO 

The completeness of this space follows from the Riesz-Fischer 
theorem. 

We shall find it convenient to use differentials and derivatives 
simultaneously. A differential df may be written in the form 

df = i'dz 

and f is the derivative connected with the differential df. While 
we defined scalar multiplication only for differentials by 

[df, dg), 

it will sometimes be convenient to denote the same expression also 

by g'). 

An example of a complex Hilbert space is provided by the square 
integrable complex analytic differentials f (p) on the Riemann surface 
2ft, that is by the analytic differentials f'(p) defined on 9ft which 
possess a finite norm 

/' |*dxdy = I J | /' | Hzdz. 

TO TO 

Let f'^(p) be a sequence of differentials in this Hilbert space which 
converge to an element /'(/>) of the space. Let p 0 be a fixed interior 
point of 9ft, and let z = z(p) be a local uniformizer in the neighbor¬ 
hood of p 0 such that z(p 0 ) = 0. We then have the Taylor develop¬ 
ments 

(2.3.8) C(fi)-f'(P)=Zb ll ,?. 

each of which converges in a circle \ z \ < r, r being a number which 
is independent of //. We have 


(2.3.7) N(f') = J 
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(2.3.9) N(C-n^7t£ 


1 


=0^+1 


flV 


2 y2(»- + l) 


71 


b 2 

V r 2(*- + l) 


V+ 1 


for v = 0, 1, 2, • * *. The convergence of /' to /' in the metric of the 
Hilbert space implies, therefore, the convergence of the coefficients 
in the local Taylor development of /' to the corresponding coef¬ 
ficients of /'. Thus Hilbert space convergence implies uniform con¬ 
vergence of the differentials in any compact subdomain of 9ft lying 
in its interior. For brevity, we call the latter type of convergence 
“Vitali convergence". 

On the other hand, Vitali convergence does not imply convergence 
in the metric of the complex Hilbert space even if we assume that 


(2.3.10) N(/') ^ M 2 

where M is independent of /u. However, assuming (2.3.10), we can 
show that for any fixed differential g' of the space we have 

(2.3.11) lim g') = 0. 

/ i —>00 

In fact, let 9ft' be a compact subregion lying in the interior of 2ft. 
Then f h converges uniformly to a limit /' on 351' and we have 


AV(/') =IimAV(/;> gM ! 

/ i —>00 

Since 2ft' is an arbitrary compact subregion, we conclude that 

(2.3.12) iV m (/') ^ M*. 

Now, given e > 0, let 2ft' be chosen such that 


(2.3.13) 


J 


£ 2 . 


SR-SR' 


Holding 2ft fixed, we choose a number « 0 = n 0 (e) so large that 
iar/x > n 0 . By the Schwarz inequality and (2.3.13), (2.3.14), we have 


(2 - 3 - 15 > (/;-/', 

VN{gl + 2M } e. 

Since e is arbitrary, the statement (2.3.11) follows. 


SR' 
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We are thus led to the concept of weak convergence in the general 
theory of Hilbert spaces wherein a sequence of elements is said 
to converge weakly to an element / if, for each fixed element g of 
the space, we have 

lim (/„ — A g) = o. 

/i—>■» 

We recognize that Vitali convergence is a special instance of weak 
convergence. 

In the Hilbert space of analytic differentials j'(p) on an orientable 
Riemann surface 9ft, an important but extremely simple inequality 
deserves to be singled out. Namely, if j'(p) is a given differential 
which at p 0 has the development 

f'(P) = Za v z", \z \ <r, 

v=0 

where 2 is a uniformizer in a neighborhood of p 0 , z(p 0 ) = 0, then 

N(f') ^nZ -i— a v 2 r 2( ' +1) ^ n 2 , 2 ' 

v = 0 v + 1 

Since a 0 = f'(p 0 ) (differentiation being expressed in terms of the 
chosen uniformizer z), the inequality may be written in the form 

(2.3.16) | f(p 0 ) | 2 ^ -kjV(/'). 

1 1 nr 2 

This inequality provides a bound for the local value of a differential 
in terms of its norm. The question arises as to the best possible 
number k(p 0 ) in the inequality 

(2.3.16) ' \f'(p 0 ) I* ^ k(p 0 )N(f'). 

Since f(p 0 ) is a differential, we see that k(p Q ) | dz | 2 is invariant; 
in other words, k(p 0 ) transforms like | f'(p 0 ) | 2 . The number k(p 0 ) 
will be determined in Chapter 4, and it is connected with an im¬ 
portant functional of the Riemann surface. 

Let us return to the general Hilbert space H. In it there always 
exists a complete orthonormal set of elements f v f 2 , * * *, that is a 
set such that 


( 2 . 3 . 17 ) 


(1,0 fv) = P 
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and such that every element / e H can be represented in the form 

00 

(2.3.18) / = 27 aj,, «„=(/,/„)• 

V = 1 

In fact, by the separability axiom (4) there exists a countable set 
of elements tp v which is everywhere dense in H. This set can be 
orthonormalized by the Gram-Schmidt procedure which is a step- 
by-step process. After <p v q> 2 , * * *, (p n have been replaced by n or¬ 
thonormal elements f v / 2 , • • •, /„, the element / n+1 is defined by the 
formula 


( Pn +1 E (9? n + 1 , fy)fy 

(2.3.19) /„ +1 =-^-• 

[A^„ +l - 27 (y„ +1 , f,)f,)p 

v = l 

It is clear that f n+1 is orthogonal to all the preceding elements 
f„v = 1, 2, • • •, n, and that N{f n+1 ) — 1. The final set (/ v ) obtained 
in this way is linearly equivalent to the initial dense set (q> w ). 

Given any element / e H, let us try to approximate it by linear 
combinations of the first n elements f v / 2 , * • •, / n . In fact, in the 
combination 

^ aj„ 

v = l 

let us determine the a y in such a way that the approximation error 

(2.3.20) N(f - 27 aj,) = N(f) — 2 Re { 27 d,(f, /,)} + Z \ a, |» 

*» = 1 V — 1 V = 1 

is a minimum. Since 

(2.3.20) ' N(f - Z aj,) = N(f) - Z \(f, /,) \> + Z\a,~ (/. /,) I* 

V = 1 V = 1 V = 1 

we have 

(2.3.21) N(f - 27 aj,) 2> N(f) -Z |(/, j,) |« 

V=1 V<=1 

with equality if and only if 
( 2 * 3 - 22 ) = (/. /,)• 

We observe that the minimizing coefficients a y are independent 
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of n. Moreover, by (2.3.21), 

(2.3.23) E | (/, /,) |* ^ N(f) 

v = l 

(Bessel’s inequality). Thus the series 

£ (/, L)L 

V = 1 

represents an element of H. Since its partial sums approximate / 
better than any other partial sums, and since the /„ are linearly 
equivalent to the y v which are everywhere dense in H, we conclude 
that 

lim N (1-1(1, /,.)/„) = 0. 

n—> oo v = 1 

That is 

(2-3.24) / = 2 (/, /,)/. 

V = 1 

and formula (2.3.18) is established. 

2.4. Orthogonal Projection 

Let H be a Hilbert space, F a complete linear subspace of H. 
Then F is either a unitary space of finite dimension or it is a Hilbert 
space. We have the fundamental decomposition formula 

(2.4.1) H = F+G 

where G denotes the orthogonal complement of F with respect to H. 
Let h be an arbitrary element of H. Formula (2.4.1) states that 

(2.4.1) ' h = f + g 

where / e F, geG and (/, g) = 0. To prove (2.4.1)', we seek an 
element / e F which lies nearest to h in the sense of the metric, that 
is, which minimizes the norm N(Ji — /). 

If d is the greatest lower bound oi N{h — /), f c F, we have the 
following inequality of B. Levi: 

(2.4.2) VNUi — U) ^ VN(h —/,) —d + VN(h-f t )-d. 

Here f v f 2 are arbitrary elements of F. To prove this inequality, 
let A and // be a pair of numbers (real or complex depending on the 
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character of the Hilbert space) such that X + (i = 1. If f lt / 2 belong 
to F, so does Xf 1 + ptz and we therefore have 

N(h- (% + /*/*)) ^d. 

That is, 

N{X(h—h)+!i(h- /.))-p|W(*— f 1 ) + 2Re{ty(h — /„ h—f 2 )} 

+ \v\*N(h-f 2 )^d, 
or 

(2.4.3) \X\*[N(h-f 1 )-d] + 2Re{X]z[(h-f 1 , h — f 2 ) — d]} 

+ \ f*\ 2 [N(h — ft) — d] ^ 0 . 

The inequality (2.4.3) remains true without the condition that 
X + fx = 1, and is therefore valid for arbitrary numbers X, p. As 
in (2.3.2), we conclude that 

(2.4.4) \(h-f v h-i 2 )-d\^[N(h-U)~d] • [N(h-f 2 )-d], 
Hence 

o (A—/ 2 ) =N((h —/,) — (A— f 2 )) 

=N(h —/i)— d —2[(A—/,, h-f t )—d ] +JV(A-/,)-i 
£tf(*—/i)—*+2V[tf (A—/,)—<*] • [N(A —/,) — <*] 

+ i\T(A-/ 2 )_i 

= {ViV(A - A) - <z + Vat (A - / 2 ) _ 4 }■, 

and this is (2.4.2). 

Let be a sequence of elements of F such that 

lim N(h — f M ) = d. 

By (2.4.2) we have 

lim N(f /1 — /,) = 0. 

fi, V->00 

Thus, since F is complete, there exists an element ft F such that 
/ = lim fp It is clear that 

(2.4.5) N(h — /) = d. 

Finally, let /„ be an arbitrary element of F. Then / + ef 0 is also 
an element of F and we have 

(2.4.6) N(h~f~ef 0 )=N(h—f)~2Re{~e(h~f, / 0 )}+|e|W(/ 0 ) >d. 
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We conclude from (2.4.5) and the arbitrariness of e that 
(2.4.7) (h - /, f 0 ) = 0, / 0 cF. 

Thus h — / = g is an element of G, the orthogonal complement of F, 
and formula (2.4.1)' is proved. 

In the case of a linear vector space of finite dimension, the above 
process corresponds to orthogonal projection of a given vector h 
onto a linear subspace F. Hence the name “orthogonal projection" 
has also been applied to the process in a Hilbert space. 

2.5. The Fundamental Lemma 

On a Riemann surface differentiation is expressed in terms of a 
local uniformizer z = x -J- iy. If the derivatives of order k of a 
function q on the surface are continuous when expressed in terms 
of one uniformizer, they are continuous when expressed in terms 
of any other. A function cp on the surface is said to be of class C* 
if it is continuous together with its derivatives up to the order k. 
In particular, (p is of class C° if it is continuous. A differential 
a = adx + bdy is of class C k if its coefficients are of class C k . The 
class of a differential is clearly independent of the particular unifor¬ 
mizer used in determining it. 

Let 3 be a subdomain of the Riemann surface 90?. The carrier 
of a continuous function on 3 is the smallest closed set of points 
of Q outside of which the function vanishes. If rj is a function on 3 
which vanishes outside a compact subdomain of 3» we say (after 
L. Schwartz and de Rham) that rj has a compact carrier. 

Let us understand by equality of functions on 3 that the functions 
differ at most in a set of measure zero. We remark that a set of 
measure zero in the plane of one uniformizer will appear as a set of 
measure zero in the plane of any other uniformizer. Measure is 
understood to be Lebesgue measure. 

In the existence proof for harmonic differentials on a Riemann 
surface based on the method of orthogonal projection, the following 
lemma is of fundamental importance: 

Lemma 2.5.1. A scalar (p of class L 2 satisfying the equation 

[<p, Ari) z = J <pArjdxdy = 0 

0 


(2.5.1) 
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for every scalar rj of class C°° with a compact carrier is equal to a 
harmonic function on Q. 

If (2.5.1) is satisfied for a wider class of functions rj, say rj of class 
C r , r ^ 2, the conclusion follows a fortiori. 

The proof which we give of this lemma follows closely along the 
lines of the proofs given by Weyl [14b], Kodaira [6] and de Rham[10]. 

We observe first that the lemma is trivial if y e C 2 . For since 
7] has a compact carrier, we have by Green’s formula (1.5.10) 

(A<p, rj) = (<p, At/). 

Thus 


(A<p, rj) = 0 


for every rj of class C® with a compact carrier. Since Acp is con¬ 
tinuous, we conclude that Ay = 0, that is y is harmonic. 

Now assume only that y e L 2 . Without loss of generality we may 
suppose that Q lies in the domain of a local uniformizer z — x 1 + ix 2 . 
For simplicity let * = (x\ x 2 ),y = (y\ y 2 ), and write dx = dx l dx 2 . 
Let e be a small positive number. We denote the distance between the 
points x and y by r(x, y) and define 


0 if r(x, y) > e 



For e/2 ^ r(x, y) ^ e, we suppose that 0 ^ q(x, y) ^ 1 and that 
q is chosen in such a way that it is of class C® and symmetric. Let 


(2.5.2) 
and write 


y) = 5T e(*> y ) lo g “7~—:» 

2n r(x,y) 


(2.5.3) 


r<*.y) - j^(*.^y 

l 0 , x = y 


where A x is the Laplace operator with respect to x. Then y(x, y) 
is of class C 00 , and it is identically zero for r(x, y) < e/2. 

Let & be the subset of Q whose points are at distance more than e 

from the boundary of and let fx be a function of class C® with 
carrier in 3,. Then 



/ 
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has a carrier in Q since co(x, y) = 0 if r(x, y) > e. Moreover, y> is 
of class C 00 and we have 


(2.5.5) A x ip(x) = — fi(x) -f v(x) 
where 

(2.5.6) v(x) = J y(x, y)/i{y)dy. 

0 

The formula (2.5.5) is a consequence of Green’s formula applied to 
a small sphere about the point x. We observe that veC®. 
Choosing rj = y, rj c C®, we have by hypothesis 


That is. 


{<P> Ay) = 




(2.5.7) 




o o 




y(x* y)<P( x )dx \ dy. 


0 3 

Since formula (2.5.7) is valid for every choice of the function fi, 
fi e C 00 , which has a carrier in we readily conclude that 


(2.5.8) (p(y) = J y(x, y)<p(x)dx 

o 

in Q e . Formula (2.5.8) shows that cp is equal to a function of class C® 
and hence <p is equal to a harmonic function in Since e is arbitrary, 
we arrive at the lemma. 


2.6. The Existence of Harmonic Differentials with 

Prescribed Periods 

We suppose that the Riemann surface 9ft is closed and orientable, 
and we denote by D the space of all real differentials 

(2.6.1) a = a x dx + a 2 dy 
on 9ft such that 

(2.6.2) N(a) = (a, a) = f (a? + a\)dxdy < ao. 
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As remarked in Section 2.3, D is a real Hilbert space. 

We shall say that a differential a is closed if a is of class C 1 and 
if da — 0. We shall say that a is exact if there is a single-valued 
function y> on 9ft of class C 2 such that a = dip. An exact differential 
is closed but not conversely. 

Let F be the linear subspace of D composed of differentials a 
which satisfy 


(2.6.3) (a, */?) = 0, exact. 

The condition (2.6.3) is fulfilled by all closed differentials a. For 
suppose that oc is closed. Then by Stokes’ formula the period 

P («, K) = Ja 

K 

depends only on the homology class of the 1-cycle K. Moreover, 
there exists locally a function (p of class C 2 such that a = dtp. The 
function (p can be continued over the whole of 9ft, but it will not 
generally be single-valued on 9ft. Let h be the genus of 9ft, and let 

&i> 9 ’ *» K 2h be a homology basis of 1-cycles for the surface 

composed of h dual pairs K 2fI _ lf K 2fi , p = 1, 2, • • •, h, such that 

K = K i+K 2 -K.-K, + • • • + + Kn-K^—Kn 

bounds a subdomain 3 of 9Ji. The subdomain Q is obtained by cutting 
in the usual way along the cycles K v K 2 , ■ ■ K 2h . Writing 

< 2 "> p, - J« - j\v. 

Kfi Kfx 

we see that the value of q> at any point of the surface 9ft is deter¬ 
mined up to a linear combination of periods of the form 

m i P i + m i p i H-h m ih P 2h 

where the m tl are integers. By (1.5.11), 


■J 


K 


K 


2^-1 


Here the right side is zero since all periods'of y vanish. Thus the 
condition (2.6.3) is satisfied by closed differentials a. Conversely, if 
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a e F, a of class C 1 , then we see at once from (2.6.3) that dec = 0. 
The subclass of F composed of differentials a which satisfy 

(2.6.6) (a, *0) = 0 

for any closed differential ft will be denoted by E. Since p = dtp, 
where \p is an integral with periods which may be arbitrarily pres¬ 
cribed, we conclude from (2.6.5) that if a is closed, then a = dtp 
where <p is single-valued.Thus (2.6.6) is fulfilled by all exact different¬ 
ials. Conversely, if a e E, a of class C\ then a is closed, hence exact. 

We shall establish, by the method of orthogonal projection, the 
fundamental decomposition formula (compare [14b]) 

(2.6.7) F = E + H 

where H denotes the space of harmonic differentials on 9ft. It is 
clear that E and H are orthogonal spaces since a harmonic differen¬ 
tial / is characterized by the conditions that x and ** are closed. 
Hence, if a € E, we have by (2.6.6) 

(a, x) = — ( a > *Xi) = 0 

where Xi = *X- 

If, in particular, we select from F any closed differential, formula 

(2.6.7) tells us that this closed differential is equal to a differential 
of E plus a harmonic differential. The differential of E must be of 
class C 1 since it is equal to the difference of two differentials, one 
of which is C 1 , the other harmonic. Since this differential of E is 
closed, it is exact, and we conclude that the harmonic differential 
has the same periods as the given closed one. In particular, there 
exist harmonic differentials having prescribed periods. 

Let y be any differential of F. By the method of orthogonal 

projection (Section 2.4), we see that 

(2.6.8) y = « + X 

where a e E and x is orthogonal to all elements of E. 

(2.6.9) (x> «i) = °. a i € E - 

Now let tj be a single-valued function of class C 3 on 9ft whose 
carrier lies in the domain of a local uniformizer z = x ■ + iy . Let 
z ' = x > -p iy' be any other uniformizer valid in a neighborhood 



DIFFERENTIALS WITH PRESCRIBED PERIODS 


47 


§ 2.6] 


contained in this domain, and define 

drj drj dx' dr) dy' 

( 2 . 6 . 10 ) = fa'fa+dy'fa’ 


dr) 




dr) dx' dr) dy' 


dy dx' dy ' dy' dy 

Since <p and ip do not depend on the choice of the uniformizer, they 
are functions on 9ft of class C 2 which give rise to the exact differen¬ 
tials dtp and dy). Taking a x = dtp, we have by (2.6.9) 


( 2 . 6 . 11 ) 

where 



(2.6.12) x = a i^ x + «2^y* 

Taking /? = dip, we have by (2.6.3) 

(2.6.13) 0 = (x, *dip) = J (~ dxdy ' 

sen 

We suppose that the integrands in these integrals are expressed in 
terms of the particular uniformizer used above to define tp and ip. 
Then 

dtp dh) dip 
dy dxdy dx' 

Hence, subtracting (2.6.13) from (2.6.11), we obtain 

(2.6.14) J Ul dxdy = J a x Ar)dxdy = 0. 

Applying Lemma 2.5.1, we conclude that a x is harmonic. Similarly 
a 2 is harmonic. In particular, x € C 1 . 

For every exact differential dtp, we have by (2.6.9) and (2.6.8) 

( 2 -6.15) (*, dtp) = 0, (x, *dtp) = 0. 

Applying (L5.2) and (1.5.7), we see that these conditions become 

(2.6.16) 0 = (*x, dtp) = (tp, *dx), 

(2.6.17) 0 = (x, dtp) = — (tp, *d*x). 

Since tp is an arbitrary function of class C 2 , we conclude that 

(2.6.18) dx = 0, d*x = 0. 
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In other words, % is a harmonic differential and the decomposition 
formula (2.6.7) is therefore proved. 

We remark that a harmonic differential on a closed surface cannot 
be exact unless it is zero. For harmonic differentials are orthogonal 
to the exact ones. We are thus led to the conclusion that a har¬ 
monic differential without periods is zero. 


2.7. Existence of Single-valued Harmonic Functions 

with Singularities 


In order to obtain harmonic functions and differentials with 
singularities, it is necessary to modify the preceding argument by 
choosing, instead of y, a differential which does not satisfy (2.6.3). 

Let p 0 be an arbitrarily chosen point of the closed orientable 
surface and let z = x + iy = re i(f> be a particular uniformizer at 


p 0 which is valid for 
(after Weyl [14a]) 


^ b, b > 0. Let 0 < a < b, and define 


(2.7.1) 


Now let 


(2.7.2) 


0 = 


cos w r cos w ^ ^ _ 

-- + -r-S 0 = r 


a 


0 , 


elsewhere on 


0 = 


a 


h{r, (p), 0 ^ r <—, 


[ 0 , elsewhere on 9ft, 

where h(r, cp) is chosen in such a way that 0 is of class C 3 in r < a. 
We suppose that 0 and 6 behave invariantly with respect to changes 
of the uniformizer, so both are functions on the surface 2DL The 
differential dO is of class C 2 for 0 ^ r < a and elsewhere outside 
this circle, but it has a discontinuity across the circle r = a. Because 
of this discontinuity, dO does not satisfy (2.6.3). 

By orthogonal projection (Section 2.4), we find that 

(2.7.3) dO = a + 

where a e E and 


(2.7.4) {x, «i) = a i € E - 

We again introduce the functions 9 ? and rp defined by (2.6.10), and 
we reason in the same way. However, since y = dQ does not belong 
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to F, we do not have (2.6.13) but have instead only 


(2.7.5) 

where 



(2.7.6) a = bjdx -f b 2 dy . 

Therefore, in place of (2.6.14), we now obtain (since (x, dq>) = 0) 

(2.7.7) ( dd , d(p) — J bj^Arjdxdy. 

Let 3 be the carrier of rj, and let 3o be the uniformizer circle 
r 5^ a. It is sufficient to consider the following cases: 

( 1 ) 8 O 3 o = 0 - In this case, since dd = 0 outside 3 o> we have 

(2.7.8) J b x Ar\dxdy = 0. 

( 2 ) 8 n 3 o# o but 3 has no point in common with r ^ a/2. 
Applying Green’s formula (1.5.8) to 3o* we find that 


J 


aa 


00 

0W 




aa 


Since ddjdn = 0 on 03 o (that is, on r = a), the boundary integral 
vanishes and, since A6 = 0 in 3 n 3 0 , we obtain (2.7.8). 

(3) 3 c 3o- Integrating by parts, we find that 


/( 


+ 


9 . 



dy dxdy 

00 dh) 00 dhj 
dx dx 2 dx dy 2 , 


dd ^L) dxd y 

dxdv) y 


dd 


J ~ Arjdxdy. 


Thus 

(2.7.9) 




si 


By Lemma 2.5,1 we conclude that 6* is harmonic outside r ^ a/2 
and that b x — ddldx is harmonic in X. A similar statement annlies 
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to b 2 outside r ^ a /2 and b 2 — dd/dy in 3 0 . In particular, we conclude 
that b x and b 2 are of class C 2 on 9ft, and hence there is a single-valued 
function U on 2ft such that 

dU dU 

(2.7.10) b x = —, b 2 = —, a = dU. 

ox oy 

Substituting from (2.7.10) and (2.7.3) into (2.7.4), we have 

(2.7.11) (d(d — U),drj) = 0 

for every function r\ of class C 3 on 9ft. The same reasoning then shows 
that U is harmonic outside r ^ a/2 and that U — 9 is harmonic 
in r < a. Hence 

(2.7.12) u(p) = U(p)—6(p) + 0(P) 

is harmonic on the whole surface 9ft except at the point p 0 where 
there is a dipole singularity. Since U(p) is single-valued, so is u(p). 

We observe that, in terms of the particular uniformizer 
2 = re i<F = x + iy used in defining 0{p), we have near p 0 : 


X COS CD 

(2.7.13) u(p) = 2 + regular terms = —— + regular terms. 


The harmonic function u(p) is unique up to an additive constant. 
For if Mj and u 2 are two functions having the same local development 

(2.7.13), the difference u x — w 2 is an everywhere regular, single¬ 
valued harmonic function on 9ft and hence is equal to a constant. 
Instead of (2.7.1), we could have taken another function, for 

example 


(2.7.14) 0 = 


log r 1 — log r 2 -f log r[ — log r 2 , 

0 , 


0 ^ r ^ a, 
elsewhere, 


where r v r 2 denote distances from two distinct points q v q 2 
0 < r < a/2 and r[, r 2 are the distances from the inverse points 

q[, q 2 (with respect to the circumference r = a). 

For the function (2.7.14) has a vanishing normal derivative on 
r = a, and is harmonic throughout r ^ a except for logarithmic 
singularities at the points q lt q 2 . The above proof applies \vithout 
modification, and we then establish the existence of a single-valued 
harmonic function which has logarithmic singularities at q x and 
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q 2 . The points q lt q 2 lie inside the same uniformizer circle. To obtain 
a harmonic function with logarithmic singularities at an arbitrary 
pair of points q Q> q on 9ft, let q 0 = q v q 2 , * * *, q n = q be a sequence 
of points such that any two successive points q k _ v q k in the sequence 
lie inside the same uniformizer circle and form the sum 


(2.7.15) u Q(fl u q ^ -{- u a ^ + * * * + u Qn _ lQn ' 

The sum (2.7.15) is a single-valued harmonic function with logarith¬ 
mic singularities at q and q 0 . 

If we had chosen 


(2.7.16) 



elsewhere, 


where, for example, q> x is the inclination of the segment joining p 
and q v we would have obtained a harmonic function v n n with vortex 
singularities at q v q 2 . This function is single-valued only on the 
surface cut along an arc joining q 1 and q 2 . By forming a sum like 
(2.7.15), we obtain a function v Q ^ Q with vortex singularities at ar¬ 
bitrary points q 0 , q of 9ft. Let y be a 1-cycle on 9ft, and let the points 

7o = <h> q 2 > * * = <?o be interpolated along y such that any two 

successive points lie in a uniformizer circle. Since q x — q n , the sum 

(2.7.17) v = w lA + v Vt H-h 

is everywhere regular but not necessarily single-valued. We shall 
return to this function in Chapter 3, and shall calculate its periods. 


2.8. Boundary-value Problems by the Method of 

Orthogonal Projection 

We have proved, in Section 2.7, the existence of harmonic func¬ 
tions with singularities on a closed orientable Riemann surface. 
We want now to apply this result to the study of boundary- 
value problems on a Riemann surface 9ft with boundary C. Let g 
e the double of 9ft, and let u %Q be the harmonic function (2.7.15) 
on g. Since the logarithmic poles q and q 0 of this function can be 
chosen arbitrarily on g and therefore, in particular, on the part sjfc 
ol * we can assert that there exist infinitely many single-valued 

repilar harmonic functions « on ffi which have finite Dirichlet 
integrals 
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(2.8.1) D(u)= [du, du) = J j j j j dxdy=J (grad u) 2 dxdy. 

All regular harmonic functions m on SOI which have finite Dirichlet 
integrals form a Hilbert space H with the metric 


D[u, v) = [du, dv) 


( 2 . 8 . 2 ) 


dxdy = J grad w • grad v dxdy. 


du dv du dv 

dx dx dy dy J 

The Hilbert space H is actually a Hilbert space of differentials du. 
However, if we consider as identical two functions which differ by 
a constant, we obtain a Hilbert space of functions u. 

Let (p[p) be twice continuously differentiable on SIR with finite 
Dirichlet integral and with a Laplacian Acp which is square integrable 
(L 2 ) in the neighborhood of each boundary point, the integration 
being expressed in terms of boundary uniformizers. If, moreover, 
cp[p) is continuous in the closure of SCR, we can prove that there 
exists a function u of H which has the same boundary values on C 
as the function cp. We shall, therefore, be able to write 


(2.8.3) 


(p — u -J- ip 


where ip = cp — u is again a twice continuously differentiable func¬ 
tion on 3R with finite Dirichlet integral, which is continuous in the 
closure of SCR and has vanishing boundary values. 

If U[p) is any harmonic function on SCR which is continuously 
differentiable in the closure of S(R, we have by Green's identity 


(2.8.4) 



since ip = 0 on C. From this result we readily infer that the function 
ip is orthogonal to the whole space H in the metric (2.8.2). We are 
therefore led to try to prove the existence of harmonic functions 
with prescribed boundary values by the method of orthogonal 
projection. 

Two possibilities arise in the application of the projection method. 
We may consider the Hilbert space N obtained by closing the linear 
space of all continuously differentiable functions on SCR U C which 
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have finite Dirichlet integrals and vanishing boundary values, and 
then project (p into N. This is the usual method (see [14b]), and it 
leads to the decomposition formula (2.8.3) where the difference 
term u = <p — y> is readily shown to be harmonic. Or we may project 
<p into H and then verify that the term y> = <p — u vanishes on the 
boundary C of SOL Since the space H is simpler than the closure N 
of an incomplete linear space, we proceed by the second method. 
This method, which has been used by several authors (see [3], [7]), 
is becoming increasingly important in the theory of functions. Here 
we follow along the lines of a recent proof communicated to us by 
Dr. P. Lax. 

We seek a function u e H such that 

(2.8.5) D{tp — u) = minimum. 

According to the general results derived earlier for a Hilbert space, 
an extremal function «e H exists and it is characterized by the 
property that for every element U e H we have 

(2.8.6) D(<p — u, U) = 0. 

We shall now transform the characterizing condition (2.8.6) in 

order to show that the difference y) = <p—u vanishes on the boundary 

C. For this purpose, we specialize the function U(p) and choose it 
to be of the form 

(2.8.7) U[p) = u, oQ (fi) 
where q 0 and q are points of We have 

(2.8.8) D{<p — u, u a<fl ) = 0, q Q , q € sjfr. 

Let us keep q 0 fixed in gft once and for all, but let q vary over 
Then the improper integral 

( 2 - 8 - 9 ) D(<P — u, = h(q) 

represents a continuous function of q in SK and in gfe. We want to 
prove that h (q) is continuous even across the boundary C of 2Jt, 
and therefore on the whole of g. This result will be of value in the 
study of the boundary behavior of the extremal function u 
We choose a point p Q on the boundary C of TO where the para¬ 
meter point q wUl cross from TO to sfe. Using a boundary uniformizer 
at p 0 , we can map a neighborhood of p 0 on ft onto a disc ft, with 
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center at the origin of the complex plane, such that p 0 corresponds 
to the origin and the part of C contained in the neighborhood goes 
into the real axis inside 3 . Let the half 3_ of 3 below the real axis 
correspond to points of 9ft, the half 3 + above the real axis to points 
of 9 ft. Let 2 and f be the coordinates of the points p and q referred 
to the boundary uniformizer at p 0 . It is obvious that it suffices to 
show that the integral 



dip d log 2 — f 
dx dx 



dip d log 2 — f 
dy dy 


dxdy = I(C) 


is a continuous function of f in 3 . In order to prove this, we introduce 
three auxiliary circles: the circle $ which lies in 3- and touches the 
real axis at the origin; the circle $ obtained from ft by reflection on 
the real axis; a circle § around the origin with radius 0 . This radius 
will later be chosen sufficiently small to allow certain estimates. 

We may assume without loss of generality that f lies on the 
imaginary axis between the center of ft and the origin. Let 0 be the 
inverse point of f with respect to the circle ft. It is obvious that 
Im 0 > 0. We shall show that 1 1(0) — 1(0 | can be made arbitrarily 
small by choosing | Im f | small; this is equivalent to the asserted 
continuity of h(q ) on g. 

We divide the semi-circle 3 - into three parts: ft, ( 3 _ — ft) 

3 - — ft — We shall show that the contribution of each region 
to the integral 1(0 — 1(0) tends to zero as f approaches the origin. 
Let us choose, in fact, an arbitrarily small but fixed number e > 0. 
We choose the radius q of § so small that the integral 


1 


-I 2 

i-s \ 1 


dxdy 


is smaller than e 2 . We observe that the integral converges since 
§ — ft — Si forms a horn-angle at the origin. For | f | < g and 
Re f = 0, we find by a simple geometric argument that 


( 

( 


d log 


( 


dx 


+ 


a log 


c 


dy 


Y* 


8 


0 log 


Ci 


dx 


+ 


a log z — o 


dy 


Y* 


2 ’ 


8 


2' 
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Thus, we can estimate the integral 



by the Schwarz inequality, and we find that it is s maller than As, 

where A is of the order of magnitude of VD(tp). 

Consider next the integral extended over — $ — §. Since q 
is now kept fixed, we assert that the expression 


dx 


log 



f 


Cl 


tends uniformly to zero in 3- — ® — § as f converges to the origin. 
Hence, the contribution of this domain to 7(f) —/(f x ) can be made 
smaller than e by choosing I Im f small enough. 


To estimate the remaining integral, which is extended over 
we integrate by parts. But first we cut out a neighborhood of the 
origin by means of a small circular arc c around the origin of radius 
6, since we are not sure that y and its first partial derivatives are 
continuous up to the boundary C of 9ft. Let the truncated domain 
which is obtained by removing the interior of c from $ be denoted 
by Integrating by parts, we have 



where k is an arbitrary constant of integration. Since f and are 
inverse points with respect to the ratio • | z — f [ /1 z — f 1 \ is 
a constant, depending on f, for z on the circumference of $, and we 
choose k to be just the log of this value. Thus in the integral over d ft' 
only the integration over c remains. 

Following a well-known argument, we can show that the integral 

over c tends to zero if the radius <5 of c approaches zero through a 

suitable subsequence. In fact, suppose that there exists a positive 
constant A such that 
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for 0 < r < r 0> where r and 0 are polar coordinates around the origin. 
By the Schwarz inequality we have 

(2.8.13) A^jrdd-j (j^frdd ^ nr J i~)rdd 

C c c 

since c is less than a semicircle. Dividing by nr and integrating with 
respect to r from 0 to r 0 , we obtain 


(2.8.14) 


A 2 C r odr 

-j 7 £Z> W . 


0 

The left side is infinite while the right side is finite since D(yj) < oo. 
This contradiction shows that a number A satisfying (2.8.12) does 
not exist, and hence there is a sequence of radii d v convergent to 
zero such that for the corresponding arcs c v we have 


(2.8.15) 



If we let d tend to zero through this sequence of values, the boundary 
integral in (2.8.11) disappears and we have 





Ayidxdy. 


It is easily seen from elementary geometry that log ( \z —f | /1 z — til) — k 
tends to zero as t converges toward the origin. Hence the integral 


(2.8.17) 



tends to zero. Now we make use of our assumption concerning the 
Laplacian of <p. Since Acp = Ay) by (2.8.3), we see that Ay) is square 
integrable over Hence we conclude from (2.8.16) and the inequality 
of Schwarz that the contribution of ft to /(tx) — /(t) can be made 
smaller than e by choosing f near enough to the origin. 

Thus, given e > 0, the quantity | h(q) | for q in W can be made 
smaller than e by choosing | Im £ | sufficiently small. In fact, 1(C) 
differs from h(q) by a term which is clearly continuous across the 
boundary and h(q) vanishes in In view of the uniformity of the 
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above estimates, we see that h(q) is a continuous function of q on %, 
which vanishes on the boundary C of 9ft. 

Now let q be a point in 9ft, and describe a uniformizer circle £ 
around q. We may then represent h (q) as the sum of two integrals, 
one extended over £ and the other over 9ft — £. On integrating by 
parts, we have 

Hi) = D <m-s(V- — f V> ds v + 2 ny>(q) 

(2.8.18) / s dn p 

= «(?) + (?) • 

Since u QQ (p) is harmonic in its dependence on q , co(q) is obviously 
harmonic. Thus, since \p — q> — u, we have 

¥n m{q) ] + 

The bracketed term in (2.8.19) is a harmonic function on 9ft with 
the same boundary values as the given function y(q). 

We therefore have a decomposition of the form 

(2.8.20) (p = U + 

where U is harmonic in 9ft and continuous in the closure of 9ft, and 
where ¥ is continuous in the closure of 9ft with the boundary values 
zero. It remains to show that U and ^ have finite Dirichlet integrals, 
and to establish the relationship between the harmonic function U 
and the extremal function u in the Hilbert space H. 

We again choose p 0 to be a boundary point of 9ft and we map a 
neighborhood of p 0 in 9ft onto a semicircle of the complex z-plane 

which is bounded above by a segment of the real axis. We decompose 
the function q> into a sum 

( 2 . 8 . 21 ) 9? = «i + Vi 

where and \p x have finite Dirichlet integrals over the semicircle, 

are continuous in its closure, and where u x is harmonic and xp l vanishes 

on the boundary of the semicircle. This decomposition is possible 

since we have only to map the semicircle onto a full circle and then 
apply well-known methods. 

Now consider the function U-u, which is harmonic in the semi- 
circle and zero on that part of the boundary of the semicircle which 
coincides with the real axis. By the reflection principle we may 
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continue U — u x across the real axis, and we see that it is harmonic 
in the whole circle obtained by reflection of the semicircle on the 
real axis. This shows that U — u v and therefore U, has a finite 
Dirichlet integral over the semicircle. Since this holds for the neigh¬ 
borhood of each boundary point p 0 of 9ft, it follows that U has a 
finite Dirichlet integral over 9ft and belongs, therefore, to H. Thus 
u — co/2tt € H , cd e H. Furthermore, we conclude that W = h/2n has 
a finite Dirichlet integral. The condition which characterizes the 
extremal function u € H can now be written in the form 

(2.8.22) D \ (p — u, —coj = D ( — (Ji —co), —co) = 0. 

\ 2.71 J \2 7i 2n 1 

But h vanishes on the boundary of 9ft, and therefore is orthogonal 
to all functions of H. Hence (2.8.22) implies that D(co) = 0, that is 
co = constant. Thus we have proved that the function u which 
minimizes D(xp — u) is continuous in the closure of 9ft and differs 
on the boundary of 9ft only by a constant from the boundary values 
of (p . 

2.9. Harmonic Functions of a Finite Surface 

Any finite Riemann surface 9ft can be completed by the doubling 
process to a symmetric closed orientable surface g. By adding 
together a pair of harmonic functions of 3 whose singularities lie 
at conjugate points we obtain a harmonic function which is sym¬ 
metric or skew-symmetric under the indirect conformal mapping 
of 3 onto itself. In other words, by a procedure analogous to the 
Kelvin method of images, we obtain harmonic functions of the first 
or second kind on 9ft. 

Suppose that 9ft is a finite Riemann surface which has a boundary 
or is non-orientable, and let 3 be its double. Let p 0 be a point of 3 
which corresponds to an interior point of 9ft, and let z = x + iy be 
a uniformizer at p Q . We denote by the single-valued harmonic 
function on 5 with a dipole at p Q such that the difference 

(2.9.1) «! — ~t^— 2 = u i — Re 

x 2 + y 2 

is regular and vanishing at p 0 . Let u 1 be the corresponding harmonic 
function with a dipole singularity at the conjugate point p 0 of 3 
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which is defined using theuniformizer z = x — iy. Then u x (p)=u x (p) 
for any pair of conjugate points p, p, so u x u x takes equal values 

at conjugate places of The function 
(2.9.2) u(p) = u x (p) + u x {p) — u x (p 0 ) 

is a harmonic function of 3R of the second kind for which the dif¬ 
ference 

( 2 - 9 - 3 ) M -*^=“- Re (7) 

vanishes at p Q . 

Let 3J? 0 be the uniformizer circle | * | ^ a with center at p 0 , and 
let Sjfto be the conjugate uniformizer circle z | ^ a at p 0 . Let 0 be 
the function (2.7.1) which vanishes outside 30^, and let 0 be its 
conjugate: 

0(p) = mp))-- 

Write 

(2.9.4) V — u — 0 — <p. 

On SOI we have 

(2.9.5) V — u — 0 
since 0 = 0 there. By (2.7.11) and (2.7.12) 

(2.9.6) (dV, drj)=(d{u x — 0) -f d(u x — 0), drj) = 0 

for every function rj of class C 3 on We observe that (dV, dr)) 
is the classical Dirichlet integral D(V, rj): 

9)1 

The formulas (2.9.6) and (2.9.7) will be required in the following 
section. 

2.10. The Uniformization Principle for Finite Surfaces 

We now prove a classical theorem concerning the conformal 

mapping of a finite Riemann surface of genus zero onto a domain 
of the sphere. 

Assume that is a finite Riemann surface of genus zero, and let 
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u be the harmonic function (2.9.2) on 9ft which has a dipole sin¬ 
gularity at the point p 0 . Let w = u - f- iv be the analytic function 
whose real part is u. We show first that v is single-valued on 9J?; 
that is 

JV, = o 

where the integration is over any 1-cycle of 9ft not passing through 
the point p 0 . Let 93? be divided into finitely many triangles. We may 
then suppose that the path is a 1-cycle C 1 on 9ft which divides 9ft 
into two domains 93?' and 9ft" one of which, say 9ft", contains the 
point p 0 . The finite set of triangles of 9ft' which have points in com¬ 
mon with C 1 forms a strip region 0 which is bounded by C 1 and by 
another 1-cycle Cj. Let r\ be a function of class C 3 on 9ft which is 
equal to 1 in 93?" and equal to zero in that part of 9ft' which is 
exterior to 0. If we apply Green’s formula to one of the triangles 
A of 0, we obtain 

(2.10.1) Dj(u,t])= — J = J 

where the integration is over the boundary of A. Adding equations 
(2.10.1) over all triangles of 0 we have 


( 2 . 10 . 2 ) 


Adi(«. v) = D-(u, tj) = J 


dv 


c 1 


But D m (u, rj) = 0 by (2.9.6) and (2.9.7), and this shows that v is 
single-valued on C 1 . Since a is also single-valued, so is the analytic 
function w = u + iv. 

The function w = u -f- iv is analytic and v has a constant value 
on each boundary component of 9ft. Let the values of v on the tn 
boundary components of 93? be c Y , c 2 , • • •, c m , and let a = a -f ifi be 
any value for which /? is different from c v c 2 , • • *, c m . To prove that 
the image of 93? by w = u -f- iv is a schlicht domain, it is sufficient 
to show that iv = u -f- iv assumes the value a in 9ft once and only 
once. Since w assumes the value a at only finitely many points, 
we may divide 93? into finitely many triangles such that w is different 
from a on the boundary of any triangle and such that the point p Q 
is interior to one of the triangles. Let the triangles be oriented 
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coherently and let the orientation be such that, in traversing the 
boundary of any triangle in the sense of the induced orientation, 
the area of the triangle lies to the left. We may assume that the 
triangle containing p 0 is so small that the value a is not taken in 
this triangle. We now consider the change of log [w — a) as the 
point describes the boundary of a triangle in the positive sense. 
Around the boundary of the triangle containing p 0 the change is 
— 2ni while around the boundary of any other triangle it is equal 
to 2 7ii times the multiplicity of the ^-values inside the triangle. The 
sum of all these changes is equal to the sum of the changes of log (w — a) 
around the boundary curves and is therefore equal to zero. For the 
change of log (w — a) on a boundary curve is obviously equal to 
zero. This shows that w assumes the value a on 9ft exactly once. Thus: 

Theorem 2.10.1. A finite Riemann surface 2ft of genus zero can be 
mapped onto the closed w-plane minus m rectilinear slits parallel to 
the real axis. The mapping function w = u + iv is regular analytic 
at each point of 9ft except for a simple pole at one point and the cor¬ 
responding differential dw has precisely two simple zeros on each of 
the m boundaries of 9ft and no other zeros. The zeros correspond to the 
ends of the rectilinear slits. 

If 9ft is a simply-connected finite Riemann surface, the function 
w = u + iv maps 9ft either onto the closed ze'-plane (sphere) or 
onto the plane minus a single rectilinear segment parallel to the real 
axis. The case in which 9ft is mapped onto the plane punctured 
at one point is excluded since the punctured plane is an infinite 
complex and cannot be the image of a finite surface. 

If w maps 9ft onto the plane minus a segment, we can transform 
the segment into 

( 2 - 10 - 3 ) v = 0, — 1 ^ u ^ 1, 

by a linear transformation consisting of a translation and magnifi¬ 
cation. The mapping 

—t(‘ + t) 

then cames the ra-sphere minus the segment (2.10.3) onto the in- 
tenor of the unit circle I z I < 1 . 
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2.11. Conformal Mapping onto Canonical Domains of 

Higher Genus 

By Theorem 2.10.1 any finite Riemann surface 9ft of genus zero 
can be mapped onto the closed w-plane minus m rectilinear slits 
parallel to the real axis. If the finite surface 9ft is not of genus zero, 
then we see that it can be mapped onto a canonical domain consisting 
of boundary slits and, in addition, slits whose edges are identified. 
On each boundary curve of 9ft the differential dw arising from the 
mapping function w = u -f- iv has two simple zeros corresponding 
to the end points of the finite boundary slits. As a consequence of 
a formula to be proved in the next chapter (formula 3.6.3), the 
total multiplicity of the zeros of dw in the interior of 9ft is equal 
to 2h -f- c. Let us assume, for simplicity, that each of these zeros 
is simple and that no line v = constant contains more than one 
crossing point. Each crossing point then gives rise to two semi¬ 
infinite slits in the z^-plane with edges appropriately identified, 
so the total number of slits of the canonical domain is equal to 
4 h -\- 2c -f- m. Each semi-infinite slit is determined by the position 
of its finite end point while a finite boundary slit is determined 
by its left end point and by its length. Since the semi-infinite slits 
are identified in pairs and the finite end points of a pair have the 
same abscissa n, we need 6h + 3c -f- 3 m real numbers to describe 
all the slits. Two Riemann surfaces can be mapped conformally 
upon one another if and only if the corresponding canonical domains 
can be mapped upon one another by a translation and magnification. 
Thus two Riemann surfaces can be mapped conformally one onto 
the other such that a given point and direction on one goes into a 
given point and direction on the other provided that 6/* 4 3c -f 3m — 3 
real numbers have the same values. If we drop the condition that 
given points and directions correspond, we see that the number of 
real parameters needed to fix the conformal type is actually equal 
to 6h 4- 3c 4- 3m — 6. However, we have neglected to take into 
account certain continuous groups of conformal mappings of 9ft onto 
itself. If q denotes the number of real parameters in the continuous 
group of conformal mappings of 9ft onto itself and if cr is the dimen¬ 
sion of the space of all classes of conformally equivalent finite 
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Riemann surfaces of the same topological type, then 
(2.11.1) o — Q = 6A -I- 3c + 3m — 6. 

This formula will be discussed further in the next chapter. 
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3. Relations between Differentials 


3.1. Abelian Differentials 

In this chapter we bring together various classical results which 
will be required in the sequel, and we begin by discussing briefly 
the differentials of a closed orientable surface 2b Later we shall 
assume that 2? is the double of a surface 2ft, in which case a subset 
of the differentials of $ forms the set of differentials of 9ft. 

We shall consider first the linear differentials dZ of 2b If z is a 
uniformizer at the point p of 2b then we have locally 

dZ 

(3.1.1) — = a m z m -f a m+1 2 m+1 H- 

where m is an integer. The number m is called the order of dZ at p, 
and it is plainly independent of the uniformizer chosen and is there¬ 
fore a conformal invariant. The residue of dZ at p is defined to be 
the value of the integral 

If 1 CdZ i 

(3J - 2) 2^J dZ= 2^i\ Tz dZ 

k k 

extended in the positive sense over the circumference k of a 2 -circle 
| 2 | a at p. This definition of residue is also independent of the 
particular uniformizer used. It is clear that the residue is equal to 
the coefficient a_ x of 1/2 in the development (3.1.1). 

A linear differential dZ of 5 is said to be of the first kind if it is 
regular at every point of 2b of the second kind if it is regular except 
for poles but never has a residue different from zero, of the third 
kind if it is regular except for poles and has at least one residue 
different from zero. The integral of a (linear) differential dZ is 
defined by 

Z(P) - Z(p 0 ) =j P dz 

Po 


[64] 
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and depends on the limits of the integral and the path connecting 
them. The integral of a (linear) differential of the first, second or third 
kind is called an integral or Abelian integral of % of the first, second or 
third kind respectively. 

Let h be the genus of the closed surface g, and let K v K 2 , * ■ *, K 2h 
be a homology basis of 1-cycles for g. In Section 2.6 we established 
the existence of a harmonic differential % having prescribed periods 

/*• 

k . 

Then dw = % + i*% is a complex analytic differential, and the real 
parts of its periods can be prescribed arbitrarily. Moreover, since an 
exact harmonic differential vanishes identically, we see that dw is 
uniquely determined by the real parts of its periods. We therefore 
have the following fundamental existence theorem of Riemann: 

Theorem 3.1.1. There exists a unique differential of the first kind 
with prescribed real parts for the periods. 

The function (2.7.16), which was obtained by interpolating vortices 
along a 1-cycle y, also gives rise to a differential of the first kind, 
as we now show. 

Let T denote a given triangulation of the surface and let *T 
be a dual subdivision of g defined as follows. First make a normal 
subdivision N of the given triangulation. This is accomplished by 
choosing an interior point of each triangle and an interior point of 
each edge (1-simplex), and then joining the interior point of each 
triangle to its three vertices and to the three interior points of its 
edges by six arcs. Given any vertex (0-simplex) of the original 
triangulation T, we associate with it the polygon formed by the 
triangles of the normal subdivision N which have this vertex in 
common. To each edge (1-simplex) of T, we associate the two new 
edges of N which meet at its interior point, and to each triangle 
(2-simplex) of T we associate the vertex of N lying in its interior. 
The polygons, edges and vertices associated respectively with the 
vertices, edges and triangles of T form a dual subdivision *7\ In 
particular, to each edge a\ of T there is a dual edge of *T which 
intersects it m precisely one point, the orientation of *a* being such 
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that it crosses o\ from right to left. We define the intersection 
number I[o), *o\) of two 1-simplexes o), *o\ by the rule 


(3.1.3) 


1(g), *<jJ) = 


1 ,j = k 
0, otherwise. 


The Kronecker index I(K, *L) of two 1-chains 


(3.1.4) 


K = Z m j • o), *L = Z n k • *(7* 


is then given by the sum 


(3.1.5) I(K, *L) = Empty 

Let o) be an edge of T extending from the vertex q x to the vertex 
q 2 (that is do) = q 2 — q x ), and let Z a \(p) be the analytic function 
whose imaginary part satisfies 


(3.1.6) 


Z„)(P) = 



where v QQ (j>) is the harmonic function defined at the end of Section 
2.7. Let'* 

(3.1.7) K = Zm i o) 
be a cycle of T, and define 

(3.1.8) Z K (p)=Zm i Z a] (fi). 

Then we have the formula ([5]) 

(3.1.9) Im jdZ K (p) = — I(K,*L). 

*L 

To prove (3.1.9) it is sufficient to show that 

(3.1.10) Im J dZ a i = —np 

•L 

formula (3.1.9) then follows from (3.1.5) and (3.1.8). Let *o% be the 
polygon of *T associated with the vertex q 2 of T. Then 

(3.1.11) \dZ a) = i 

d*a\ 

by the residue theorem, since Z a j has residue 1/27T at the end point 
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q 2 of <t}. But 

(3.1.12) d*o% = — *o) + * * % 

so *L + 11 , 8 * 0 % is a cycle of *T which does not contain and 
therefore has no point in common with o). Since Im Z a j is single¬ 
valued on g — °)> we conclude that 

(3.1.13) Im J dZ a * = 0. 

Therefore 

(3.1.14) Im J dZ a i= — n, Im J = — n f . 

+L &* a \ 

If dw is an arbitrary differential of the first kind, we have (compare 
Section 1.5) 

{dw, dZ K ) = — J V R dw 

w here dZ K = dU K + idV K and where the integration is over the 

boundary of the domain ft — K. Since the value of V K on the left edge 

of K exceeds its value on the right edge by unity, we obtain the 
formula 

(3.1.15) (dw, dZ K ) = — fdw = — P(dw, K). 

Let ' 

(3.1.16) dw lt dw 2i • • *, dw h 

be an orthonormal complex basis for the differentials of the first kind 
Then 

(3.1.17) dZ K = Z (dZ Kt dw f )dw f = — Z [dw,- dw,. 

>=iJ 

By (3.1.9) 

(3.1.18) I(K , *L) = Imj L jdw, - J dw, 

k 

([5]). Formula (3.1.18) provides a definition of the Kronecker index 
of two cycles which is independent of the subdivision of ft. In fact, 


}- 


I(*L,K), 
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for any two closed cycles we define 

(3.1.18) ' /(/sTj, K 2 ) = Im | E J dw, • J dw 

* =1 

We observe that the Kronecker index vanishes if either cycle bounds. 
It is possible to find a homology basis 

(3.1.19) K lt K 2 r-,K 2 h _ v K 2h 

for the 1-cycles of g satisfying the following conditions: (i) K v 
K 3 , • • •, K 2h _ x belong to T and K 2 , A 4 , • • •, K 2h belong to *T ; 
(ii)I(K 2 ^ lt K 2ti ) = l, I(K 2/i _i>K 2v ) = 0 for ^v, I(K 2fi> K 2v ) = 0, 
-^ 2 v-i) = 0. A basis satisfying these conditions is said to 
be canonical. 

Let 



(3.1.20) dZ=dZ K ^ n= 1,2, •••, 2h, 

where K v • • *, K 2h is a canonical basis. By (3.1.18)', (3.1.15), and 
(3.1.17), we have 


(3.1.21) 


I(K„,K y ) = Im{(dZ^ <*ZJ} = 




Any differential dw = du -f idv of the first kind may 

h 

(3.1.22) dw = Z 

H = l 



be written 


K 2h-1 K 2h 

Let dw x be the differential defined by the right side of (3.1.22). Then 
by (3.1.21) and (3.1.22) we have 


Im {P(dw v K v )} = — Im { (dw v dZ v )} 

= E { I K>) ■ J * K v ) • J dv 

( 3 . 1 . 23 ) "~ l1 k 2 „ 

= I dV ■ 

K v 

Since dw — dw x is a differential whose periods have vanishing imagi¬ 
nary parts, we conclude that dw = dw v 

From the 2h differentials dW k of a real basis choose q, say 
dW lt • • *, dW q , such that between dW lt • • •, dW Q there is no linear 
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relation with complex coefficients, and so that between any q + 1 
differentials of the basis there is a linear relation with complex 
coefficients. Then 


dW v dW 2> • • *, dW q \ idW lt • • •, idW, 


are linearly independent in the real sense, so 2 q ^ 2h. On the other 
hand, every differential of the basis (3.1.16), and so every differen¬ 
tial of the first kind, is a linear combination of dW v • • *, dW q with 
complex coefficients and therefore a linear combination of 
dW v • • *, dW q , idW v • • •, idW q with real coefficients. Hence 2q^2h 
so q = h. It follows that we can choose a complex basis dW v 
dW 2 , • • *, dW h from the differentials of a real basis, and any diffe¬ 
rential dW of the first kind is uniquely represented in the form 

(3.1.24) dW = C 1 dW 1 + • • • + C h dW h 

where C lt • • •, C h are complex constants. 

Let dZ be any differential of g. Since the number of poles of 
dZ is finite, there is a triangulation of g such that the poles all 
lie in the interiors of the triangles. We suppose that the triangles 
are given a coherent orientation. If we then integrate dZ over the 
boundaries of all triangles in the positive direction and add, we 
obtain 2m times the sum of all the residues of dZ. Because of the 
coherent orientation each side of a triangle will be run over twice, 
once in each direction. Hence the sum of all residues is zero. That 
is, the sum of all the residues of a differential dZ of % is equal to zero. 

^ et be the additive analytic function whose real part 

satisfies 


(3,1 - 25) Re Q w, (/>) =—v, w 

where is the function (2.7.15). The differential dQ aq is of the 

third kind with simple poles of residues — 1 and + 1 at Vo, Q res¬ 
pectively. 

Now let q v q 2 , •*•,£, and q 0 be any v + 1 distinct points of g, 
and let C v C 2 , •••,(?, be any complex numbers, not all zeto, such that 

Ci + C 2 + • • • + C, = 0. 



ZCdQ 


fc-i 


Vo 


Then 
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is a differential which has poles of the first order at the points q v 
q 2 , * * *, q v with the residues C lt C 2 , • • *, C v respectively while the poles 
at q 0 cancel each other. It is thus possible to prescribe the residues 
of a differential which is regular except for poles subject to the one 
restriction that the sum of the residues must be zero. 

If in Section 2.7 we take for & the function 


cos cos 

. nw . ncp 

(3.1.26) 0 = sin Y + r n sin 

r n a 2 n 

we obtain a differential which is infinite at the point p 0 of g like 

ndz . ndz 

-- or — i —-. 

z n+l z n+l 

Let dZ be a differential which near the point p has the development 

dZ = -f -b + « 0 + a i z H- ) dz 


where z is a uniformizer at p. We call 



the principal part of dZ at p. Now prescribe the poles and principal 
parts of a differential dZ of ^ subject to the condition that the 
sum of the residues is equal to zero. Moreover, prescribe the real 
parts of the periods 

P(dZ, K /x )=fdZ. 

Then there is one and only one differential dZ which satisfies these 
conditions, and it can be constructed by addition of the elementary 
differentials described above. We thus have the following theorem 
(second fundamental existence theorem of Riemann): 

Theorem 3.1.2. There exists a unique differential dZ which is 
regular analytic apart from finitely many points where dZ has principal 
parts assigned arbitrarily , subject to the sole condition that the sum of 
the residues is zero, and which has the real parts of its periods prescribed. 
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3.2. The Period Matrix 

Let dw lt dw 2 be arbitrary differentials of the first kind. Writing 
dw x — du ± -f idv v dw 2 = du 2 -f- idv 2 , we have by (3.1.22) 


(3.2.1) 


J 


K, 


*2 dZ 2fi . 


dv 


K, 


2/4-1 n 2(* 

Substituting from this formula into the scalar product (dw v dw 2 ) 
and using (3.1.15), we obtain the formula 


(3.2.2) Re (dw v dw 2 ) = E 

/i=i 


/*■ ■ j 

*2/4-1 *2/4 


dv 


dv 


*2/4-1 K 2u 


Taking, in particular, dw x = dw 2 = dw, we obtain 


(3.2.3) 


h 

£ 



du-J dv 

*2/4-1 *2/4 

unless dw is identically zero. 
Let 

(3.2.4) 

i— 

K , 


\ dv '\ l 

*2/4-1 K 2 fi 


0 


/* = 1, 2, • • \ A. 




2/4—1 ^2/1 

From (3.2.3) we see that the periods P^ can all vanish only if dw is 

identically zero, and a similar remark applies to the dual periods 

Qp It follows that there is a unique dw with prescribed periods P . 

For let dw v dw 2 , . . ., dw h be a complex basis for the differentials 
of and write 


(3.2.5) 


/4V 


fi, V = 1, 2, • • •, h. 


K 


2/4-1 


The homogeneous equations 


(3.2.6) 


^ c,-P„ = 0 , fi = 1 , 2 , 

*- = 1 


• • 


A 


cannot have a non-trivial solution (c„ • • •, c A ); otherwise there would 
exist a non-trivial differential dw with all of its periods P u zero. 
Hence, given arbitrary complex numbers P u ,u= 1, 2, • • • A the 

equations ' ’ 
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(3.2.7) 


^ c.P„ 

V = 1 




have a unique solution. We summarize these results as follows: 


Theorem 3.2.1. The periods P^ determine dw uniquely and 
is a non-degenerate matrix. 

Write 



( 3 . 2 . 8 ) r /iv = {dz^, dz v ), = (rj~, 

where the dZ /t are defined by (3.1.20) in terms of a canonical basis. 
Then by (3.1.21) 


(3-2.9) Im = I(K^, K v ). 

Let x v x 2 , • • *, x 2h be arbitrary real numbers. Then by (3.2.8) 


(3.2.9) 

unless 


2 h 

Z 

11 , V = 1 




A 


2 h 

= z 

ft, V = 1 


/ 




2 h 

= NlZ 


x , dZ , 


> 0 


\n = l 


(3.2.10) 


2 h 


Z x^dZp 

/i=i 



Computing the period of (3.2.10) around a cycle K v> we find by 
(3.1.21) that 


2 h r> 2 h 2 /i 

(3.2.11) 0 = Im£*J dZ lt = -£xJ(K lt ,K,)=i:x l J(K„K lt ), 

fi = l J ft=l (1 = 1 

K v 


and it follows from the canonical property of the basis K v • • •, K 2h 
that x x = x 2 = • • • = x 2h = 0. In particular, the symmetric matrix 


(3.2.12) 

is non-singular. 


Re 


3.3. Normalized Differentials 

In the sequel we shall be mainly concerned with the normalized 
differentials dZ /4f fi = 1, 2, • • *, 2 h. The importance of these differen¬ 
tials stems from the relations 

(3.3.1) (dw, dZ M ) = — P(dw, K m ), fx= 1, 2, • • •, 2 h. 

% 

In addition, we shall sometimes have occasion to consider the 



§ 3 . 3 ] 


NORMALIZED DIFFERENTIALS 


73 


complex basis of differentials of the first kind. 


(3.3.2) 



whose periods 


satisfy P^ where 

(3.3.3) 




► 

1 , = v 

0, fx^v. 


Let q be a point of g, £ = tj + iy a uniformizer at q. We denote 
by u q: {p) the single-valued harmonic function on with a dipole 
at q such that the difference 


(3.3.4) u«(p) - |T i— 2 = u Q: (p) - Re (I) 

is regular and vanishing at q. The differential 


(3.3.5) 


2du QC {p) = 2 




is of the second kind and it will be denoted by dT Q: (p). We observe 
that its integral has a single-valued real part. By adding linear 
combinations of basis differentials of the first kind to (3.3.5), we 
obtain further differentials of the second kind of which we distinguish 
one, namely the differential dt Q ^(p) all of whose periods 


P, = j 

K 2 f *—1 

vanish. More generally, let dT$ be the differential whose integral 
has a single-valued real part and which near q has the form 

dT$ = (—— + regular terms)) if 

and let dfy have the same principal part at q but with vanishing 
periods P„. In particular, £T$ = dT QC , dt «> = dt, : . 

Finally, the differential dQ^(j>) defined by (3.1.25) is of the 
third kind and its integral has a single-valued real part. We denote 
°y <fc V 1 (£) the differential obtained from dQ^Jp) by adding a 
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linear combination of basis differentials of the first kind in such a 
way that the periods 

p, = 

K 2fi-1 

vanish. We have two ways of normalizing differentials of the second 
and third kind; by requiring that their integrals have single-valued 
real parts or vanishing periods with respect to the cycles K 2fi _ v 
The first type of normalization is called ,,real normalization’', the 
second “complex”. 


3.4. Period Relations 

Let Q be the surface obtained from by cutting it along the 
cycles (3.1.19). The integral of any differential df of the first or 
second kind is single-valued in g, and we may therefore consider the 
integral 

J /,<*/, 

03 

where df x and df 2 are an arbitrary pair of such differentials. By 
Cauchy's residue theorem, 

(3.4.1) f f x df t = Z UK m ,K 9 ) f df[df 2 

J fi, v = l J J 


03 


K 


K. 


h 

= z \ 

k = 1 


"Ah' j df 2 — J i/. • J^J = 2 ni (sum of residues of f x df 2 in3)- 


K 2k-\ K 2k K 2k-1 K 2 k 


Taking first df x = dZ dj 2 = dZ v , we see that 


2* 2k-l^v, 2k F v 2 k-lFfi, 2k) ~ 0* 

k = 1 

The vanishing of the imaginary part of this expression gives the 
symmetry law 


(3.4.2) 


Re J dZ M = Re J dZ v , n, v = 1, 2, • • •. 2 h. 


K. 


K 


We have used here the fact that Im r^ v — I(K^ K v ). This sym¬ 
metry law is also an immediate consequence of (3.2.8) and (3.1.15). 
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Taking df x — dw , df 2 = dw vi we obtain 


(3.4.2)' 


= J f*>v= 1, 2, • • •, h. 


K. 


K 


Next, let df t = dT*p(j>) = dT${p), df 2 = dZ #4 . In terms of the 
particular uniformizer f, we have for j> near q 


dT$ If) = ( 


— + regular terms j d£. 


Formula (3.4.1) gives 


h 

Z 


, j r - ■• J iT ‘; 

Kou 


>—r 


P. 2* 


J ' ) (r — 1)! df 


2k ~2k-l 

Taking real parts, we have 


(3.4.3) 


J dry = 


2m 


k. 


(r 


1 r^Jd'ZJ?)} 

=T)I Im (^i^ = 1 ' 2 ' 


2 h. 


If we choose df l = dt ir) , df 2 — dw u , we obtain 


(3.4.3)' 


J <> ip) = 


2^i 


1 d 'w (q) 


K 


2H 


(r— 1)! dq r 


Third, take df x — dQ a ^(p), df 2 — dZ^ Since f x is single-valued 
in g only if we cut g along a path connecting q v q 2 , we have in place 
of (3.4.1) the formula 

(3.4,1)' J* f x df 2 -j- J <jf 1 df 2 = (sum of residues). 

ao ?1 

Here a/ x denotes the jump of / x from left to right across the cut 
joining q x and q 2 . We have 

J ,, <r/ 1 i/ 2 = piZ, = 2 m[Z„(q s ) - Z„( fc )]. 


ft 

Thus (3.4.1)' becomes 


(3.4.4) 


J dQ^fP) = 


Im 


fft 

J 
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In a similar way, taking df 1 = dw^p), df 2 = dw^ we find that 


(3.4.4.)' 


J ic V,(£) = 


2ni 



dw. 


K. 


2ft ?1 

Now take df 1 = dT ( Q r) , df 2 = dT { ' ) . The imaginary part of equation 
(3.4.1) then gives 


(3.4.5) 
Similarly 

(3.4.5) ' 


E , / r T"(P) p ^’(g) 


dp r 


dq r 




dp r dq T 

If we choose df x = dT ( J ] (p), df 2 = dQ w formula (3.4.1) gives 
(taking imaginary parts) 


(3.4.6) Re{r' r| ( ?1 ) — r< r| ( ?2 )} = Re 




1 _ d'^M) ’ 

-1)! dq' }* 


while the choices df x = dt [ Q r) (p), df 2 = dw Q ^ Q ^ give 

1 


(3.4.6)' 




(r — 1)! dq r 
Finally, let df x = dD PPt , df 2 = dQ q ^\ we obtain 

(3.4.7) Re{fi 9i<Ii (^,) — O a ^{p 2 )} = RefG^fo) — ^(f,)}, 
while, if df 1 = dw w df 2 = dco^, then 

(3.4.7) ' — (o QiQf (p 2 ) = <0p l9t (qi) — <V 2 (? 2 )- 

Formulas (3.4.7), (3.4.7)' constitute the law of interchange of argument 
and parameter. 


3.5. The Order of a Differential 

The order of a differential is the difference between the sum of 
the orders at its zeros and the sum of the orders at its poles. Given 
any linear differential dZ of its order is given by the formula 

(3.5.1) ord dZ = 2(h — l). 

In order to prove (3.5.1), let z be any non-constant function of 
We observe first that, for each complex number a, dz/(z a) is a 
differential of the third kind whose residues are the orders of the 
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function z — a at its zeros and poles. Since the sum of the residues 
of this differential is zero, we see that 2 — a takes the values a and co 
equally often on g. Thus z takes each value on g the same number 
of times, say n times. 

Let us say that a point p of g where 2 takes the value a lies over 
the point a of the 2 -sphere. Then % is realized as an w-sheeted rela¬ 
tively branched covering of the 2 -sphere. Fewer than n points p of 
g lie over finitely many values a; these values a correspond to points 
p of 5 where the function 2 is of higher multiplicity than 1. Let p 0 
be a point on $ where 2 takes the value a exactly m times. If t is a 
local uniformizer at p Q , we have 

* = a + C rrT + W t m+X H-, C m ^0. 

Hence (2 — a) 1/m is also a uniformizer at p 0 and the point p 0 over 
a is a branch point of order m — 1. The differential dz has a zero 
at p 0 of order m — 1. If 2 takes the value 00 at p 0 exactly s times, 
then 

1 

2 == ~ (^o + *••)> c o ^ 0, 

so (l/ 2 ) l/s is a uniformizer at p 0 . In this case dz has a pole of order 
s + 1 at p 0 . The sum 

V — 1) + Z(s— 1) 

0 00 

is called the branch number. 

We shall now prove the formula 

(3.5.2) V = 2(h + n—l). 

Let the 2 -sphere be triangulated in such a way that 2 = 00 and the 
points lying under branch points are vertices of triangles. Moreover, 
suppose that at most one vertex of a triangle has branch points 
lying over it. This triangulation can be carried over to the covering 
Over each triangle of the sphere there are n triangles of g, over 
each side of a triangle of the sphere there are n sides of g. Let a 2 , 
a 1 , a 0 be the numbers of triangles, sides and vertices of g, and let 
# 2 , a 1 , a 0 be the corresponding numbers for the sphere. Then 
(3*5.3) a 2 _ na i t a i _ na i 

If v points with branch orders r x — 1, • • •, r v —-1 lie over 2 = a, then 
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V = n — Oj — 1) -|-b (r„— 1)] 

and hence 

(3.5.4) a 0 = na° — V. 

But 

(3.5.5) a° — a 1 + a 2 = 2, a 0 — a 1 + a 2 = 2 — 2h; 
therefore 

2 — 2 h = a 2 — a 1 -f a 0 = n (a 2 — a 1 -f a 0 ) — V = 2 n — V. 

The order of dz is equal to 

Z(m — 1) — Z(s + 1) = V — 2Zs. 

0 oo oo 

Since 2 takes each value (including oo) n times, we have 

Zs = n. 

00 

Thus the order of dz is equal to V — 2 n = 2 (h — 1). Since the ratio 
of two differentials is a function and the order of a function is zero 
(as we have seen), every linear differential of has the same order, 
namely 2 (h — 1). 

Since the v-th power of a linear differential is a particular kind of 
differential of dimension v, and since the ratio of two differentials 
of the same dimension is a function, we conclude at once from 

(3.5.1) that 

(3.5.1) ' ord dZ v = 2v(h— 1). 

3.6. The Riemann-Roch Theorem for Finite Riemann 

Surfaces 

A divisor on the double % of a finite Riemann surface 9ft is a 0-cycle 
D = Zm { p it with integral coefficients m it consisting of a finite 
number of points We define the order of a point to be 1, ord 
p { = 1, and the order of D to be Zw, ord p { = Zm { . The set of all 
divisors form an Abelian group, the divisor group. To each differential 
dZ v of 5 which is not identically zero we associate a divisor Zm^pi 
where m i is the order of dZ v at p { . The divisor of a function / of J will 
be denoted by (/) and two divisors D and D' are said to be linearly 
equivalent if there is a function / of not identically zero, such that 
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D — D' = (/). A class of equivalent divisors (divisor class) which 
contains the divisor D will be denoted by ( D ). All divisors in (D) 
plainly have the same order which is called ord (D). Clearly, the 
divisors of linear differentials dZ all lie in the same divisor class which 
will be denoted by ( W ). Given a divisor D = Zm^^ we write D 0 
if all m { ^ 0. The set of all functions / of g such that (/) + F> ^ 0 
will be denoted by F(D), and the real dimension of the linear space 
F(D) will be called the dimension of ( D ): dim (D) = dim F(D). 
If (/) -f- D ^ 0, we say that / is a multiple of — D. 

If D — Zniipi is a divisor of the double g, we call D = Zm^> i 
the conjugate divisor. Here p denotes the point of g which is con¬ 
jugate to p . A divisor of % will be called a divisor of SOI if and only 
if it is equal to its conjugate. A divisor D of 9ft therefore has the form 
D = ZniiPi where P { = p { if p { is a boundary point of 9ft and 
Pi = Pi + pi if Pi is an interior point of 9ft. Two divisors D and D ' 
of 9ft are called linearly equivalent on 9ft if D — D' = (/) where / 
is a function of 9ft, and the real dimension of the linear space of 
functions / of 9ft such that (/) -f D ^ 0 is the dimension of (D). 
We have the following theorem ([4]) in which divisors, differentials 
and dimension refer to 9ft: 

Theorem 3.6.1. For any finite Riemann surface 9ft, 

(3.6.1) dim (D) — dim (W — D) = ord (£>) — G + R° 
where 

( 3 - 6 - 2 ) G=2h + c + m + R a —2, 

( 3 ' 6 - 3 ) ord (1 W ) = 2 (G — R°). 

We remark that 


dim [W — D) = dim { dZ | (dZ) > D). 

In fact, let dZ 0 be an arbitrary linear differential. If / is a function 
^ ~ ^ («•)■ ^ en dZ — f dZ 0 is a differential with 

1 ConverseI y> if ( dz ) ^ D, then / = dZ/dZ 0 is a function 
with {/) >D~ ( dZ 0 ). 

If SR is closed and orientable, (3.6.1) is the classical Riemann- 
Koch theorem. If we assume that (3.6.1) is valid for closed, orien¬ 
table surfaces, the validity of (3.6.1) in general is readily proved 
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For, let a divisor belonging to a function of 9ft (or g) be called a 
principal divisor of 9ft (or g). The group of the principal divisors of 
93? is equal to the intersection of the group of principal divisors of 
g with the divisor group of 9ft. For, let D be a divisor of 9ft which 
is a principal divisor of g. Then D defines /, where / is a function 
of g. The conjugate function / has the divisor D = D, so ]If is 
equal to a constant, / = af, say. Forming the conjugate, that is, 
applying the ^-operation to the equation / = af, we obtain/ = a]; 
hence ad = | a | 2 = 1. But then g = y/ a f is equal to its conjugate 
and is therefore a function of 9ft. Since g has the divisor D, we see 
that D is a principal divisor of 9ft. 

Now let D be a divisor of 9ft and let f lt f 2 , • • *, f fi be linearly indepen¬ 
dent functions of 9ft in the real sense such that 

/ = a ifi H-b a k real, 

is the most general function / of 9ft satisfying (/) + D ^ 0. Then 
dim ( D ) = //. Let 

g = c ifi H-h cj^, c k complex. 

We have to show that g is the most general function of g satisfying 
(g) + D ^ 0. It is clear that (g) D ^ 0. Let g be any function 
of g satisfying (g) + D ^ 0, and let g be its conjugate. Then 

_ g + g _ g — g 
^ 2 ’ 2 i 

are two functions of g which are equal to their conjugates and are, 
therefore, functions of 9ft. Since (g) + D ^ 0 and (g) + D ^ 0, 
the same is true of g 1 and g 2 . Hence 

gi = «i/i +-h «„/„• ?2 = 6 i/i H-1" hf»‘ 

where a k and b k are real. Thus 

g = gi + ig 2 = ( a i + ib i)fi T-M*#. + ib r)fn 

and the validity of formula (3.6.1) for closed orientable surfaces 
therefore implies its validity for an arbitrary finite Riemann surface. 

For completeness, we indicate briefly how the formula (3.6.1) for 
a closed orientable surface 9ft may be deduced from the period rela- 
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tions of Section 3.4 (see [6]), and for simplicity we assume that 

d = Pi + p 2 + ••• + *„--a 

where P { = p { + p if = £,■ + £,• and the points p it q i are distinct 
points of SCR. 

Let 


(3.6.4) dt = Cl dt Vx + • • • + c/t^ 

where dt Pi , dt Vi , • • *, dt 9 are the normalized differentials of the second 

kind defined in Section 3.3 and c v c 2t • • •, are fi complex constants. 
Then dt has double poles at p lt p 2 , • • *, p^ and its periods P 9 all 
vanish. The remaining periods will vanish provided that the following 
equations are satisfied: 



Ci- -}— c 


dw h 

2 t: r 




dw 


= 0 . 


1 dpi ' ~*dp 2 ’ 1 "dp^ 

This follows from equation (3.4.3)'. If equations (3.6.5) are satisfied, 
the integral t of dt is a function of it will vanish at q lt q 2 , • • •, q v 
if we can choose a constant of integration c 0 such that 


(3.6.6) 


c o + c i4»! fei) + c*t Vt (<li) + • * * + Cftvjdh) = 0, 

c o + + c aM&) ^-•" = 0, 


c o + c it 9l (q v ) + c 2 t v% (q v ) H-1- c£jg 9 ) = 0. 

The p + l constants c 0) c lt c 2 , • • •, c 9 therefore must satisfy h + v 
linear homogeneous equations. If the rank of this system of h + v 
equations in + 1 unknowns is r, then there are ^ + 1 — r linearly 
independent solutions in the complex sense; that is 

(3.6.7) dim (£>) = 2(^+1— r) — ord (£>) —2A-f 2+2(A+v— r). 

Assume first that v = 0. Then there are no equations (3.6.6) and 
tne transposed system corresponding to (3.6.5) is 
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(3.6.5)' 



+ y 2 


dw 2 

d Pi 


+-1- y* 






+-h y* 






4--h y* 


d P* 



We see that 


(3.6.8) dim (IF — D) = 2(h — r) = 2(h + v — r) 


since v = 0 by assumption. In this case formula (3.6.1) follows from 

(3.6.7) and (3.6.8). 

Next, assume that v = 1. Then there is one equation (3.6.6) which 
merely determines c 0 in terms of c v c 2 , • • •, c We therefore ignore 
this equation and consider the h equations (3.6.5) in the fx unknowns 
c v c 2 , • • *, c^. If the rank is r, we have 

(3.6.7) ' dim (D) = 2(fi — r) = ord (D) — 2h + 2 + 2 (h — r). 

But the number of linearly independent differentials which are mul¬ 
tiples of D is equal to the number of linearly independent differentials 
which are multiples of + * * * + P? — D + Qv For the sum of 
the residues of a differential must equal zero. Hence we again have 

(3.6.8) and therefore (3.6.1). 

Finally, suppose that v > 1. We then subtract the v —1 last 
equations (3.6.6) from the first and use formula (3.4.6)'. We obtain 
the v — 1 equations 




(3.6.6)' 
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plus the one equation 

(3.6.6) " c 0 -f (ft) + c 2 t Vi (q x ) + • • • + c^(ft) = 0. 

The equation (3.6.6)" determines c 0 and will again be ignored. We 
therefore have the system of h + v — 1 equations (3.6.5) and (3.6.6)' 
in the p unknowns c lt c 2 , * • *, c M . If the rank is r, we have 

(3.6.7) " dim (D) = 2(fx—r) = ord (D) — 2h + 2-\-2(h + v — I—r). 
The transposed system is 


dw , 






da) n „ 




da)„„ 


yi 

dp 1 

■ • + y» 

n 

tpi 

+ 

1 

OjCj 

#1 

+ • 


y*+v- 

■ 

ii 

0, 

dw-. 

• • 

■ • + y» 

• • • 

dw h 









#2 

• • • 

n 

dp 2 

■ • 

+ 

• 

3^ A+l 

• A 

d P 2 

m A 




1 dp, ~ 

0, 

dw 1 

+ • • 


dVOy. 



• • • 

dto„ _ 

• • 

• • 

• • 

• • • • 

dw n _ 

• 

yi dK 

• + y» 

d p„ 

+ 

y*+i 

dp„ 



>W- 

1 dp tt ~ 

0. 


Since every differential dZ which has poles at the ft may be written 
in the form 

yi dw, + ■ • • + y» dw h + y h+1 do>, iQt + ••• + y hM dm^, 
we have 

(3.6.8)' dim (W — D) = 2(h + v — 1 — r), 

and formula (3.6.1) follows from (3.6.7)" and (3.6.8)'. 

3.7. Conformal Mappings of a Finite Riemann 

Surface onto Itself 

Klein [2] classified finite Riemann surfaces by means of their 

algebraic genus G, where G is given by (3.6.2). There are precisely 
seven surfaces with G ^ R°, namely: 

h = 0, c = 0, w = 0 (sphere) 
h~0, c = 0, jm = 1 (disc) 

h = 0, c=l )W= o (projective plane) 


G = 0, 
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h = 1, c = 0, m = 0 (torus) 

h = 0, c = 0, m = 2 (ring or doubly connected domain) 

h = 0, c = 1, m = 1 (Mobius strip) 

/j = 0, c = 2, m = 0 (Klein bottle or non-orientable torus) 

Let o be the dimension of the space of all classes of conformally 
equivalent finite Riemann surfaces of the same topological type, 
and let g be the number of parameters of the continuous group of 
conformal mappings of the surface onto itself. The formula 

(3.7.1) cr— g = 6h -j- 3c + 3m — 6 

which was given by Klein [2], has already been discussed in Section 
2.11 where, however, we made use of a fact which depends on formula 
(3.6.3), namely if w = u -f- iv is the function of Section 2.11 with 
a simple pole at one point of 9ft (w being single-valued on 5). then 
the total multiplicity of the zeros of dw in the interior of 9ft is equal 
to 2h -f c. As remarked in Section 2.11, the differential dw has two 
simple zeros on each boundary component of 9ft. Since dw has order 
— 2 at one point of 9ft, we see that the number of zeros of dw in 
the interior of 9ft is 2 h if 9ft is closed and orientable and 2h -f- c 
otherwise, and hence the statement follows. 

We have the following theorem: 

Theorem 3.7.1. The number g of the parameters of the continuous 
group of conformal mappings of a finite Riemann surface onto itself 
is different from zero only in the following seven exceptional cases 
where 

6 for h = 0, c — 0, m — 0 (sphere) 

3 for h = 0, c = 0, m = 1 (disc) 

3 for h = 0, c = 1, m = 0 (projective plane) 

(3.7.2) q = 2 for h = 1, c = 0, m = 0 (torus) 

1 for h = 0, c = 0, m = 2 (doubly connected domain) 

1 for h = 0, c = 1, m = 1 (Mobius strip) 

1 for h = 0, c = 2, m — 0 (Klein bottle). 

This theorem is an immediate consequence of the following general 
theorem (due essentially to H. A. Schwarz) which we state without 
proof (for a proof see [6]); 

Theorem 3.7.2. The group of the conformal mappings of an orientable 


G = Ro. 
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Riemann surface onto itself is discontinuous apart from the following 
seven exceptional cases: sphere, simply or doubly punctured sphere, 
disc, punctured circle, doubly connected domain, torus. 

In fact, if 9J? is orientable, Theorem 3.7.2 is immediately applicable. 
If 9ft is non-orientable, we apply Theorem 3.7.2 to its double If 
the conformal mapping of 9ft onto itself carries the point p into the 
point q, we extend the mapping to ft by sending the point p into 
the point q. We therefore conclude that q = 0 unless 9ft is one of the 
surfaces (3.7.2), and we then examine the cases. 

The only cases (3.7.2) which need to be mentioned are the non- 
orientable ones. The projective plane arises from the sphere by 
identification of diametrically opposite points. The group of con¬ 
formal mappings onto itself is therefore the group of spherical 
rotations. If the Mobius strip is represented in the normal form 
discussed in Section 2.1 we see that the only conformal mappings 
onto itself are given by w' = e* w and w' = R e id fw, 6 real. Finally, 
the Klein bottle arises from the w-plane punctured at infinity by 

identifying points which are equivalent with respect to the group 
of transformations 


(3.7.3) w w + m + nico, w ->■ w + — + m + nita, to > 0. 

A 

The relatively unbranched two-sheeted orientable covering of the 

Klein bottle is obtained by identifying points which are equivalent 
with respect to the subgroup 

w w -f m -f nico. 


3.8. Reciprocal and Quadratic Differentials 

The everywhere finite reciprocal differentials dZ - 1 of 9ft, 

^ 1 = Y { z )dz~ 1 , z a local uniformizer, 

m ! lniteS i mal C0nf0rmal ma PP in g s Of m onto 
n lu u , y C,ear ‘ For ,et z be a local uniformizer valid 

the pdnXth th ° f a P ° int ° f ^ Under the inflmtesimal ma PPing 

Wlt , h the P ara meter value z goes into the point with the 

If z'Tsl e not V he Ue ^ Wh6re ' iS “ infinite simal real quantity 
is T uniformizer valid in the same neighborhood then 5 

nalytic in z or in z. Assume for simplicity that z' is analytic in z. 
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Then (neglecting infinitesimals of higher order) 

2 ' + £ M 2 ') = 2 '(* + er(z)) = z' + E d Lr(z), 

dz 

so 

r i(z') _ r(z) 

dz’ dz * 

Furthermore, if 2 is a boundary uniformizer, then 2 is real at a 
boundary point p. Since a boundary point goes into a boundary 
point, 2 4 - er(z) must also be real. Thus r(z)/dz is real on the boun¬ 
dary and is therefore a reciprocal differential of 9 J 1 . 

We show now that 

(3.8.1) g = dim (— W). 

By (3.6.3), 

ord (— W) = 2(R° — G). 

Since the order of an everywhere finite reciprocal differential must 
be non-negative, there are no everywhere finite reciprocal differentials 
when G > R°. Formula (3.8.1) is therefore-proved in this case. Taking 
(D) = (W) in (3.6.1) we see that the number of linearly independent 
everywhere finite linear differentials of 9J1 is equal to 

dim ( 0 ) 4 2{G — R°) — G + R° = G 

since dim (0) = R°. If G = R° we therefore have R° everywhere 
finite linear differentials (up to a constant factor) whose orders 
are equal to zero. Their reciprocals are the only everywhere 
finite reciprocal differentials and we have dim (— W) = R °. From 

(3.7.2) we see that (3.8.1) is true in this case. Finally assume that 
G = 0, in which case the double ^ is the 2 -sphere. All reciprocal 
differentials of must then be equal to a rational function of 2 
times dz" 1 . Bearing in mind that 1/2 and not 2 is a uniformizer at 00 , 
we see that the everywhere finite reciprocal differentials of the sphere 
have the form 


(3.8.2) 


a -f- bz -f- cz 2 
dz 


where a, b and c are arbitrary complex constants. Hence if 911 is 
the sphere dim (— W) = 6 . If SK is the unit circle, the reciprocal 
differentials still have the form (3.8.2) but they must satisfy the 
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additional restriction that they are real on z | = 1. It is then seen 
that the everywhere finite reciprocal differentials of the circle are 
linear combinations (with real coefficients) of the three differentials 


Hence dim (— W) = 3 in this case. Finally, the projective plane is 
the unit circle with diametrically opposite points of its circumference 
identified. The three differentials 


z 




take the same or conjugate values at diametrically opposite points 
and are therefore reciprocal differentials of the projective plane. 
Hence dim (— W) = 3 in this case also. By comparison with (3.7.2) 
we see that formula (3.8.1) is valid when G — 0. 

Finally, taking (D) = (2 W) in (3.6.1), we obtain 

(3.8.4) dim (2 W) — dim (— W) = 3 (G — R°) 

since ord (2 W) = 4 (G — R°) by (3.6.3). Thus, by (3.6.2), 

dim (2W) — Q = eh -f 3c + 3m — 6. 

Comparing with (3.7.1) we see that 

( 3 - 8 - 4 5 * * ) dim (2 W) = <j. 

This equation shows that the quadratic differentials are connected 
with the moduli of the finite Riemann surface 9ft. 
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4. Bilinear Differentials 


4.1. Bilinear Differentials and Reproducing Kernels 

In this section we make some preliminary remarks concerning 
the present chapter, which centers around the bilinear differentials 
and, in particular, reproducing kernels. In the next section we define 
the Green's and Neumann’s functions, and we then express as many 
of our functionals as possible in terms of these basic functionals. 
In particular, we express the differentials of the first kind in this 
way, as well as the mapping functions corresponding to the canonical 
slit domains of Chapter 2. We then define certain linear spaces of 
differentials on a Riemann surface, and construct the reproducing 
kernels for each of them. 

The underlying purpose of this chapter is thus to express the 
\ arious functionals in terms of one functional, namely the Green's 
function. In subsequent chapters we shall be concerned with the 
dependence of these functionals on the Riemann surface, and the 
results of the present chapter will enable us to confine our study of 
the dependence essentially to the Green’s function. 

We call a complex analytic expression X(p, q) which depends on 
two points p, q of a Riemann surface a bilinear differential if 


X(p, q)dzdt > 

is a conformal invariant, 2 and £ being local coordinates of the points p 
and q respectively. In other words, X(p, q) transforms like a linear 
differential of each argument and is therefore a double covariant 
vector. 

If £0? is a closed orientable Riemann surface, the expression 


(4.1.1) 


dpdq 


is a bilinear differential. Here dQ oa is the differential of the third 

w O 

[88] 
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kind defined in Chapter 3. This bilinear differential is symmetric in 
p and q , has a double pole for p = q, and, it should be remarked, is 
independent of the parameter point q 0 . In order to prove these 
statements, we use the law of interchange of argument and parameter 
in the form (compare (3.4.7)) 

< 4 SP) -n w Ah) + - (Q'APo))~ 


QpoiV) Qjypofao) (^ 0 te)) (^pj> 0 (^o)) • 

Differentiating this identity with respect to p and q, we find that 

(4.1.2) 

dpdq dpdq 

That is, (4.1.1) is a symmetric bilinear differential independent of q 0 
and p 0 . For p in a neighborhood of q, we have, in terms of the local 
uniformizer z(p), 

(4.1.3) G QQq (P) = —log [z(p) — z(q)'\ -f regular terms 
and hence 


(4.1.4) 




<n a \r/ __ 


1 


-f regular terms. 


dpdq [ z (p)—z{q)'\ 2 

Let us consider now the case of an orientable finite Riemann 
surface 9ft with boundary C. If we complete 9ft to its double g, we 
may consider- the class of differentials which are regular analytic 
on ft. This class has a finite basis, namely the G basis differentials 
of the first kind of fj. In order to develop a significant function- 
theory for the Riemann surface 9ft, we introduce a wider class of 
differentials, namely those which are regular analytic in the interior 
of 9ft but which are not necessarily defined on the boundary of 3ft 
or elsewhere. Because of their restricted domain of definition, we call 
these differentials "interior differentials” on 2Ji. The interior different¬ 
ials with finite norm over W form a Hilbert space M which will 
be one of the main objects of study in the sequel 

th,>?v ! h J r° U u e ° f ^ and the above integral of the 

bilinear differential plays a fundamental role: S 


(4.1.5) 


l m(P> ?) =- 


1 V^(P) 

n dpdq 
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This bilinear differential is symmetric in p and q, and, for p near q, 
has the development (see (4.1.4)) 


(4.1.5)' 


iP> q) 


i i 

~ + regular terms 

* [z(P) — Z (q )] 2 


As a differential of p defined on 9ft, L M (p, q) has to be distinguished 
from L M (p,q), which is everywhere regular in 9ft because its double 
pole lies in 9 ft. While L M (p, q) obviously satisfies the symmetry law 

( 41 - 6 ) L m(P> q) = (q,p), 


we now want to prove the law of Hermitian symmetry for the 
differential L M (p, q), namely 


L M (p, q) — (L M (q, p)) . 
By (4.1.6), (4.1.7) is equivalent to 


(4-1-8) L M (p, q) — (L^p, q)) . 

In order to prove (4.1.8) we make use of the fact that the dif¬ 
ferential dQ Q -(p) has imaginary periods on fj. Hence the expression 

Re - (Qj(p))-} 

represents a single-valued harmonic function on g. We observe that 
the singularities of the two terms cancel at q and also at. < 7 . Applying 
the maximum principle to this regular harmonic function on the 
closed Riemann surface g, we see that 


(4-1.9) Q; q (P) = (0, ; (£))- + C 


where C is independent of p. Differentiating this identity with respect 
to p and q, we find that 


(4.1.10, 

dpdq \ dpdq ) 

In this formula conjugate uniformizers must be used at conjugate 
places. Finally, (4.1.8) follows from (4.1.5) and (4.1.10), and this 
proves the Hermitian symmetry of the kernel L M (p, q). 

Let p be a point on the boundary C of 9ft. Since p = p we have 
the identity 

L M (p, q)dz = L M {p, q)dz. 
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We use the law (4.1.8) and obtain 

(4.1.11) L M (p, q)dz = (L m (£, q)dz)~, p e C. 

Formula (4.1.11) may be interpreted as follows: Given any fixed 
point q of 9ft, we can find a pair of differentials taking conjugate 
values on C. One differential has a double pole at the point q, while 
the other is regular throughout 9ft. It is easily seen that the different¬ 
ials L M (p , q) and q) are, for fixed q, conjugate differentials 

of $ in this dependence upon p (Section 2.2). 

The differential L M (p, q) in its dependence upon p belongs to the 
Hilbert space M. We shall show in Section 4.10 that it has the 
reproducing property 

(4.1.12) ( df,L M (p,q))=-f'(q) 
for any df e M, and on the other hand. 


(4.1-13) (df, L M (p, q)) = 0. 

In formulas such as (4.1.12) and (4.1.13), we should write 

W, Lm(P> <])dz) but, for simplicity, we drop dz. It will be clear which 
variable refers to the integration. 

In the case of plane domains the bilinear differential — L M (p, q) 
has been extensively studied, and is called the reproducing kernel 
of the class M (see [2a, b, c, d], [3a], [4], [6a], [10], [13], [14b, c]). 
Even in this special case, it was pointed out (see [3b], [14b]) that 
the introduction of the kernel L M (p, q) completes the kernel theory 
in a symmetric manner. However, it has been customary to regard 
the two kernels as essentially different, although the theory of the 
double of a domain shows that they are the same. 

In the special case of a plane domain we may replace the abstract 

points p, q by their coordinates 2 and f. Consider the interior of the 

circle \ z\<f, then the double may be chosen as the 2 -sphere and 
we choose 


(4.1.14) 



The integral of the third kind on the sphere is given by 


= log 




+ constant, 
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and hence we obtain 


(4.1.15) 


?) — 


* (z — C ) 2 

Let us compute L M (z, f) by means of (4.1.14) and (4.1.15). 
the transformation law for differentials, we have 


Using 


L »<*’ Wt - = 


*(—?) 


- - (—) = -_ 

r 2 \ 2 \f/ 7i(r 2 —z~n 


dl 


Thus, using f as uniformizer at f, we find that 


(4.1.16) 




«(»■* —* 0 * 

If 90? is an arbitrary multiply-connected domain of the z-plane, 
we can write 


(4.1.17) 




where /(z, f) is regular analytic in SDL The expression l(z, £) plays 
an important role in the theory of conformal mapping of plane 
domains (see [3b], [6a, b], [14b, d]). The representation (4.1.17) 
is possible because every plane domain is, by definition, imbedded 
in the complex plane (Riemann sphere), and we can in this case 
split off the singularity of the L-differential belonging to 9K by sub¬ 
tracting the L-differential of the sphere. 

The theory of the logarithmic potential and of analytic functions 
in plane domains is essentially based on the imbedding in the complex 
plane. This geometrical fact has the analytical aspect that the elemen¬ 
tary singularities are logarithmic and rational in the large as well as 
in the neighborhood of the singularities. Thus the principal parts may 
be subtracted off in the large, leaving a function everywhere regular 
in the interior of the domain. 

In place of subdomains of the sphere, we shall consider subdomains 
of an abstractly given Riemann surface 91. This more general im¬ 
bedding leads to new results even in the case of plane domains 
(see [15a, b]). We decompose a differential on SOI into a differential 
on 9t with singularities, plus an interior differential on SDL For 
example, let L M (p, q) and q) denote the bilinear differentials 
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for 9ft and 9? respectively. We can then write 
(4.1.18) L M (p, q) = Se^{p, q) + l M {p, q), 

where l^(p, q) is an interior bilinear differential on 9ft. 

In this chapter attention is confined to the domain functionals 
and, in particular, to the elementary singularities belonging to one 
given Riemann surface. The comparison of the functionals of two 
Riemann surfaces, one of which is imbedded in the other, will be 
taken up in the following chapter. 

4.2. Definition of the Green’s and Neumann’s Functions 


When 9ft is a domain of the complex z-plane, the Green’s function 
G(z, Q of 9ft is defined to be the (single-valued) harmonic function 
on 9ft which vanishes on the boundary of 9ft and which has a logarith¬ 
mic pole at the point f such that the difference 


G(z, f) 



remains regular at f. Neumann’s function N(z, f) (Green’s function 
of the second kind) has the same logarithmic pole at f as the Green’s 
function and has on the boundary of 9ft a constant normal derivative. 
Green's function is uniquely determined by 9ft while Neumann’s 
function is determined only up to an additive real constant. Green's 
function is a harmonic function of the first kind. Neumann's function, 
on the other hand, is not of the second kind and is not even a con¬ 
formal invariant. However, the difference N(z, f) — N(z, f 0 ) is an 
invariant which is a harmonic function of the second kind. We 
therefore redefine the difference N (. z , f) —N (z, f 0 ) to be the Neu¬ 
mann's function of 9ft. This difference will be denoted by N(z, f, £ 0 ). 

We suppose first that 9ft is an orientable finite Riemann surface 
of genus h ( h handles) with m boundary components, m > 0. The 
double g of 9ft then has genus G = 2h + m — 1. Let Q qq (p) denote 
the integral of the third kind of $ which is normalized by the con¬ 
dition that the real parts of its periods vanish. We define the Green’s 
function G(p , q) of 9ft by the formula ([15a, b]) 


(4.2.1) G{p, q) - Q Q .(p)}. 
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Let us make the general remark that 

°"SP) + = C, 

where C is a number independent of p, for arbitrary fixed points 
q and q 0 . In fact, this combination of integrals of the third kind is 
regular on the whole surface since, by the definition of Q, its poles 
cancel. Moreover, since the real part of each term is single-valued, 
the real part represents a bounded, regular, single-valued harmonic 
function on a closed surface, and is therefore a constant. Thus, 
using (4.1.9), we have 

(4.2.2) Q,.(p) = _ n h (p) +c 1 = - [Q'~ q (P))~ + c 2 
where c x and c 2 are numbers independent of p. Hence 

G(p, q) = Re {Q Q ~ q (p)} + c 3 , 

and Jm G, as function of p, is therefore constant. On the boundary 
of 9ft, p = p so G(p, q) vanishes when p is on the boundary C of 9ft. 
Therefore, Im G = 0 in p and q. By the law of interchange of ar¬ 
gument and parameter 

(4.2.3) G(P,q) = G(q,p), 
and it follows that 

(4.2.4) G(p, q) = 0 

whenever p or q is on the boundary C of 9ft. When p is near q, q in 
9ft, 2 a uniformizer at q, we have 

(4.2.5) G(p, q) = log , ——, + regular terms. 

| ) — *(?) | 

Thus G has all the properties of Green’s function for plane domains. 
We observe that 

(4.2.6) G(p, q) = — G(p, q), G(p, q) = — G(p, q). 

The Neumann’s function of the surface 9ft shall be defined as 

(4.2.7) N(P, q, q 0 ) = i {n mo (p) + D s ,fp) + O m fp) + Q ;;„(£)}. 

As a function of p, Im N is constant by (4.1.9) and, since the func¬ 
tion Q qq (j>) has been defined in (3.1.25) only up to an additive 
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constant c(q, q 0 ), we may determine the latter such that ImN — 0. 
We have 

(4.2.8) N(p, q, ? 0 ) = N(P. 9. 9o). q, q 0 ) = N{p, q, ?«). 

Therefore, if z = x + iy is a boundary uniformizer, we see that 


(4.2.9) 


3N (p, q, q 0 ) 




on the boundary C of 2)?. In other words, N has a vanishing normal 
derivative on the boundary C. Let z be a uniformizer at q, z 0 a uni- 
formizer at q 0 . Then 


(4.2.10) 


N(p, q, q 0 ) = log 


1 


z(p) z(q) 


+ regular terms. 


N(p, q> qo) = log z o(P)— z o{qo) + regular terms, 


as p approaches q and q$ respectively. Finally (law of interchange of 
argument and parameter) 


(4.2.11) N(p, q, q 0 ) — N(p o> q, q 0 ) = N(q, p, p o ) —N{q 0 , p , p o ). 

It should be remarked that N(p, q, q 0 ) is defined only up to an additive 
real constant c(q, q 0 ). However, the combination (4.2.11) is a uniquely 
defined real-valued function on g. 

We observe that the expressions 

H N iP. 9. go)-m, g, ?,)} d*N(p, q, q 9 ) d*G(p, g) 

dpdq dpdq ’ an dpdq 

are analytic on g (apart from the obvious singularities). From (4.2.1) 
and (4.2.7) we have 


(4.2.12) 


d*G(p, q) _ I d*Q q s(p) 
dpdq 2 dpdq 


(4.2.13) 

Now the difference 


d*N (p, q, q 0 ) 



1 3^(P) 

2 dpdq 


(4.2.14) 1( P , q) 9)_ »m 9. ft) = VOJt) 

dpdq dpdq 2 [ dpdq dpdq 


is an everywhere finite bilinear differential on the double g. By 
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(4 1.2) Up, q) is independent of q 0 and in its dependence on p is a 
differential of the first kind: 


(4.2.15) X[p,q) = %y M ™M 

»=i dp 

where dZ x , dZ 2 ■ ■ •, dZ G are a complex basis for the differentials 

kind 0n 3- Since Hp,q)=l{q,p) (more properly, 
X(p, q)dzd£ = X(q, p)d£dz), we see that 


(4.2.16) 


G 

E 


v(a) dZ " [P) T 

T7 = £ y, 

1 d P K-l ' 




dq 


Let Pi> p 2 > ' ' '>Pg be points of 9ft which are chosen such that the 
determinant 


dZ »(Pk) 

d Pk 

does not vanish. This choice is obviously possible because of the 

linear independence of the dZ „ (see [17]). Solving the system of 
equations 

L x y ^ q)dZ d p k) = £ k=l,2,---,G, 

n=i n -i dq 

for the y ft (q ) we obtain (introducing a factor tt/2 for later convenience) 


(4.2.17) 


n “ dZ,(q) 


- J .f, iq 


Substituting from (4.2,17) into (4.2.15) we find that 


(4.2.18) 


HP. ?) 


* | c dZ„{p)dZ,(q) 

2 nv=1 dq 


Since A(p, < 7 ) = X(q, p), we have 


(4.2.19) 



In view of formula (4.2.13) the quantity 


d 2 N(p, q, q 0 ) 

dpdq 

does not depend on the point q 0 . Therefore we may replace q 0 by q 0 
in this term, and then by (4.2.6) and (4.2.8) we have 
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PG(P> q) 

dpdq 


d 2 G(p, g) d 2 N{p, q, q 0 ) ^ d 2 N(p, q, q 0 ) 
dpdq ’ dpdq dpdq 


Thus 


m ?) = 


(4.2.20) 


d*G(p, q) d*N(p, q, ft) 
dpdq dpdq 

= * | dZ M U>)dZ,(q) 

2 „ >v=1 ^ dp dq 


v, y-i 


Since G and N are real-valued functions, we have 


HP, q) = m p)) 


and, hence. 


(4.2.21) 



by (4.2.19). Therefore the are real. 
(4.2.20): 


By (4.2.14), (4.2.18) and 


3 2 G(P,q) d*N(p,q,q 0 ) n £ jZtf) dZ y (q) 

(4 2 22) ^ Bpdg 2 ".-> C " V d P d 1 ’ 

d*G(p,q) d 2 N(p, q, q 0 ) n £ dZ„(fi) dZ,(q) 

dpdq dpdq 2 dp dq 

The formulas (4.2.22) show how Green’s and Neumann's functions 

are related, and that if one of these fundamental functions is known, 

the other can easily be computed with the aid of the integrals of the 

first kind. Thus the boundary value problems of the first and second 

kinds for the Laplace equation appear as equivalent problems. This 

fact is a consequence of the Cauchy-Riemann differential equations, 

in virtue of which the first boundary value problem for a harmonic 

function is equivalent to the second problem for its harmonic con¬ 
jugate. 

The Green s function G(p, q) of an orientable surface with boundary 
is symmetric with respect to its two arguments and is skew-symmetric 
in its dependence on conjugate points of the double. It thus has two 
symmetries. In the case of a closed orientable surface one of these 
symmetries is lacking, but the symmetry which arises from the law 
of interchange of argument and parameter is still present. Thus, 
although a Green's function in the strict sense does not exist, a 
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function can be defined which incorporates the symmetry in argument 

and parameter and this function is the analogue of the Green's 

function. In fact, if 9ft is closed and orientable, let p 0 and q 0 be fixed 
points of 9JI and define 

(4.2.23) V(p, p o] q, q 0 ) = R e {Q^ (p) _ (Po) y 

By the law of interchange of argument and parameter 

(4.2.24) V(p, p 0 ; q , q Q ) = V(q, q 0 ; p, p Q ). 

Moreover, we clearly have 

(4.2.24) ' ^ ^°' ^ = ^ (A>. P• <7* <7o), 

V (P> Po’> <?’ Vo) = — V(P, Po\q o, q). 

The symmetry properties of the function V(p, p 0 ; q, q 0 ) are therefore 

the same as those of the Riemann curvature tensor. We shall find 

it convenient for purposes of analogy to extend the definition of V 

if one or more of its arguments lie on the conjugate surface 
We set 

(4.2.24) " V(p, Po - q, q 0 ) = - V(p, Po ; q, q 0 ); 

similar relations for the other arguments are implied by (4.2.24) 
and (4.2.24)'. 

In view of the formal similarity of V(p,p 0 ;q,q 0 ) to a Green’s 
function, we shall call it the Green’s function of the closed orientable 
surface Moreover, whenever the dependence on the parameter 
points p 0 , q 0 is not involved, we shall write 

( 4 - 2 -25) G(P, q) = V(p, p 0 \ q, q 0 ) 

with the understanding that when p and q are interchanged, so are 
p Q and q Q . Thus 

(4-2.26) G(p,q) = G(q,p). 

By (4.2.24)" we have also 

(4-2.26)' G(p,q) =-G(p,q). 

We must bear in mind the singular behavior of the Green's function 
for p near q 0 , q near p 0 . In this connection, the following electrical 
analogy is useful. The double 5 °f 2H is disconnected and consists 
of two components 9JI and 2Jb Let small holes be opened at the 
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points q 0 of 501 and q 0 of 9ft, and let these two holes be joined by a 
thin tube. Imagine that an electric charge of magnitude -f- 1 is placed 
at the point q, an electric charge of magnitude —1 at q. Since the lines 
of force issuing from q must all enter the tube, the mouth of the tube 
at q 0 behaves like a negative charge. If G* (p, q) is the Green’s function 
of the surface 501* obtained from 501 by opening a hole at q 0 , we shall 
show in Section 7.4 that 

(4.2.27) G*(p, q) — G*(p, p 0 \ q, ?,) — V (q 0 , p 0 \ q, ?1 ) 

as the holes shrink to the point q Q . In formula (4.2.27), q x is 
an arbitrary parameter point. Thus the choice of the function 
V{p, p 0 ; q, q 0 ) as a Green’s function is justified both on physical and 
on mathematical grounds. 

In the case of a closed orientable surface (m + c = 0), we define 
the Neumann's function to be the Green’s function when both 
points p t q lie in 9J1 or 9 ft, and to be the negative of the Green's func¬ 
tion when p lies in 501, q in 5)ft or p in 9ft, q in 5D1. Thus we define 

( 4 - 2 - 28 ) N(P, q, q 0 ) = V(p, p o ; q, q 0 ), 

and we impose the symmetry condition 

(4.2.29) N(p, q, q 0 ) =N(p, q, q 0 ). 

It remains to define a Green’s function for non-orientable surfaces. 
Since a non-orientable surface with or without boundary has a con¬ 
nected double which is closed and orientable, the Green’s function 
of a non-orientable finite surface may be defined by the formula 
(4.2.1). However, on a non-orientable surface 501 there are closed 
paths lying in its interior such that each of the two overlying paths 
on the double g joins conjugate points, and this means that the 
Green's function defined by (4.2.1) reverses its sign on such closed 
paths (on which the orientation is reversed). On the other hand, 
the Neumann's function defined by (4.2.7) is single-valued. 

It is in some instances desirable therefore to define a single-valued 
Green s function G s (p, q) for non-orientable surfaces. In the case of 
a closed non-orientable surface, there is no single-valued Green’s 
function G a (p, q) with pole only at q. For such a function, G a (p, q) = 
= G*(P, q) should hold, but then G t {p t q) would have two poles, 
each with residue -f 1 on the closed orientable double. This is im- 
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possible. If the single-valued Green's function has poles at q and 

q 0 , it must coincide with the Neumann's function (4.2.7). We therefore 

take this function to be the single-valued Green's function of a 
closed non-orientable surface. 

If the non-orientable surface 9J2 has a boundary, let 92 be its 
two-sheeted orientable covering (see Section 2.2). The genus of 
92 is 2h -\- c 1, and the double of 9J2 is formed by identifying 
the two boundary points of 92 lying over each boundary point of 9J2. 
Now the number of boundary curves of 92 is 2m, where m is the 
number of boundary components of 9J2. If, instead of identifying 
corresponding boundaries of 92, we form the double of 92 in the 
usual way, we obtain a quadruple covering Q of the surface 9J2, 
the genus of the quadruple being 4 h -f 2c + 2m — 3. Let the two 
points of 92 which lie over a point of 9J2 be denoted by p , p, and let 
their conjugate points on the double of 92 be p, p respectively. We 
observe that 

(4.2.30) P = % 

The four points of the quadruple D which lie over a point of 9J2 
therefore are p, p, p = p. 

In terms of the quadruple, we define a single-valued Green’s 
function G s (p, q) by the formula 

(4.2.31) GAP ' q) = T^ (P) + ~ °«G) ~ °sG) 

+ a H (f) + q~(P) - Q"$) - n~(p)}. 

Here the Q’s denote integrals of the third kind on the quadruple 
whose periods are pure imaginary. We observe that 

(4.2.32) G,(p, q) = G s (p,q),G s (p > q)=—G s (p,q), G s (p, q) = G s (q,p). 

Let G x be the Green’s function for 92. Since conjugate points of 
the double of 92 are q, ~q, we have 

(4.2.33) Gj (p, q)=~ {Q a ,(p) - fl„(?)}. 

Because of the symmetry, 

(4.2.34) G^p, q) = G 1 (p, q), G^p, q) = G 1 (p, q), G 1 (p,q)= G^p^). 
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It is clear that 


(4.2.35) 


G,(P, q ) =j{GAP, q) + G^, q)+G 1 (p, q)+G 1 (j>, ?)} 


= G 1 (p, q) + G^P, q). 

We observe that the Green’s function (4.2.1) for 9ft has the form 

(4.2.36) G(fi,q) = G 1 (p,q)-G 1 (p,q). 

For the difference of the left and right sides is a regular harmonic 
function of p (for fixed q ) which vanishes on the boundary of 2ft. 

We define the Neumann’s function of a non-orientable surface 9ft 
to be the function (4.2.7). Because of its symmetry property, it is 
single-valued on 9ft. 


4.3. Differentials of the First Kind Defined in Terms of 

the Green’s Function 

In Chapter 3 we defined basis differentials dZ for a closed orientable 
surface by interpolating vortices along the cycles of a homology 
basis. That is to say, we formed differentials with poles of residues 
+ 1, — 1 at the vertices of 1-simplexes. By adding the differentials 
belonging to the 1-simplexes of a 1-cycle, we obtained a differential 
of the first kind. 

If, in the case of an orientable surface with boundary, this inter¬ 
polation along a cycle a is carried out using differentials from the 
Green’s function, the symmetry of the Green’s function automatically 
makes a corresponding interpolation along the conjugate cycle oc of 
the double. Thus interpolation with the Green's function yields 
differentials which take conjugate values at conjugate places and 
therefore belong to the surface. This interpolation will be carried 
out along each cycle of a homology basis, which consists of G cycles 
&i> * ’ Kg> G = 2 h m — 1. For a closed orientable surface, the 
differentials obtained in this way agree with the differentials dZ 
defined in Chapter 3. ** 

Non-orientable surfaces differ from orientable ones in that they 
are not imbedded in their doubles, but the differentials of such sur¬ 
faces still take conjugate values at conjugate places of the doubles. 
In terms of the surfaces themselves, we require (see Section 2.2) 
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that the differentials are invariant under direct conformal transform¬ 
ations of the local parameter, and go over into conjugate complex 
values under an indirect conformal transformation. This requirement 
forces us to interpolate using differentials formed by means of the 
Green’s function (4.2.33). The differentials of the first kind belonging 
to a non-orientable surface are defined only on the Betti group which 
has G generators, G = 2h + c + m — 1. If m = 0 there is one 
torsion coefficient of value 2, while if m > 0 there is no torsion 
coefficient (the cycle which, taken with multiplicity 2, bounds on 
the closed surface is now homologous to the sum of the m boundaries) 
We thus interpolate along the G cycles K 1% ■ ■ •, K G of a Betti basis 

using the Green s function (4.2.33), the K h forming closed curves 
on the double. 

In all cases we therefore define 


(4.3.1) 


K (?) = 



K 


d *G(P. ?) 

dpdq 


dp 


or 


J^—=J 


dp 


w 

where d/dn denotes differentiation with respect to the normal which 
points to the left with respect to the oriented cycle K /i . Here we 
use the fact that * 

u 191 dG (P.q) , 1 , 1 dGlfi.q) 

{ ’ ^df~ dp -J dG{P ’ q)+ 2i dn v dS °- 

Let T(p, q ) denote the analytic function of p whose real part is the 
Green’s function G(p, q). For future reference we note that, by 
(4.3.1)', 


(4.3.3) 


J 


K 


2ni • Im ZAq). 


w 

Also, in the case of a non-orientable surface, by (4.2.34), (4.2.35), 
and (4.3.1), 

(4.3.4) Z' l> (q)=Z^(q) + Z^{q), Im^( ? )=Im^(?)-Im2«>(?), 

where 
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(4.3.5) Zf(q) = 



K 


q) 

dpdq 


dp, Zy\q) = {Zf(q))-. 


If T s (p, q) is the analytic function whose real part is G s {p, q), we 
have in a similar way 

(4.3.6) P(dT„ K„)= f dT s — — {Im Z«\q) + Im Z"(q)} 


K. 


Finally, 


2m{ImZ^(q)-lmZ^(q)}. 


K(9)=(K(9))- = -^J ( 


K. 


&G(p, q) 
dpdq 


*)XJ 


K. 


d*G(p, q) 
dpdq dt> 


=m* 

K.. 


dG 

dp 


4 -! J 


K. 


*G(P, q) 

dpdq 


dp = Z’lq). 


Thus 


(4.3.7) 


dZ h (q) = dZIq) 


and the differentials dZ „ belong to 2K (Section 2.2). We observe that 


(4.3.8) 


I 


K 


S 2 G(p, q) 
dpdq 


dp 


where K M is the cycle on the double conjugate to K . 

For orientable surfaces with boundary we choose onla canonical 

basis K lt K 2 , • • -,K G satisfying the following two conditions: 

(i) K lt K 3t • • •, K 2h _ 1 belong to a subdivision S of the double, 

* * *, K 2h belong to the dual subdivision *S, and the remaining 

cycles K 2 h+i> > ^zh+m—i *^e each homologous to a boundary com¬ 
ponent; 

(u) for 1 g r, VJZ 2 h we have IK„) = 1, 1(K^ V RJ =. 0 

(f ¥= v), I(K 2fl _ v K 2r _ x ) — 0, 1(K 2fi , K 2p ) = 0. The cycles K 2h+lt •.., 
& 2 h+ m -i will be called boundary cycles. 

For closed orientable surfaces we saw in Chapter 3 that 
(4.3.9) 


(dw, dZ„) = — P(dw, K„)=—j 


dw 
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for any differential dw of the first kind. This formula carries over at 
once to orientable surfaces with boundary, and is valid for interior 
differentials with finite norms (space M). It is sufficient to prove 

(4.3.9) for interior differentials which are regular in the closure of 
9J?. If K m is not a boundary cycle, Im Z^ vanishes on the whole 
boundary and the argument is similar to that for a closed orientable 
surface while, if is a boundary cycle, it may be assumed to coin¬ 
cide with a boundary component of the surface. Then Im Z ’ is 
single-valued in the interior of the surface and vanishes on each 
boundary component except where it has the value unity and 
we have 

(dw, dZ J = —J Im Z p • dw = —J dw. 

As in Chapter 3, we write 

(4.3.10) (iz f . dz.) = - J dz, = r„ 

K, 

Then r„, = (r,J~ and 

(4.3.11) Im r„ = I(K,,K,). 

If 9k is a non-orientable surface, let 92 be its two-sheeted orientable 
covering which has 2m boundary curves, m ^ 0. A canonical basis 
K v K 2 , * * *, K g for 9k will consist of one cycle from each dual pair 
of cycles belonging to 9?, m of these cycles being boundary cycles 
of 9?. 

In the case of a non-orientable surface 9k the scalar product 
(dw, dZ t ) is not defined, but 

(4.3.12) [dw, dZ fl ] = Re {(dw, dZ 

has a uniquely determined value. We suppose that each differential 
dw remains invariant under a direct conformal transformation of 
parameter and that it goes into the complex conjugate under an 
indirect conformal transformation. The differentials dw defined in 
the interior of 9k are differentials in the ordinary sense in the interior 
of the two-sheeted orientable covering 9? of 9k, but they have the 
special property that they take conjugate values at conjugate places of 
9T In particular, the space M of interior differentials of 9k is just the 
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space of differentials in 9? having finite norms and taking conjugate 
values at conjugate places of 91. We have 


(4.3.13) [dw, dZ „] = j R e{(dw, dZJ^} = I (dw, dZ ’„)* 


where the subscript 92 denotes that the scalar product is to be ex¬ 
tended over 91. If K M is not a boundary cycle, 


[dw, dZ J = — jj dw = — Re J dw, 


K H+ K H 


K, 


while, if is a boundary cycle and dw is regular on the boundary, 


then K M = K M and 


[dw, dZJ[ = — — J (dw + dw) = — Re J dw. 


k. 


K. 


Thus 


(4.3.14) [dw, dZ i J = — R e{P(dw, KJ] = — Re J dw. 
We write 


( 4 ' 3 - 15 ) [dz„, dz v ] = r„,. 

Then = F ylt , and 

(4.3.16) Im r = I[K^, K„) — 0. 

For simplicity of notation, we shall henceforth write (dw, dZJ for 
[dw, dZ J, but we shall understand by the scalar product over a 
non-orientable surface one-half the scalar product extended over SK. 

4.4. Differentials of the First Kind Defined in Terms of 

the Neumann’s Function 

For reasons of symmetry, we also introduce differentials based 

on the Neumann’s function defined by (4.2.7). We proceed in a 

manner entirely analogous to that followed in the preceding section 

where the definitions were based on the Green’s function We 
define: 


(4.4.1) 




dW (p, q, g 0 ) 

dpdq 
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or 


(4.4.2) 


'»*:<«)-s J 

K.. 


3N{p , g, g 0 ) 

dn„ 




J_ f 3N(p, q, q 0 ) 

2jt J dp 


From (4.4.2) we see that Z*'(q) = 0 if is a boundary cycle. 
Therefore, there are 2h differentials (4.4.1) if the surface is orien- 
table, 2h + c — 1 otherwise. 

We have 


<(?)=ra)r=-^/( 


d 2 N{p, g, q 0 ) 


K 


dpdq 


4-AS 


K 


d*N(p, q, q 0 ) 
dpdq dp 


=--- ff 

n da j \ 


m dN 

dN - 

dq J \ dp 


«)A! 


d 2 N(p, q, q 0 ) 


dp=-Z* u '(q). 


K. 


K 


dpdq 


The relation 
(4.4.3) 


dZ*(q)=-dZ*(q) 


shows that idZ* is a differential of 50 1. We have also 


(4.4.4) 


71 J 


d*N(p, q, q 0 ) 
dpdq 


dp. 


K 


This formula, together with (4.4.3), shows once more that Z*'(q) == 0 
for a boundary cycle since, for a boundary cycle, we may assume 
that Kp = Kp 


Let 


( 4 . 4.5 )W„ (g)=j[Z' M (q) + Z*; (*)] =- i J 


1 {d*[G(p, q)+N Q,q.q ,)] 


K. 


dpdq 


By (4.3.7), (4.3.8), (4.4.3) and (4.4.4), 


(4.4.6) W'^q) =j[Z:(q) 


-« rn l[d°[G(p,q)-N(p,q,q 0 )] 

m =~n) - Wq P 


K 


and, from symmetry, 
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( 4 . 4 . 6 )' W'~(q)=\[Z'M-Zt'(q)] = ~- 

* n J dpdq 

K.. 


Thus 

(4.4.7) 

and 

(4.4.8) 


dZ u = dW u + dW, 


dZ*, = 




The differentials IT' ( ? ) are normalised differentials of the first kind 
for the closed orientable double. In fact, the Green's function 
v iP, Pa', q. ?o) of the closed surface, as defined in Section 4.2, satisfies 

o dW _ d *[G(p, q)+N(p, g, g 0 )] 
dpdq dpdq 

Thus the differentials W'^q) given by (4.4.5) are exactly the differen¬ 
tials Z^q) defined by (4.3.1) for the double, on the cycles K . 

If the surface is closed and orientable, we see from (4.4.6)' and 
our definitions in Section 4.2. that 

(4.4.9) dw = 0 


Hence by (4.4.7) and (4.4.8): 

(4.4.10) 

(4.4.11) 


dZ, = dW u , 
dZ* = dW M . 


The vanishing of dW~ is an expression of the fact that the double 
is disconnected. 


4.5. Period Matrices 

If SK is an orientable surface with boundary, let *, ... x be 
arbitrary complex numbers. Then by (4.3.10) ’ ' ° 

(4 ’ 6 - 1) *(J V Z„)= z > 0 

unless "- 1 "■ "- 1 

(4.5.2) 


^ dZ„ 


0 , 
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The identity (4.5.2) implies that 

(4.5.3) Z x h Im Z h (p) = F(p) 

P = 1 

where F(p) depends analytically upon p. Since F(p) is constant 
on each boundary component of 9ft, it is identically constant on 9ft. 
The relation (4.5.3) is then valid by continuation over the double g. 
By computing the increments of (4.5.3) around the cycles K^, we 
conclude that x v = 0, v = 1, 2, • • •, 2 h. For v = 2h + 1 , m • m , G, we 
have Im Z^ — 2 Im W M (modulo constants) by (4.4.7) and the same 
reasoning, applied now to the double in place of 9ft, shows that 
x r = 0 , v = 2h -f- 1 , • • •, G. Thus 

G 

(4.5.4) Z r^x t > 0 

/i. r = l 

unless x 1 = x 2 = • • • = x G = 0. In particular, the matrix || F^ || 
is non-singular and the same is true of any principal submatrix 
|| r { { ||, ju, V = I, 2,*•*,«, I ^ n G. Hence the dZ p 

(fx = 1, 2, • • *, G) are a real basis for the everywhere finite differen¬ 
tials of 9ft, and a complex basis for the corresponding differentials 
of the double g. 

If 9ft is non-orientable, let x v x 2 , • • *, x G be real. We have 


(4.5.5) 
unless 

(4.5.6) 

This last formula 

(4.5.7) 


N ( Z x^dZp) = i 0 

(i=l n, »“1 

Z = 0 . 

implies that 

G 

Z x^ Im Zp = constant 

(*=i 


on the double, and we again find that x x — x 2 * * * x g 
In all three cases (closed orientable, orientable with boundary, 
non-orientable) the matrix ||Rer„,|| is non-singular, while if 
m + c> 0 the matrix || r„ || is non-singular. If the surfgce is non- 

orientable, Im r M9 = 0. 
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4.6. Relations between the Green’s and Neumann’s 

Functions 

If m -f c > 0, the surface has a Green's function (4.2.1) and a 
Neumann's function (4.2.7) which are connected by the relation 

d*G(p,q) d i N(p, q, q 0 ) „ 


+ J * C M) Z 'M). 


(4.6.1) 

dpdq dpdq 

where the c are real coefficients, c MV = c VfI . This formula was 
established in the case m > 0, c = 0; but the proof when c > 0 

is the same. We now evaluate the coefficients c By (4.4.6) and 
(4.4.6)' 

K(q)=-~ z c tl ,p{dz k a ) z\{q). 


(4.6.2) 


*-=i 
G 


W 'M) Z c ltv P(dZ fl , K a ) Z'M). 


H, * = 1 


Adding the equations (4.6.2) and using (4.4.7), we obtain 

(4.6.3) Z' a (q)=— z c„Ks{P(dZ',K'j}Z'.(q)= Z c^ReP^Z'M- 

*- = 1 

Since the Z' v (q) are linearly independent, we conclude that 


Z Re /;„ = d m . 


That is, 

(4 - 6 - 4) II || - || Re11-1. 

Subtracting the equations (4.6.2) and using (4.4.8), we have 
(4-6.5) Z *’(q) = * 1 c„, Im {PldZ'.KMfg). 

M, v = l 

The differentials W' Q (q) are the differentials Z[{q) for the closed 
onentable double, and we therefore have 

(4.6.6) 


By (4.4.7) 
(4.6.7) 


Im P(dW e ,K a ) = I(K 0 , K.). 


1mP(dZ',K.) = 
~ . K,, + K„) = 


Im P(dW tI + dW- , K.) 
fI(K 0 ,K„), if c = 0, 

\I{K 0 ,R U ), if c>0. 
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Substituting from (4.6.7) into (4.6.5), we see that 


(4.6.8) Z*'{q)=\ 


2 h 

i E c^I(K a> K^)Z[\q), c = 0, m > 0 

2h+c-l 

i Z KJ Z',(q), c > 0. 

P.»- = l 

We observe that Z*'(q) =0 for o > 2h(c = 0), a > 2h + c 
{c > 0 ). 


1 


4.7. Canonical Mapping Functions 

If the finite Riemann surface 9ft is of genus zero, the uniformization 
principle states that 9ft can be mapped conformally onto a subdomain 
of the closed w-plane whose boundary consists of m rectilinear 
segments parallel to the real c^-axis (Hilbert canonical domain). If 
5ft is of higher genus, a mapping of this sort onto a subdomain of 
the closed plane (sphere) is impossible for topological reasons. 
However, in Chapter 2, we pointed out that the Hilbert parallel-slit 
domain has an analogue for higher genus in which there appear, 
in addition to the boundary slits, a finite number of other slits where 
edges are suitably identified such that the resulting domain has 
the required genus. 

Let us recall how such a function is constructed. Let 5 be the 
double of 9ft and let u Q = u q: be the single valued harmonic function 
on g with a dipole singularity at the point q of 9ft which, expressed 
in terms of a particular uniformizer £ at q, £(<?) = 0, is such that 
the difference 

(4.7.1) u a — Re (-1 

is regular harmonic in a neighborhood of q and vanishing at the 
point q itself. Then u Q is unique. Let u~ = be the corresponding 
harmonic function with a dipole singularity at the conjugate point 
q of which is defined in terms of the uniformizer £ at q . Then 

(4.7.2) u q (p) = u~(p). 

Writing 

(4.7.3) 



u*(p) = u q (p) + Uj{p), 
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we see that 

( 4 . 7 . 4 ) =«?(#)■ 

Thus «* is a harmonic function of 9ft of the second kind with a 
vanishing normal derivative on the boundary of 3k, and the conjugate 
harmonic function v has a constant value along each boundary, by the 
Cauchy-Riemann equations. We denote the analytic function whose 
real part is < b y /,{. and it is clear that 


( 4 . 7 . 5 ) dm = {dm)- 

The periods of df Q are pure imaginary. Since dl Q is real on the boun¬ 
dary of 2ft, it follows that for the boundary components C„, 

(4.7.6) P(df Q , C v ) = 0, , = 1, 2, • • m. 


Any determination of f g therefore maps C v onto a finite rectilinear 
segment parallel to the real axis in the plane of f Q . Moreover, each 
choice of uniformizer £ leads to a different function with these 
properties. All possible functions f q can be constructed from the two 
particular functions j Q( . and f Q {C . 

The function 


< 4 - 7 - 7 ) fee W = */«.«(*) 

maps the boundary components C„ of 2ft onto slits which are parallel 
to the imaginary axis, and it has a single-valued imaginary part. 
More generally, the function 

(*' 7 - 8 ) «"/0 real, 

defines slits parallel to the direction e'\ Let 


(4.7,9) \ fo — e<6 (fnc cos ® — igqc s >n 8), 

I ge = e ie (g„ : cos 6 — if t( sin 6). 

The image of a boundary component C, by /„ is a slit parallel to the 
direction «*' while the corresponding image by g e is parallel to the 
direction ie iB . We observe that 


(4.7.10) 

Since 


/at + £at 8=5 /• + ge- 


Re {/«. . <6 c — (/<,{ cos 8 — ig„ c sin 6)} 
is everywhere regular and single-valued on the double g, we see 
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from the maximum principle for harmonic functions that it is a 
constant. Hence (apart possibly from a constant) (see [7]) 

(4.7.11) e i0 f O e .o { = e i0 (f QC cos 0 + f t iC sin 6) = /„. 

Now any determination of the function 

( 4 - 7 - 12 ) j{/.c + u 


maps a boundary component C v of 3[R onto a curve which is cut at 
most twice by a line parallel to the real or the imaginary axis in the 
image plane and, by (4.7.10), the same property is true of a line 
having arbitrary inclination. It follows that the image of each C v 
by the function (4.7.12) is a convex curve without double points. 
In the case when 9ft is of genus zero it can be shown that the mapping 
defined by (4.7.12) is schlicht (see [14a], [6a]). If the genus is greater 
than zero, the mapping cannot be schlicht on topological grounds. 

Let f = f + be a uniformizer at q, £(<?) = 0. Then 



dN(p, q, qj 


is a single-valued harmonic function of p on the double g. When p 
is near q, let £ be chosen as the local coordinate of p. Then, near q, 


(P) = Re 



-f- regular terms, 


and similarly near q . If z = x + iy is a boundary uniformizer of 9ft, 
it is clear that 


on the boundary. Let 



F q: = u?(P) + (P) 


be the analytic function with real part u^(p). Since the function 
Re { F QC (p ) — f Q :(P)} i s single-valued and regular on the double g, 
it is equal to a constant. Therefore (apart possibly from a constant) 


f q: (P) = U(Pl 


In other words, 
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(4.7.13) 
Hence 

(4.7.14) 
Thus 


Re UP) = 


Re /,. «(P) = 


Re f Q r.(P) + i R e / a , a(P) = 


dN(p, q, qj 
d£ ' 

dN(p, q, gl ) 

dr, 

\dN(p, q, q x ) ,dN(p 

1 dS * 


<>■ ?. gi) l 

a, J 


(4.7.15) 


(4.7.15)' Re / rt (*) - i Re /,, ft {/>) = - 2 


_ „ dN(p, q, ? i) _ ^ dN(p, q, ff t ) 

ac a? 

dW(£, ?. ?i) 


a? 


or 


(4.7.16) Re f qC {j>) + i Im g q: (p) = — 2 

(4.7.16) ' Re f aC (p) — i Im g c (p) = — 2 


aAT(^>, q, gl ) 

a? 

aAf(^», q, ?1 ) 

dq 


Let z = x + iy be a uniformizer at />. Differentiating (4.7.16) and 
(4.7.16)' with respect to p and observing that 


(4.7.17) • 








we obtain 

(4.7.18) 

(4.7.18) ' 


d fqt(P) | dg,M) _ 


dp dp 

d UtP) d sAP) 

dp dp 






d 2 N(p, q, q x ) 
dpdq 

d 2 N{p, q, gl ) 
dpdq 


Formulas (4.7.13), (4.7.14), (4.7.18), (4.7.18)' show the close 
relation between the canonical mapping functions and the Neumann's 
function. This relation may be explained by the fact that the canoni¬ 
cal functions have constant imaginary part on the boundary com- 
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ponents of 5ft, and that their real parts have therefore vanishing 
normal derivative. 

4.8. Classes of Differentials 

Let K /t , /x = 1, 2, • • •, G, be a canonical basis for the 1-cycles as 
described in Section 4.3, and let M be the Hilbert space of differentials 
df which are regular at each interior point of 9ft and have finite 
norms over 9ft. If 9ft is non-orientable, the differentials are further 
required to assume conjugate values under an indirect conformal 
change of uniformizer. 

Let F(z 1 , i 2 , • • •, i n ) be the subclass of M composed of differentials 
df for which 

(4.8.1) (df, dZ = 0, n = 1, 2, • • •, n, n ^ G. 

The smallest of these subclasses is F(l, 2, • • *, G), and we denote it 
by the letter S. 

We begin with the following lemma: 

Lemma 4.8.1. If any differential of the first kind of the double 5 
belongs to S, then it is identically zero. 

Proof: The lemma is immediate if 9ft is closed and orientable. 
If it is not, let dw x , dw 2 , • • *, dw G be any basis for the everywhere 
finite differentials of g (differentials of the first kind). Since 
dw v dw 2 , • • •, dw G are linearly independent, we can orthonormalize 
them over 9ft by the Gram-Schmidt process and we may therefore 
assume that 

(4.8.2) (dwp dw v ) = 6^, fx, v = 1, 2, • • •, G. 

Every differential dw of the first kind belonging to $ has the form 

G 

dw = Z c^dw^. 

n = i 

If this differential has vanishing periods, then 

(4.8.3) (dw, dZJ = 0, fx = 1, 2, • • *, G. 

Since each dw Q is a linear combination 

dw Q = Z y QV dZ v , 

V = 1 


it follows that 
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c = [dw, dw) = 0, Q=l,2 t "\G. 


Now let 
(4.8.4) 


dw = E dZ M 

V s * i 


belong to F (i v i 2 , • • *, i n ). Then 

(4.8.5) (dw,dZ { ) = Zc fi (dZ fI> dZ i ) = Zc^r M{ = 0, v = 


1 . 2 


i ~ j 


/*=i 


t*=i 


Thus 

(4.8.6) 


n 


E c { r, . = — E c o r n{ , 

t (X l V Q Q*y J 


V = 1, 2, • • *, n, 



where the sum on the right runs over the set of integers which are 
complementary to i lt i 2 , • • •, i n . If || r t {y || (/*, v = 1, 2, • • •, n) is 
non-singular, the equations (4.8.6) always have a non-trivial solution 
( c i t > * * c i n ) no matter how the values c Q are prescribed, and in this 


case the dimension of the space of differentials of % which belong 
to F(i x , i 2 , • • •, i n ) is precisely G — n. Thus if m -}- c > 0, in which 
case || -T,, || is non-singular, the basis for the differentials of g of 


the first kind in F (i lt 


• ♦ 


i n ) has the form 


( 4 -8*7) dw lt dw 2 , • • *, dw G _ n . 

The differentials dZ t ^ 3 fi = 1, • • *, n form the orthogonal comple¬ 
ment of the differentials (4.8.7). 

In general, any differential df of g of the first kind can be represent¬ 
ed in the form 

( 4 - 8 - 8 ) df = dw + dW 

where dw e F {i lf i 2t •. i n ) and dW belongs to the orthogonal com¬ 
plement, that is {dw, dW) — 0. This follows by orthogonal proj ec- 

tion, which in this case is trivial since the spaces have finite dimen¬ 
sion. 

If 


(4.8.9) 


K iy ) = 0, 


fi t v = 1, 2, • • ■, n, 


we say that the class F (i v i 2 , • • •, i n ) is symmetric. We see by 

( -3.10) and (4.3.11) that for a symmetric class, the matrix 
is real, symmetric and non-sinerular. 
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The period conditions imposed on the class F^, i 2 , • • •, i n ) are 


(4.8.10) 


P(dg,K ifi ) = 0, 

Re {P(d g ,K ifi )} = 0, 


if c = 0 
if c > 0 


(/* = 1, 2, • • •, n). 


Suppose that m + c > 0 and let be a meromorphic differential 
satisfying the period conditions (4.8.10). Write 



G —n 

= c 0 dg + I cjlw^ 

p=i 


The condition that the periods of df vanish on the G — n cycles K' 

V ¥= h> h> * * *> K> gi ve 0 — n conditions in G — n -f- 1 unknowns 
and therefore these equations have a non-trivial solution with 
c 0 0. It follows that 


G —n 

(4.8.11) dg = df + Z 

P=1 

where 


(4.8.12) 


P(df, Kfi) ~ Of 

Re {P(df, AJ} = 0, 


if c = 0 
if c > 0 


(fx = 1, 2, • • *, G). 


A meromorphic differential satisfying the conditions (4.8.12) will be 
said to be single-valued on 9ft. 

On an orientable surface 9ft we may also define the class of dif¬ 
ferentials dg satisfying 


(4.8.13) Re {P(dg, KiJ} = 0, p = 1, 2, • • •. n. 

This class will be denoted by G(tj, i 2 , •••,*’„). By the argument given 
above, we see that there are precisely G — n real linearly independent 
basis differentials (4.8.7) in G. 

The class F(t lf i 2 , * * *, i n ) on a non-orientable surface 9ft may now 
be interpreted as follows. Let 9? be the two-sheeted orientable 
covering of 9ft, and let G (i x> i 2 , • • *, i n ) be the class G on 9L Given 
any differential dg of G, let 

dg(P) = (dg(p))~ 

be its conjugate. The class F is the subclass of G composed of dif¬ 
ferentials dg which satisfy dg = dg. 
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4.9. The Bilinear Differentials for the Class F 

In the orientable case an expression L F (p, q ) is called a reproducing 
kernel of a class F of differentials df on 9ft if: 

(1) For each fixed q in the interior of 2)?, L F (p, q) as a differential 
of p belongs to F. 

(2) L F (p, q)dzdl is invariant; that is, L F [p,q) is a bilinear dif- 
ferential. 

(3) For each df € F, L F (p, q) has the reproducing property 

(4-9.1) (df, L F dzdl ) = — df(q). 

A reproducing kernel is unique. For let Z* be another. Then 

N(L P — L*) = (L f — L F , L F ) — (L f — L f , Lp) = 0. 

Hence the difference L F — Lp is identically zero. We remark that 
property (2) follows from (1) and (3). In fact, by (4.9.1) we have 

(4.9.2) (Lp(p,r), Lp(p,q))=-L F (q,r) 

and this relation implies 

< 4 ’ 9 ' 3 ) L F (q, ? = (Lp(r,q))~. 

We shall see that the reproducing kernel L F (p, q) exists for all 

classes F, but it is clear from (4.9.1) that L F (p, q) is different from 

zero if and only if the class F contains elements df which are not 
identically zero. 

Heretofore the kernel has been defined mostly for plane domains, 
and it has been customary to call the Hermitian bilinear differential 
~L{p, q)dzd£ the "kernel function.’’ 

From the reproducing property of the kernel L F (p, q) belonging 
to an orientable domain 2J1, we may derive an important formula 
or representing L F (p, q) in terms of any complete orthonormal 
system {d Vn } for the class F. Since L F (p, ~q)dzd as a differential 
in p, belongs to F, we may develop it in the form 

(4 - 9 4) ^ a n (q)^dq> n {p). 

n«=> 1 

Here the Fourier coefficient a n (q)d^ is given by 

(4.9.5) = (L F (p, q)dzdJ, dcp n (p)) 

= [d<Pn{p), L F {p, q)dzd£)~ = — (dtp n (q))~ 
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by virtue of the reproducing property (4.9.1) of the kernel L p . 
Introducing (4.9.5) into (4.9.4) we obtain 

(4.9.6) L F (p, q )dz(f£ = — L dcp n (p) (d(p n (q))~. 

n = l 

Thus, L F (p, q) is indeed the kernel of the orthonormal system of 
differentials {dq? n (p)}. The explicit formula (4.9.6) clarifies the 
significance of the reproducing property of L F and gives, on the other 
hand, a convenient tool for constructing the kernel L F in terms of 
any complete orthonormal system in F. In the case of a closed 
Riemann surface, the space F has finite dimension while, if the 
surface has a boundary, there are infinitely many independent 
interior differentials, and F has infinite dimension. 

When 9ft has a boundary, it turns out that, for fixed q in 9ft, the 
bilinear differential L F (p, q) is regular everywhere on 5 except at 
p = q where it has a double pole: 

1 1 

HP. q) = — -TT 7 T- TZTTi + regular terms. 

71 [z(p) — z(?)] 2 

Thus L F (p, q) is a singular bilinear differential on 9ft, with a double 
pole at p = q. Because of the singularity, L F (p, q) is not an element 
of F although it satisfies the period relations for F. Further, for each 
df e F, we have 

(4.9.7) (df, L F (p,q)) = 0, 

that is, L F (p, q) is orthogonal to the elements of F. These properties 
determine L F (p, q) uniquely, for if L F is another, then L F — L F is an 
element of F and we again have 

N(L f — L f ) = (L F — If, L F ) — (L p — L}, L}) = 0. 

We shall take the singular bilinear differential L F (p, q) as fun¬ 
damental, rather than L F (p, q). When the double.^ of 9ft is connected 
they are, of course, the same and the choice of the factor \\n in 
normalizing the singularity is dictated by the form of the reproducing 
property for L F (p, q). 

In the case of the singular bilinear differential, the scalar product 
in the preceding statements has not yet been defined so we begin by 
defining a scalar product valid for differentials df , dg whose singu¬ 
larities are included among a finite set of points q it i = !,***> n • 



BILINEAR DIFFERENTIALS FOR THE CLASS F 


119 


§4.9] 


This definition must satisfy the requirement that it reduces to the 
ordinary one when both differentials are regular. 

Assume that W is orientable. Let be a disc of radius a { in the 
plane of a local uniformizer at q it with center q it and let 9)1' denote 
the union of the W Qi , i — 1, * * *, n. We define 

(df, dg) = lim J f'(P) (i ?'(P))~dA 

(4.9.8) sro-sr 

= lim (df, dg) m _ m . 

n. 

as E a { approaches zero, provided that this limit exists. It is easily 

i=l 

seen that the extended definition of the scalar product retains the 
properties (2) (a) — (e) of Section 2.3. 

We shall also interpret the integral 

J r it) (s'(P))-dA 

sm 

as a limit according to the above definition whenever the integrand 
is singular. 

The singular differentials dg to be considered below are regular on 
9J1 except for a double pole at a point q of SDL In particular, dg is 
without residue at q. Let £ be a uniformizer at q, £ = £(£), £(q) — 0. 
Then, except for a constant factor, 

g' = —r regular terms 
£ 2 

near q. Let be the disc | £ | < b, where b is sufficiently small and 

fixed, while W is given by | £ | < a < b. We denote the boundaries 

of these domains by C 0 and C respectively. Then the integral of dg 

is defined up to a constant and single-valued in —9JT, and we may 

verify that the scalar product (4.9.8) is defined when df is regular in 
In fact. 


lim J/'Wte' (/>))- dA 

m—w 


J /' (P) (g’ (/>)) dA + lim 


J m (< m)-*A 

2J?o—9K' 
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using (1.5.24), and it is clear that 

js d f = J (e(p))~ r {pw = o ( i) 

C C' 

as a tends to zero, so the limit exists. We note that the additive 
constant in g does not affect this result since df has vanishing period 
around C 0 and C if b is sufficiently small. Thus the scalar product in 
(4.9.7) is defined. 

Analogously, we may verify that (df, dg) is defined when df has a 
singularity of the above type at a point r distinct from q. In particular 

( 4 - 9 * 9 ) L F (p, r)), r =£ q, 

is defined by (4.9.8). The value of this product will be given in 
(4.12.3). 

On the other hand, N(dg) = (dg, dg) is not defined by (4.9.8) and a 
further extension is necessary. This extension will be based on the 
limit of the product (4.9.9) as r tends to q (see Section 4.12). 

In extending the definition of scalar product in the case of non- 
orientable surfaces 9ft, we note that the differentials df, dg take 
conjugate values at conjugate places q, q of 9?, so we may choose 
conjugate regions 9T and $1' containing the singular points q it q { . 
Then we define 

(df, dg) = lim JLf f(f>) (g'(p))~ dA 

(4. 9 * 8)' 

= ~ 2 ~ &&)%‘ 

The analogue of L v (p, q) in the case of a non-orientable surface 9ft 
is the unique kernel L F (p, q, q) satisfying 

(4.9.1)' (df, L f ) = - Re {/' (q)} 

for every df € F. The singular bilinear differential L v (p, q, q) with 
singularities at p = q and p = q is again orthogonal to all df e F: 

(df, L F (p, q, q)) = 0. 


(4.9.7)' 
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4.10. Construction of the Bilinear Differential for 
the Class M in Terms of the Green’s Function 

We shall construct the bilinear differential L F of the class F in 
terms of the Green's function and the differentials of the first kind, 
and we begin with the case in which F = M. We suppose first that 
yjl is orientable and has a boundary. 

We set 

(4.10.1) 

n dpdq n dpdq 

Then by (4.2.6) we have 

(4.10.2) £ M W,y)=-£^M) = £ a !£(A i 9)_ 1 «*.(« 

n dpdq n dpdtf h~dpdf- 

We have to show that L M (p, q) is orthogonal to the differentials df 
of M and that L M {p,q) reproduces them. 

When p and q lie in the same neighborhood, let both of these 
points be expressed by the same uniformizing variable. If f — np) 
f(?) = 0, we have by (4.10.1) * 


(4.10.3) L m ( p, q) = — + regular terms. 

Hence, if W is the disc | f | < a, 


/ 




as the radius a tends to zero. Now assume that df is regular analytic 
n the boundary C of Wl. Since dG(p, q)/dq is single-valued on ® 
and equal to zero for p on the boundary of W, integration by parts 


(4.10.5) 


2 j J f'^){ L M(P, q))~dzdz =- if f'(p\ q) 


dzdz 




C' 


dG{p,q) 

dq 


dK. 


Since 
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(4.10.6) 


dG(p,q) 1 

—— = -= + regular terms 
dq 2f 


near q, we have 


(41 °’» s J « - -h J f + ,(l) - 0(,) - 

C' c' s 

Hence the orthogonality property 


(4.10.8) ( df,L M (p,q )) = 0, i/cM, 

is proved subject to the restriction that / is regular on the boundary 
C of m. 

If df is regular on the boundary, the reproducing property of 
L m ( p,q) is proved in an analogous fashion. In fact, since L M (p,q) 
is everywhere regular in SDL we have 


(4.10.4)' (df, L M (p, q)) =1 jf’(P)(L M (p, q))~dzdz + o(l). 

TO- w 

Integrating by parts, we obtain 



f f'(P)(L M (p, q))~dzdz 
m-w 



&G(p, q) 
dpdq 


dzdz 


(4.10.5)' 



d£{p> q) 

dq 



Near q we have instead of (4.10.6) 

dG(p,q) 1 

(4.10.6) ' — -= — -f regular terms, 

dq 2(, 

so 

(4.10.7) ' -. f f(p) dG[ ^ dC = /'(?). 

Til J dq 

c 

Letting a tend to zero, we obtain the reproducing formula 

(4.10.8) ' (df , L m (P, q)) = —f(q ) 

subject to the restriction that /' is regular on the boundary C of SDL 
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We now remove this restriction. Given the point q interior to 9ft, 
we construct a sequence of finite Riemann surfaces 9ft,, satisfying the 
following conditions: 

(1) 9ft,, together with its boundary lies in the interior of 9ft. 

(2) Each 9ft„ contains the point q in its interior. 

(3) 9ft,, C 9ft,, +1 and, given any point p interior to 9ft, there is a 

positive integer (P) such that £ * 9ft,, for ^ ^ /V 

(4) At each point of 9ft,, the uniformizers are admissible unifor- 
mizers of 9ft. 

The sequence 9ft,, is easily constructed using the level lines of 
the Green’s function G{j), q) where q is the given interior point of 9ft. 
In fact, we define 9ft,, to be the subdomain of points p of 9ft for 
which 

G(P, q )&- 

where e is a positive number. If e is small enough, then for each 
positive integer fi the level curves G(p, q) = ejfx consist of precisely 
m analytic Jordan curves each of which is homotopic to precisely 
one boundary curve of 9ft, and as fi tends to infinity these curves 
approach the boundary curves of 9ft. Let p be a boundary point of 
9ft„, * a uniformizer of 9ft at p. In the plane of z a subarc of the 
boundary of 9ft„ through p appears as an analytic arc bounding a 
half-neighborhood of points belonging to 9ft„. By the Riemann 
mapping theorem the half-neighborhood can be mapped onto a 
subdomain of the upper half-plane of a variable t such that the analy¬ 
tic boundary arc goes into a segment of the real t- axis. It is then clear 
that t is a boundary uniformizer of 9ft,, at p, and that t is also a 
uniformizer of 9ft at p. 

We shall prove the validity of (4.10.8) for a general df € M. The 
corresponding proof for (4.10.8)' is similar. Let 9ft' be a fixed unifor¬ 
mizer disc | f | < a at q with boundary C'. Let 9ft 0 be a compact 
subdomain lying in the interior of 9ft and containing 9ft' in its interior. 
There is a fi x such that 9fto is a compact subdomain of 9ft^ for 

Py In — 2ft' the Green’s function G^p, q) of 9ft„, together 
with its derivatives, converges uniformly to the Green’s function 

G{j>, q) of 9ft and its corresponding derivatives. It follows that the 
regular sequence q)—L$(p, q)} converges uniformly to zero in 
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Mo and that { L {£> (p, q) dG{p,q)/dq} converges uniformly on C\ Further 

( 4 - 10 - 9 ) W, Ltt(p,q))^ = 0 

by (4.10.8), since df is regular on the boundary of 992„. Then 

(4 10 10 ) = (df, ^ m ( P> ®? 0 

+ w. ?) - 4SU ?))*. - (df, LM(P, q)) n ^. 

By the Schwarz inequality 


(4.10.11) 


Here 



2 


JlW. ?) |VA -J|/'(*) 



J| Ztftp. q)\'dA 



dC,«(fr ?) 

dq 


d£^K 


where if is independent of fi and 902 o , by the uniform convergence on 
C\ Hence 


(4.10.12) 


Jmws’tf. ?))-^ 

%-TOo 


-J |/'(/>) |*<M. 

an—3^ 


Analogously, 


(4.10.13) 


where 


J /'(/>) (^m(A ?))-^ 

an— 


an—ano 




an—an' 


2 <L4. 


Letting n tend to infinity, we obtain from (4.10.10) 


(4.10.14) \(df,L M {p,q))Y^K'-^\f'{j>) \HA, 

an—an „ 

where AT' is independent of 992 0 . Letting 992 0 approach 9Jt, we obtain 
(4.10.8) for any df of class M on 992. 

We have at once from (4.3.1), (4.10.1) 

(4.10.15) <!)>&*) = 
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This relation remains valid if we replace q by q. We remark that 
L m ( p, q) is symmetric in p and q and that L^(p, q) satisfies the 
law of Hermitian symmetry. 

If 9J1 is closed and orientable, we again define L M (p, q) in terms of 
the Green’s function for SCR, using the first equality of (4.10.1). The 
appropriate definition for q) is then (4.10.2) in view of (4.2.26)'. 
Since the essential properties of the Green’s function are the same in 
this case, all the properties of these bilinear differentials follow as 
before, but without the necessity of considering the behavior of df 
on the boundary. 

If the surface 9)1 is non-orientable, let 


(4.10.16) 




5 2 Gi (P> ?) 

dpdq 


be the bilinear differential for the orientable covering 91. Then it is 
clear that 


(4.10.17) 
By (4.2.34) 


L M (P, q, q) = q) + L$(p, q) = 
2 f d^p, q) d^p, y) l 

n 1 dpdq dpdq J 


W. q) = (L$(p,q))- 

and hence 


(4.10.18) L M (p, q, q) = (L M (p, q, q))~ 

Thus L M (p, q, q) is a differential on 9? in its dependence on p which 

takes conjugate values at conjugate places. In its dependence on 
p the differential 


(4.10.19) L M [p, q, f) = L$(p, q) + L™(p, f) 

is everywhere regular on 91. 

It is obvious that 

(4.10.20) (df, L M (p, q, q)) w = — (df, L M (p, q, q))^ ~ o, 

(4.10.21) (df, L M (p, q,$)) m = L ( df , L M (p, q, q) ) ffl=s _ Re{/'( ? )} 
for every differential of class M. 
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By (4.3.5) 

(4.10.22) P(L${p, q), KJ = Z™'(q). 
Therefore by (4.3.4) 

(4.10.23) P(L M (p, q, q), KJ = Z™'(q) + Z^(q). 


4.11. Construction of the Bilinear Differential for 

the Class F 

Suppose first that the surface is orientable. Let 


( 4 . 11 . 1 ) lap, q) = L m (P, q)+ E y^Z' U>)Z'i,(q) 

v = l 

where the coefficients are to be determined such that 

(4.11.2) P(LAp,q),K ie ) = 0, e =1.2 ,•••,». 

By (4.10.15) and (4.3.10) the period conditions (4.11.2) give 


n 


Z '<M) - * y^AM) = °. 


v = l 



and, because of the linear independence of the Z\ (q), we therefore 
have 


(4.11.3) 


z vC,,, = 6 , e - V, Q = 1, 2, ■ ■ ■, n. 


Thus L F (p, q) exists if and only if the matrix 
and then 






is non-singular. 


(4.11.4) 

We observe that 




(4.11.5) 

which implies Hermitian symmetry for L F (p, q). 

If it exists, the expression L F (p, q) has the desired properties. 
In fact, if df e F, then 

(4.11.6) ( df.LAp.q )) = ( df.LAq.P )) = ( df,L M (p,q )) = 0 

by (4.10.8) since, by hypothesis, 

(df, dZ if ) = 0, /i = 1, 2, • • *, n. 
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Similarly 

(4.11.7) ( df,L P (p,q))=-f'(q). 

The bilinear differential L F always exists if there is a boundary, 
for in that case the matrix 11 r, || is non-singular. But by (4.11.5) 


we shall have 


t* Q 


(4.11.8) L F (p,q)=L F (q,p) 

if and only if the class F is symmetric (see Section 4.8). 

If the Riemann surface is closed, the situation is quite different 
f° r II II ma y s ^ n S u ^ ar - However, the bilinear differentials for 
the symmetric classes always exist since || Ref^ || is non-singular. 
Of the symmetric classes on the closed surface, two deserve to be 
singled out, namely the classes F (1, 3, • * •, G — 1) and F (2, 4, • • •, G), 
G = 2h (where h is the genus). It is sufficient to consider F (1, 3, • • •, 
G — 1). Since, for fixed q, L F (p, q) is a differential of the first kind 
whose periods around the cycles all vanish, we conclude 
from (3.2.3) that L F (p, q) = 0. Thus by (4.11.1) (with q replaced by q) 

(4.11.9) L M (p, q) = — 2 y Mr Z^_j (fl Z’^_ x {q) 
where 


On the other hand, L F {j>, q) for fixed q is a differential of the second 

kmd all of whose periods P u vanish, and for p near q we have, 

provided p and q are expressed in terms of the same local coordinate 

z(q) = 0: 

(4.11.11) L F {p, q) = — + regular terms. 

nz 2 

Thus 


(4.11.12) 
and by (4.11.1) 


L v(P, q) = 


1 dm 

n dp 


(4.11.13) 

n dp 


^ y H* ^2n—\ ) ^—1 ( 7 ) • 




Computing periods in (4.11.9) and (4.11.13) around a cycle K 
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we find using (3.4.3)' and (4.3.10) that 

(4.11.14) Z 2Q (q) = Z y^r 2tl _ 2v _ x (q) t 

n, *-=i 

(4.11.15) 2 iw'(q) = Z ~ Z’^q). 

H. *- = 1 

If the double were connected, formula (4.11.13) could be obtained 
from (4.11.9) by analytic continuation, and similarly (4.11.15) could 
be obtained from (4.11.14). The fact that the double is disconnected 
makes the formulas with q in place of q quite different. 

Now suppose that the surface 9K is non-orientable and set 

(4.11.16) L v (p, q, q)=L M (fi, q,q)+ Z y^' (fi) Re{Z'(q)} 

n .-=1 M 

where the real coefficients y^ v are to be determined by the con¬ 
ditions 


(4.11.17) Re {P(L P (P, q, q),K iQ )} = 0, f> = 1, 2, • • •, n. 

By (4.3.14) and (4.10.23) 

Re {Z«Y{q) + Z™\q)} - Z y r Re {Z' ty (q)} = 0, <? = 1. • • •, n. 
That is, by (4.3.4), 

(4.11.18) Re {z' ( (q)} Z y r . Re{z; r (?)} =0, e= 1 , •••,». 

V, v = l 

Because of the linear independence, we have 


n 


Z y„.r iiiie = & 




VQ 


v, q = 1, 2, • • •, n, 


and therefore, since 

(4.11.19) 


Pi 


h'q 




is always non-singular, 



In view of the fact that the bilinear differential for a non-orientable 
9)1 is a simple linear combination of the differentials for its orientable 
covering, we shall henceforth assume that the surface 2J l is orientable 
when the contrary is not explicitly stated. 



§ 4.12] PROPERTIES OF THE BILINEAR DIFFERENTIALS 


129 


4.12. Properties of the Bilinear Differentials 

If the Riemann surface has a boundary, let p be a boundary point. 
Then p — p and 

(4.12.1) L F (p, q)dzd£ = L F (p, q)dzd£ = L F (p, q)dzd£. 

If q is on the boundary, we have in the same way 

(4.12.1) ' L F (p, q)dzdC = L F (p, q)dzdl = L F {j>, q)dzdt > . 

Formulas (4.12.1) and (4.12.1)' are consequences of the fact that 
L F [p, q)dzd£ is invariant to changes of the uniformizer and, at a 
point of the boundary, either the variable or its complex conjugate 
can be used. 

Using conjugate uniformizers at conjugate places, we define 

4(M) = {L r <3,q))~. 

Since 

{LAP, q))~ = L p (q,j) 

we have, replacing p by ft, 

{ L f(I,q))~ = LAq, P)\ 

that is 

LAP, q) = LAq, p). 

If, in particular, the class F is symmetric, then L f (p, q) is the same 
35 LAP, q), and in this case L v (j>, q) is a bilinear differential of 2J l 
which is real when both p and q are on the boundary. 

Since the regular differential is an element of F, we have by 
(4.11.6) and (4.11.7), 

{Lp(p, f), L F (j>, q )) = 0 

and 

(L F (p, r), L F (p, q)) — — L F (q, f). 

We observe that these integrals are not obtained from each other 
by replacing q by q, even if 2ft has a boundary. The reason is that 
the integrals are discontinuous because of the singular behavior of 
the integrands at the boundary. 

In particular, 

(4.12.2) N(L F (j>, q)) = _ L F (q, q) ^ 0. 

We now consider the scalar product of two singular differentials. 
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Let q and r be distinct points in the interior of 9ft. We shall prove that 
(4.12.3) L F (r,q) = ( L F (p, q ), L F (p,r)). 

The scalar product on the right is to be interpreted in the sense of 
(4.9.8). 

We prove (4.12.3) first for the case in which F = M. Let £ be 
a uniformizer at q, rj a uniformizer at r, and let 9ft a , 9ft r be the unifor- 
mizer circles | £ \ ^ a, | rj | a at q and r respectively. Denoting 
the boundaries of 9ft 0 , 9ft r by C Q , C r respectively, we have 

(^m (P> r)) = — — J {L M (p, r))~dA z + o(l) 


dpdq 


9J \ - 3JL - 9J2. 


dG(P> q) 

dq 


( L m(P> r))~dz 


VGip.q) , 


dq 


(•^m (P> r )) d£ 


(4.12.4) 


8G{p, q) 

dq 


(■^m (P> r )) drj + o(l). 


Since dG(p, q)/dq vanishes when p is on the boundary C of 9ft, we 
have only to consider the remaining two integrals. For p on C Qt 


(4.12.5) 

(4.12.6) 
Therefore 

(4.12.7) 


dG (P> q) 1 , , . 

—--= — + regular terms, 

dq 2£ 

(^m (P> r ))~ - + 5if 4* ’ * ’• 


dG(P> q) 

dq 


( L m(P> r))~d£ = o( 1) 


as a tends to zero. Finally 

dG(p, q) 


(4.12.8) 


c r 


dq 


( L m iP> r ))~ d V 


1 

7i i 



dG(r,q) t d*G(r,q) , d*G(r, q) _ 

H ———n H —^—V + 


dq 


drdq 


1 


jtrj 


3T + d o + <T V H- 


drdq 


re drdq 


= — L M (r,q) + o(l) 
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as a approaches zero. Substituting from (4.12.7) and (4.12.8) into 
(4.12.4), we obtain (4.12.3) in the case F = M. 

Consider now the general case. Writing 


(4.12.9) LAP, q) = L M (p, q) + A v (p, q) 

where A F (p, q) is the bilinear sum of differentials occurring in 
(4.11.1), we have 


(LAP, ?). LAP, r )) — (L M {p, q), L m {P, r)) + (A F (p, q ), AAp, A) 

since the cross terms vanish by (4.11.6). By the case already proved, 
the first term is simply L M (f, q). For the second, we have 

(AAP, q), AAP.r)) = 27 Y^Z'^Z'^f) ■ (Z'(p),Z'{j>)) 


(4.12.10) = 27 y II ,r W , e Zl(q)Zl(r) = Zy„Z\\q)Z\J?) 


= AAr.q). 


V, o. e 

OQ 


V, a 


yA and I 


Here we have used the fact that the matrices 
are inverse. 

We now consider the definition of a norm for differentials dg which 
are regular on 9R except for a double pole without residue at a fixed 
point q of 

The scalar product in (4.12.3) is not defined by (4.9.8) if r = q t 
and we now define 


(4.12.11) N(L M (p, q)) = lim (L M {j>, q), L M (p, r)) = L M (q, q). 

r->q 

We note that L M (q, q) = L M (q, q) ^ 0 by (4.12.2). That is, the norm 
defined by (4.12.11) is real. However, the extended norm may be 
negative in the case of singular differentials. 

For any df e M, we have 

(4.12.12) (df+L M (p, q), df+L M (p, r)) = (df, df)+(L u {p, q), L M {p, >•)) 

using (4.10.8), so we define 
» • 

(4.12.13) N(df + L u (p,q))=N(df) +N(L M (p,q)). 

If dg is regular on 2K except at q, where it has the same singularity as 
L M (P,q), we may take df = dg — L M (p, q). Then (4.12.13) gives 

(4.12.14) N(dg) = N(dg L M (p, q)) + N (L M (p, q)). 



132 


BILINEAR DIFFERENTIALS 


[Chap. IV 


In particular, we have defined 

(4.12.15) N(L F (p, q)) = N(L F (p, q) — L M (p, q)) + N(L M (p, q)). 

On the other hand, the identity (4.12.3) implies that we should have 

(4.12.15) ' N(L P (p, q)) = lim (L F (p, q), L F (p, r)) = L F (q, q). 

r ->q 

To verify that the result (4.12.15)' agrees with (4.12.15), we note 
that (4.12.10), in which we may take r = q, may be rewritten as 

(4.12.16) N(L P L m ) = L F (q, q) — L M (q, q) = L F (q, q) — N(L M ) 
using the definition of A p in (4.12.9). Similarly, for df e F we have 
(4.12.12) ( df-\-L F (p,q ), df+L F (p,r)) = (df, df) + (L F (p, q), L F (p,r)), 
so we should have 


(4.12.14)' N(dg) =N(dg — L F (p,q)) + N(L v (p, q)) 

for singular differentials satisfying the period conditions for the 
class F. Again the definitions are consistent. In fact, for the regular 
differential dg — L M (p,q) we have 

M(dg — L M )=N(dg — Lp + L F -L M )=N(dg — L F )+N(L F -L M ) 

= N(dg-L F )+N(L F )-N(L M ) 

using the orthogonality properties of L p and L M , and (4.12.16). 
Further, since N(dg — L F ) ^ 0, we derive from (4.12.14)' an im¬ 
portant characterization of the singular bilinear differential for a 
class F: the singular bilinear differential L F (p, q) minimizes the norm 
among all differentials dg having the same singularity at q and 
satisfying the period conditions for the class F. Further, the norms 
of all normalized singular differentials are bounded from below by 
L M (q, q). by (4.12.14). 

If df € S is regular on the boundary C of SOR, the scalar product on 
the left in (4.12.12)', with F = S, may be integrated by parts. If C Q 
and C r are uniformizer circles of radius a about q and r, respectively, 
and if X F S {P> ?) is the integral of L s (p,q ): 


dVs(P. q) 

dp 


Ls(P> q). 
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then 

(df + L s (p, q), df + L s (p, r)) 

= ~~ J (HP) + W?)) (f'(P)+L s (P.r))-dz 

c 

+ ~ J (/tf) + W ?)) (/'(*) + r))-*Z 

(4.12.17) 1 r 

+ Yi J (/») + W *)) (/'(*) + *s(fc 0)^+o(l) 

c, 

- —£ J (/(*) + Vs(p, ?)) (m+Lnip. r))-di, 

c 

letting a tend to zero. Letting r tend to q and choosing 
df — dg — L 3 (p,q), we obtain the simple formula 

(4.12.18) N{dg) = -±jgdg, 

c 

valid for normalized singular differentials dg which have vanishing 
periods and are regular on the boundary C of SCR. 

The reproducing kernel L F (p, q) also gives the solution of certain 
minimum problems. For arbitrary df € F, we have by (4.11.7), 
(2.3.3), and (4.12.2) 


(4.12.19) 



(df, L t (p, q)) |* g N(df)N(L f (p, ?)) = 
- L r (q, q)N (df) 


and there is equality in (4.12.19) if and only if f'{p) is proportional 

to Lgfj,, q). Thus the best value for k(p 0 ) in (2.3.16)' is —L M (p 0 ,fi 0 ). 

Analogously, the best value when df is restricted to be an element of a 
class F is Lf (p 0 , ft 0 ). 

When L F (p, q) is not identically zero, it can be defined in 
terms of a minimum problem suggested by (4.12.19). Let df 0 be the 
differential which minimizes N(df) over all df e F with df(q) yt 0, 
normalized in terms of a particular uniformizer at q so that f'(q) = L 
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The minimizing property implies that df 0 is orthogonal to dh(p) = 
d t(i>) — f'{q) df 0 (p), for arbitrary df e F, since dh(q) = 0. Thus 

d foiP)IN{df 0 ) has the reproducing property and must coincide with 

iP> q)dz. In particular, the minimizing differential df Q may be 
expressed in the form 


(4.12.20) 


df — ^ j x 

a t o — ——~ dp, 


l f (q, q) 

using (4.12.2). 

Let Fj and F 2 be two classes of differentials on 2J \ such that 

(4.12.21) F 1 CF 2 


and the bilinear differential exists for each class. In particular 

^(P.q)^ f 2 . 

By (4.12.19) and (4.12.2) we have 


(4.12.22) 0 ^L Fi (q,q)^L Ft (q,q). 

Since S is a subclass pf every F while M contains every class F, 
we have 


(4.12.22) ' 0 2: L s (q, q) ^ L F (q, q) > L M (q, q). 

On the other hand, L F ^(p, q) minimizes the norm among all 
differentials dg having the same singularity at q and satisfying the 
period relations for F 2 . Since L F ^(p, q) is among the dg we have 

( 4 . 12 . 23 ) ^F 2 (q> q) ^ •£' f 1 (?> q) 

and 


(4.12.23) ' L M {q, q) ^ L F (q, q) ^ L s (q, q). 

The quantities L F {q, q) and L F (q, q) need not be equal unless F is a 
symmetric class. 

These inequalities may be generalized at once to the Hermitian 
quadratic forms 

(4.12.24) Z Lp (?„,£,)*„*„ and Z L F (q v , qjx^. 

n, v = i n,y = l 

For example, we have from (4.12.23)' 

(4.12.25) Z L M (q v , q fl )x fi x v ^ Z L F (q v , q /I )x fi x v ^ Z Lsitfv’q^X/***' 

ft, v = l fi, v = l H, v = l 
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Now, by (4.12.2), 

(4.12.26) —N( 27 x y L v (p, q v )) = E q 9 )x^x v ^ 0. 

V=1 (1, V = 1 

Thus the first Hermitian form (4.12.24) is non-positive and, if F is a 
symmetric class, the same is true of the second. 

When 9ft is orientable and has a boundary, the bilinear differentials 
for the class S may be given a geometric interpretation. In fact, the 
integral / of each differential df e S is single-valued on 9ft and, unless df 
vanishes identically, gives a mapping of 9ft onto a Riemann surface 
spread over the complex plane. Conversely, each such mapping / 
corresponds to a differential df in S. In particular, since such mappings 
exist, the class S contains elements df which do not vanish identically 
and L s (p, q) is non-trivial. For each mapping the internal area of the 
image domain is given by N(df). Let q be a fixed point interior to 9ft. 
Then if we consider the set of all mappings with df(q) ^ 0, normalized 
in terms of a particular uniformizer at q so that /' (q) = 1, the mapping 
which minimizes the internal area is given by 


d f = 

L s (q. q) 



and the value of the minimum area is 


(4.12.27) A= - 1 _ 

L s (q. q) 

The singular differentials dg whose periods vanish also correspond 

to mapping functions g. If dg = du + idv is regular on the boundary 
C of 9ft, y 



since g is single-valued. 

Let E, be the image of C, by g, and let E, be oriented such that 
it is described positively by™ = g(p) as p describes C. in the negative 
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sense. We define Q v (zv 0 ) to be the order of Z v with respect to the 
point Wq. By (4.12.28) 

m /• 

(4.12.29) N(dg) = -£ \Q'(w t )dA„' 

V = 1 J 

where each integration in the sum is over the whole w/ 0 -plane. We 
therefore say that — N(dg) is the area external to the image of 
9ft by dg. 

In the class of all mappings dg, normalized to have the same 
singularity at q as L s (p, q) dp, the norm is minimized by L s (p, q). 
That is, the mapping which gives the maximum external area is given 

by 

dg = L 8 (p, q) dp, 

and the maximum external area is • 


(4.12.30) E = — L s (q, q), 

using (4.12.15)'. 

Multiplying (4.12.27) and (4.12.30) we obtain 


(4.12.31) 


AE 


g) 

£ s (?> q) 


which is a generalization of a known identity for multiply-connected 


domains of the plane (see [6a], [14a]). In fact, the class S is symme¬ 
tric whenever the surfaced is of genus zero, in which case L s (q, q) = 
L s (q, q) aR d AE = 1. We remark that, in the case of genus zero, the 
function g corresponding to the maximum external area is schlicht 


and maps 9ft onto a subdomain of the sphere. 

As another application of the bilinear differentials we give a 
generalization of the Poisson formula which permits the representa¬ 
tion of an analytic function inside a circle by means of the boundary 
values of its real part. Let 9ft be an orientable Riemann surface with 
boundary C and q an interior point of 9ft. If j(P) is single-valued on 
9 ft and regular on C, then we may integrate by parts in the regular 
scalar product in (4.11.7), with F = S, to obtain 


(4.12.32) 



c 
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Similarly, if 2ft' is the disc | f | < a, where f is a uniformizer at 
q, C = f (P), t(q) = 0, the formula (4.11.6) yields 

o = (L s (q, P), d 1) = Yi\ Ls{9 ' P) WW d ' zdz + 

(4.12.33) =~jL s (q,p)(f(p))-dz-^jL s (q,p)(f(p))-dC+0(l) 

c c 

= L s(q.p)(f(p))~ dz , 

c 

letting a tend to zero. Since L s (q,fi)dz = L s ( q, p)dz on C, we obtain 
by adding (4.12.32) and (4.12.33) 

(4.12.34) j'(q) = ~ J L s (q , p) Re {f(p)} dz. 

c 

This is a generalization of Poisson’s formula, for the case of an 
arbitrary surface with boundary. 

4.13. Approximation of Differentials 

In the following chapter certain formulas will be established for 

differentials regular on the boundary, and their validity for any 

differential with finite norm will require an approximation argument 

which we now supply. In Section 4.10 we approximated the bilinear 

differential by the corresponding differentials of domains 90^ lying in 

the interior of the given surface. Now, given any differential df of 

class F, we define a sequence of differentials df^ of F each of which is 

analytic on the boundary of and such that N (df — df ) tends to 
zero. 14 

Given a differential df of class F, let 2 \ be a compact subdomain 
lying in the interior of 2ft which converges to 2ft as fi tends to in¬ 
finity. We do not need to suppose that 2ft„ is a finite Riemann surface. 
Define 

(4 ' 131 ) /;(?)=-(<*/, L r (p,q)) 

It is clear that df h (q) is regular up to and including the boundary 
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of 9K and that it belongs to F. We have 

I | 2 = J J L F (p v q)(l F (p 2 , 

an— 

and therefore 

(4.13.2) 

JI /;(?)-/'(?> I HA = - J J (p^aja* 

since 

Jz.p(/>1, q)(L F (p 2 , q))~dA= J L t (q, f> 2 )(L F (q,P 2 ))-dA=—L F (p v P 2 ). 

9)2 

In view of the fact that 

— J J L F (p v p 2 )(f'(p 1 ))-f'(p 2 )dA 1 dA 2 = j | /'(p^dA,, 

9)2 9)2 gjj 

we see that the right side of (4.13.2) tends to zero as fx approaches 
infinity; that is 

(4.13.3) NW — dfJ-^ 0. 


4.14. A Special Complete Orthonormal System 


In the sequel we require a complete orthonormal system of differen¬ 
tials in F with special properties, and we now construct this system 
by a method which closely parallels that applied in the case of plane 
domains ([2a]). 

Assume that 9ft is orientable, let q be a point of 9ft, f a uniformizer 
at q, and let F n (<?) = F ;1 (</, £) be the subclass of F which is composed 
of differentials dj which satisfy the conditions 

(4.14.1) f {v) (q) = 0, r= 1,2, •••,«—1; f™(q) = 1 


where 



Let us consider first the case that 9ft possesses a boundary. In 
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this case, the class F n (^) is non-empty for every n ^ 1 . In fact, 
let r it i = 1, 2, be n arbitrary points on 2ft and consider the 

differential of the class F 

(4.14.2) dT(p) —Ex { L F (p t r { )dp. 

i = l 

The numbers can be chosen so that dT belongs to the class F n (?) 
provided that the determinant 

does not vanish. We want to show that we can choose the r i so 
that this determinant is not zero. Now, if this determinant vanishes 
for every choice of the r i c 9ft, we would obviously have 


(4.14.4) 





where the coefficients a k do not depend on r. Continuing this identity 
over into 9ft, we would then obtain 


< 4i «> !)-»• 

But this is clearly impossible since for r = q the left-hand side 
becomes infinite. 

We have thus proved that the determinant (4.14.3) does not vanish 

identically for arbitrary choice of the r t and. hence, we can always 

construct differentials of the class F and of the form (4.14 2) which 
belong to F n (q). 

Thus, the class F„ (q) is non-empty for every n ^ 1. Let d be the 
greatest lower bound of N(df) for differentials of F n ( ? ), and let 
{<?/„} be a sequence of differentials of F „{q) for which 

limlV^) = d. 

The sequence {dfj plainly converges uniformly in any compact 

subregion to a differential df M e F n ( ? ). It then follows from the usual 

reasoning that N(df in] ) = d. Moreover, if df is any differential of 
* satisfying 


f M {q) = 0, v=l,2 
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then by the minimizing property 

( 4 - u - 6 ) (df, df ,„,) = (>. 

It follows from (4.14.6) that the minimizing differential df is 
unique. Write 


(4.14.7) 


d<P n = 


<*/<„> 


n = 1, 2 , 


VN(df tn) )' 

Then {dcp n } is an orthonormal system, and we now show that it is 
complete. 

Let df be an arbitrary differential of F, and let 
(4.14.8) = (df, dtpj, jjl = 1, 2, • • *. 

From Section 2.3 we know that the Fourier series 


00 

dg = Z a t A(p tl 

is a differential of F. To show that the system is complete, we have 
to prove that df = dg. Let numbers a { y s) be determined in such a 
way that the differential 

(L14.9) d f 8 = S Z a [» d<p, 

V = 1 

satisfies the conditions 


(4.14.9)' /*">(?) = f M (q), f*= * —1, s^2. 

Since 


(4.14.10) 


= Za^{q), 0 , 


V = 1 


the a[ s) are uniquely determined. By (4.14.6), (4.14.8) and (4.14.9), 


(4.14.11) (d(f 8 — f),d<p v ) = al 8 '-a p = 0, v = 1, 2, • • •, s - 1. 
By (4.14.9) and (4.14.9)' 

f M (q)-fr ) (q) = f M (q)-z*M fl) (q) = o, ^ = 1 , 2 , - - s-i. 

v = l 

Letting s tend to infinity we obtain, since a uniformly convergent 
series of analytic functions can be differentiated term-by-term, 

f M (q) = g [fi) (q)> L 2 , • • •. 
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Thus / = g, and the existence of a complete orthonormal system is 
established. 

In the case of a closed surface 9ft, we have only finitely many 
independent differentials and the selection of a complete orthonormal 
system becomes a problem of elementary algebra and can always be 
solved. There are only finitely many classes F n (?) which are non¬ 
empty; but in each one we may solve the preceding minimum 
problem for the norm and construct a normalized differential d(p n 
which is orthogonal to all differentials of the classes F m (?) with m>n. 
By this procedure, we can construct a particular complete or¬ 
thonormal system of differentials which is useful in various applica¬ 
tions. 
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5. Surfaces Imbedded in a Given Surface 


5.1. One Surface Imbedded in Another 

Suppose that 9ft is imbedded in another finite Riemann surface ft. 
In other words, suppose that 9ft is a subdomain of ft. Our purpose 
is to find identities and inequalities which connect the domain func¬ 
tionals of 9ft (bilinear differentials, differentials of the first kind and 
their periods) with the corresponding functionals of ft. 

The orientable covering of a non-orientable surface is an orientable 
surface with one symmetry. Therefore, as we saw in Chapter 4, the 
theory of the functionals of a non-orientable surface is merely that 
of an orientable surface in which the functionals satisfy a symmetry 
condition. Moreover, if a non-orientable surface is imbedded in 
another, then its orientable covering is imbedded in that of the 
larger surface. Hence the imbedding of non-orientable surfaces can 
always be reduced to the imbedding of symmetrical orientable sur¬ 
faces, and we may therefore suppose that the surfaces are orientable. 
Henceforth, unless it is explicitly stated to the contrary, we assume 
that all surfaces are orientable. 

If 9ft is imbedded in ft, we shall assume unless it is stated to 

the contrary that the boundary components of 9ft are analytic curves 

on ft. Then the boundary uniformizers of 9ft are admissible unifor- 

mizers at the corresponding points of ft. This hypothesis is made for 

convenience in proving identities; it can afterwards be removed by 

a limiting process. We remark that, if 9ft is closed, ft is closed and 

9ft coincides with ft. We exclude this trivial case; then 9ft will always 
have a boundary. 

We shall say that the imbedding of 9ft in ft is essential if each 

oundary component of 9ft which bounds on ft also bounds on 9ft, 

and that it is proper if each boundary point of 9ft is an interior 
point of ft. 

Let h be the genus of 9ft, m the number of boundaries, and let 

K i> K 2> * • •> K g > G = 2h + m — 1, 

[ 143 ] 
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be a canonical homology basis for 9ft in which K n+V • •A' 2A+m _ 1 
are the boundary cycles, K 2h+/I being homologous to the boundary 
component C M of The cycles K lt • • •, K 2h are homologously in¬ 
dependent on but this is not necessarily true of the cycles 
Kzh+v ' * *» K 2 h+m-i> some of which may even bound on 9ft. Let 

■aTi. 

be a canonical basis for 9L Then, on 9?, 

(5.1.1) K M = E ft. = 1, 2, • • •, G. 

*•=1 

If &(p, q) is the Green’s function of 91, and if 


(5.1.2) 


&m(P, q) 


2 d*9{p, q) 

7i dpdq 


then, as in Chapter 4, we have the canonical basis differentials 


(5.1.3) 

Let 


(?) = J-^M {p. q)dz, /J= 1, 2, •••, G 0 . 


(5.1.4) P M , = (iZ m , d3T,) K = _ P{i3Tp, v = 1, 2, • • G 0 . 

Corresponding to the cycles /u = 1, 2, • • •, G, we define 

(5.1.5) qf^q) = f q)dz = 

J v — 1 

and we write 


(5.1.6) ^,= (^,^)«, f*,v=1.2 

If dZ p is the differential of 9ft corresponding to the cycle 
and df is a differential of class M on then 

(df, dZJn = - P(df, KJ =-°i P(df, Jf,) 

r = 1 

= Z (df, d&X = (df, Za^d&X = (df, d&Jn. 

p=l *’=* 1 

that is, 

(5.1.7) (df, dZJn = (df, d&X- I* = 1 , 2 , • • •, G. 
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In particular, 
(5.1.8) 

Let 


n„. = 


P{W U .K,) 


(5.1.9) V =(^. dZ,)n=-P(d&,..K,), 
Then, using (5.1.7), 


(5.1.10) 


27 a y Q P^ Q - 

C=1 


Also, starting from (5.1.6), we find 

(5.1.11) = E a„ P Qa . 

9, o=l 

Thus the periods of ^ and 9f'„ over the cycles K, of 2)1 can be 

expressed in terms of the periods of the basis differentials on 91 and 

the coefficients of the transformation for the homology basis. Further 
by (5.1.1) 

(5.1.12) I(K„,K,)= Z a M a vc I(jr e ,jr o ). 

Q, o=l 

Now let Fj, be any class of differentials on 91. A class F TO of dif¬ 
ferentials on 2JI will be called a corresponding class if each differential 
of Fjj satisfies the period relations of F m . Specifically, if 
F « = F s(/i. •' •, h), so that 

(5-1.13) (<*/, dZJn = 0, g = H, • • j k , 

for each df € F„, then Fg, = F m (i v ■ • •,»,) i s a corresponding class 

if df, considered as a differential on SH, satisfies the period relations 
for F K , namely 

(6.1.14) (df, dZ g ) m = 0, g = t 1( • • ■, 

B y (6.1.12), a corresponding class F m is symmetric whenever F„ 
is symmetric. m 

Given a class F w in 91, letJg? p (M) be the bilinear differential 
or the class F„ m 91, and let L F (p, q) be the bilinear differential on 
Jlf for some corresponding class F ra . We define 

< 61 ' 16 ) W. 9) = LrtP. 9) q). 

The double of 2J1 is composed of two surfaces 2)1 and 501, and the 
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double of 9? of two surfaces $ and &. It is convenient to take 9ft to 
be the subdomain of $ft which is conjugate to 9ft on the double of 
The double of 9ft is then obtained by identifying the boundaries of 
9ft and 9ft. With this convention, a point p of 9ft is uniquely defined 
and may be regarded either as a point of 9 ft or of $ft. Meaning is 
thus attached to the symbols l F {p, q), l F (p , q). 

In order to simplify the notation, we set 


(5.1.16) 

L v{P> ?) = L M {p, q) + B F (p, q) 

and 


(5.1.17) 

&AP. q) =&M (p, q) + &AP. q) 

where 


(5.1.16)' 

Bp{p, q) = £ V Z’AP) Z'M 

and 

/i, v=»l 

(5.1.17)' 

@AP, q) = f ft,, 

II V = 1 


ft, «' = ! 


Comparing these formulas with (4.11.1), we see that and p^ 
vanish if either fx or v has a value different from i T , r = 1, 2, • • *, /, 
or j r , t = 1, 2, • • •, k respectively. Also, by (4.11.5), 

(5.1.18) V=KJ" P„=(PJ~ 

From (4.11.3) we have 

(5.1.19) 27 a pv r' t xQ = dr 6 > Q = H> H> * * ’> h> 

/i=i 

where = (, dZ /l , dZ e ) m , and 

(5.1.20) 27° P^ = 6 ve , q = j v ; 2 , * * *, jjc- 

Since ££ F (p, q) is of class on 91, it is also of class and 
we have 

(5.1.14)' (& F (p, q), Z' Q (p)) m = 0, g = i v i 2 , * * *, h- 

Substituting from (5.1.17) and (5.1.17)', this becomes 

(5.1.21) <&' Q (q) = 27° p^e^ &’ v (q), q = h, * • % h- 

1 
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Comparing (5.1.21) with (5.1.5) we see that 


(5.1.22) 


^QV ^ ft(IV Q * * *» • 

P=1 


5.2. Several Surfaces Imbedded in a Given Surface 

We now consider the case in which the set 2ft imbedded in $ft 
consists of several components each of which is a finite Riemann 
surface. Assume, then, that 2ft is the union of a finite number of 
domains 2ft„ v = 1, • * *, k, each of which is a finite Riemann surface 
imbedded in We suppose that no two domains 2ft^ have points 
in common. 

If the component 2ft„ of 2ft has genus h v and m v boundaries, we 
write 

G v = 2 h y -f m v — 1, 

and we define the algebraic genus of 2ft to be 


G = 27 G. 


Let 


V = 1 


K[ v) , • • Kg 


be a canonical homology basis for fSR,, and let 


K?\ • • •, Kg>, ■ • KP, ■ ■ 

be denoted in order by 

( 5 - 2 - 1 ) K , • • • K. 

■ AV 1» f XX G’ 

We caU (6.2.1) a canonical basis for SR. Let dZ^ be the differential 

corresponding to the cycle K* on and define dZ" to be iden- 
tically zero in 8i — SR,. Then 

dZ?\ • ■ dZ%, • • dZf, • • dZ% 
is a basis for the differentials of 2J1 which we denote by 
(5 - 2 ' 2 ) dZ v ■ ■dZ G . 

The formulas (5.1.1)—(5.1.12) are clearly valid under these more 
general circumstances. 

The class F„ on SR is assumed given, and we suppose that F, is 
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a corresponding class on 9ft v . We extend the definition of a differen¬ 
tial df v of 9ft v over 9? by setting it equal to zero outside the com¬ 
ponent 9ft v , and we define to be the class of differentials 

(5.2.3) df = df x -f df 2 -f- • • • -f df k , df v e F„. 

In other words, df is identically zero in — 2ft and is equal to some 
differential of F v on 9ft v . We say that F^ corresponds to the class 

If F = F ot corresponds to the given class F w , we define the bilinear 
differential L F (p, q ) of this class on 9ft to have the value zero for 
any two points p, q of 0ft unless both points lie in the closure of the 
same domain 9ft, in which case L F (p, q) is equal to the bilinear 
differential L£ ] of the class F v on 9ft„. 

v 

The definition of L F (p, q) which has been given is the natural 
one, in view of the minimizing property of the singular bilinear 
differential in the case of a single finite Riemann surface. The norm 
of a differential on 9ft is the sum of the norms on the component 
surfaces. If q is a point of 9ft v> the differential which minimizes the 
norm among all differentials with the given singularity at q must 
clearly vanish on 9ft,,, ^ ^ v, where it is regular, and coincide with 
L [ p ] y on 9ft v . 

If df € F w> we have the formulas 

(5.2.4) (df,L F (p,q)) K = 0, 

(5.2.5) (df.Lw<j>,i)) n =—/'(?)• 

Writing 

(5.2.6) TV = (dZ^ dZ y ), 

we see that the period matrix || 7% || is non-singular. For its deter¬ 
minant is simply the product of the corresponding period deter¬ 
minants for each component of 9ft. Therefore the formulas (5.1.16) 
(5.1.20) are valid. In fact all formalism carries over immediately to 
the case where 9ft is the union of a finite number of disjoint sub- 

domains of 9t. 

5.3. Fundamental Identities 
We assume that 9ft is the union of a finite number of disjoint 
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surfaces imbedded in 9S, and we find formulas for the differences 

Ufi», Zp — i F = l f —-5fp. 

We begin by showing that for fixed q € % l F (p, q) is a differential 

of class Fgjj on 9ft. Clearly h(p, q) is regular, and therefore of class M, 

on 9ft. It remains to show that l F (p, q) satisfies the period relations 
of F K . Now 


(5.3.1) (l M (p, q), 2' u {p)) m = — P(l M [p, q), K„) 

= - P(L M (p, q), K ,.) + P(J? M (p, q), K„) = - Z'^q) + 

by (4.10.15) and (5.1.5). We note that (5.3.1) remains true if q is 
replaced by q. For q = i r , r = 1, 2,•••,/, 

q), q), Z'(p))n + (Brtp, q), Z^)) m 

- (« f (P, q), Z’ e (fi))n 

using (5.1.16) and (5.1.17); 






= — + W’M) + ^ PMq) ■ 

ft, y=l 

by (5.1.16)', (5.1.17)' and (5.3.1); 

= ~K(q) + %(q) + K(q)~K(q) = o 

using (5.1.19) and (5.1.22). Thus 

(5.3.2) q), Z' e {fi)) m = o, e = i v • ■ •, i„ 

and lr{p,q) j s i n F m . The same argument can be applied to Up, 3} 
bnt this is unnecessary since L r {fi, q) and & F [j>,q) are in F„. 

The fundamental identity is 

(5 ' 3 ' 3 ) {h(P, q), h[j>, r)) K = - l P (r, q). 

To prove this, we note first that 

(5 ' 3 ' 4) ( L *(P’ qh L v [p, r)) 9 = L p (g, q ) 

?h^ d hoih ^ F ° r i f ; and ' d0 not Ue 111 the same component 
we We SldCS ° f (5 ' 3 ' 4) Vanish ' wMe « ? and r lie hi 


( L *(P. q), L F (p, r)) K 

~ (Tp 1 (P, q), (j>, r)) 


= (Lrip, q), L F {p, r) w ^ 

% = L r ] (?, q) = L 9 (f, q) 
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by (4.12.3) if q is distinct from r and by taking the limit as r tends 
to q if q = r. Also 

(5.3.4)' (sr, {Pi q)i r))x = <£> p(f> ?) 

By (5.2.4). 

(h(p, q), L F (p, r)) n = 0 

so that 


(5.3.5) (Sf F (p, q), Lp(p, r)) K = (L F (p, q), L F (p, r)) m = L F {f, q). 
Finally 

(h(p, q),h{p. r)) a 

= (P. ?). h(p, r)) n — (Sfr(p, q), L F {p, r))„+(j2V(£, q),SC F [p, r))„ 

= — If (r, q) +J? F (r,q) = — l p (f, q) 
and this is (5.3.3). 

The identity (5.3.3) is also true if we replace r by r : 

( 5 - 3 - 6 ) (b(p, q), b(p, r)) m = — l F (r, q), 

or if we replace q by q and r by r : 

( 5 - 3 * 7 ) ( b(p, q), If( p, r)) m = — l F (r, q). 

However, these identities are not immediate consequences of (5.3.3) 
by analytic continuation. Using (5.2.4) and (5.2.5), we have 


(b(p, 9)> b(p, r)) m 

= (b(P, q), L F (p, r )) m — (L F (p, q),J? F (p , ?))*+(**&' *))* 

= ~b(r, q). 

Similarly, by (5.2.5), 

(b(p, q), b(p, r))« 

= {b(p, q), L F (p, r))^ — (L F (p, q) t &F(p, '))* + (^f(£, <[)•&*&• '))« 

= — l F (r, q) + (& F (q, r))~ —S? F (r, q) = — l F (r, q). 

Let 

(5.3.8) >M) = z 'M)-y'M 

In (5.3.3) and (5.3.7), take F = M and suppose that q is fixed. If 
we compute the periods with respect to r around a cycle K^, we 
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find by (5.3.1) 

(5.3.9) (Jm (P,q), = -/,(<!) 

and 

(5.3.10) (l M (p, q), = 

Finally, writing 

( 5 . 3 . 11 ) » = n,y — r MV , 

we compute the period of (5.3.9) with respect to q around a cycle 
K y and obtain (since y^ is real and therefore symmetric) 

( 5 - 3 - 12 ) d ?v)n = —yM»- 

We have also 

(5.3.13) (~£f (p, q), L F (p, r)) m = — (If(P, q), L F (p, = l F (r, q). 

The identity (5.3.13) shows that l F (r, q) is the projection of the 

singular differential & F (p, q) into the space of the differentials of 
class F m on 2K. 

Other identities can easily be derived. For example, using (5.1.19), 
(5.1.20) and (5.1.22), respectively, we obtain 

(5.3.14) [B F [p, q), B P (p, r))^ = B F (r, q), 

(5.3.15) (<^f (P, q), @f{ p, r)) m = @ F (r, q), 

(f G 

(5.3.16) [Br{j>,q), 33 t (p, r )) m = £ £ ^ e „)~ {e eM )~Z',(q) 2(' 0 {f) 

(i, V = 1 e,a-=l 

=J = «.'K(? )z ' y (q ) . 

From (5.3.1) it follows that 

(5.3.17) (l M (p, ? ), B F (p, r))„ = £ KrZ'rfi&Hq) — B*(r q) 
while (5.3.2) leads to 

(5 ' 3J8) ( l *(P- ?). r)) m = 0 . 

Finally 

(5 - 3 ' I9) M, q), r)) H 

= «)• **&• *))m — q), &*[£, r)) m = 0 . 
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Taking r = q, q € % ft, in (5.3.3) we obtain 

(5.3.20) l F (q, q) + (& F (p, q),& f (p, ^))gt_ 2R =— (l F (p, q), l F (p, q))^ 0. 

This inequality has a geometrical interpretation when F = S, where 
S is the class of differentials with single-valued integrals. In fact, let 

(5.3.21) g = —Se s {q, q). 

From Chapter 4 we know that g is the maximum external area of 
image domains of under mappings by single-valued functions j 
which have a pole at q such that d-f — ^ S (P> q) is regular there. 
If E denotes the corresponding maximum external area for 9ft then 

(5.3.22) E }> g + (J? s (p, q),J? s (p, q)) m _n, 

since the maximum external area-for 9ft is not less than the cor¬ 
responding external area of 9ft defined by the mapping j, d-ft=Jf s (p, q). 
But (5.3.22) is just the inequality (5.3.20). 

An analogous inequality is obtained by comparing internal areas. 
Suppose that q is a point of 9R, and let 



L s(P> q) 

L s(q> qY 


dUP) = 


&s(p> q) 

&s(q> qY 


Since we know that N m (df s ) is minimal, we have 

— 1 


^N m (df s ) = 


L s (q> q) 


But 


NmWs) — N m (d-tf s ) N m _<jji(dj s ) — 


1 


(q> q) 


WsY 


Writing 


A = 


1 


we therefore have 
(5.3.23) A ^ sf 


Ls(q> q) 


1 


= 


— 1 

&s(q.q)' 




(#s (q>q~)V 

in analogy with (5.3.22). 

The inequality (5.3.23) may also be obtained from an identity. 
In corresponding notation, let 

(5.3.24) k F {p, q) = df F (p) — dj F (p). 
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If q, re 2ft, we have 


(kp(p, f), k F {p, q)) m = 


Lp{q,f) 


« + 


&p (?. ?) 


(5.3.25) 


+ 


Lp(q, q)L P (r, r) ' Lp(q, q)^ F (r, r) 

&p (?. r) ■S’p {q, f) 


&p [q, q)Lp (r, f) & F (q, q)J? F {r, f )' 

Taking r = q, we obtain in particular 


I 


1 


(5.3.26) 


Lv{q,q) #r(q,q) (&*(q, q)) 


(&p(P, q),J?p(p, q)) m _ 




= q),h(p, 0, 

and this gives a generalization of (5.3.23). 

We observe that (5.3.3) may be put into the form 


(5.3.27) l F (f, q)=— ( lp(p , q), l F (p, r))^ — q),& F (p, 

This formula will play an important role in the theory of variations 
of domains 2ft. In fact, if 2ft is near to (in a sense to be specified 
later), then l F (r, q) = L F (r, q) — q) will be small and the first 
term in (5.3.27) will be of still higher order. Thus, we shall find 


(5.3.27)' Lp(f, q) —Se r (f, q) -(*,(*. q),<f F {p, r)) 9 _ m 

and the right-hand side can be evaluated if the ^-differential of SR 
is known. Thus, Lp(p, q) can be determined approximately in terms 
oi^p{p,q). 


5.4. Inequalities for Quadratic and Hermitian Forms 

We now apply the identities of Section 5.3 to obtain inequalities 
for quadratic and Hermitian forms with coefficient matrices 

II M?«. ?.) ||> || Lp{q„, q „) ||, 

respectively. In this way we obtain necessary conditions expressed 
m the form of inequalities between quadratic and Hermitian forms 
in order that one or more surfaces can be imbedded in a given sur- 
tace SR. In the following section we derive from these inequalities 
necessary and sufficient conditions in order that a given surface SIR 
““ be f “nformally imbedded in another given surface SR. A special 
ase of these inequalities was derived by Grunsky [2] in connection 
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with the conformal mapping of multiply-connected plane domains 
(see also [1]). 

We define 

(5.4.1) TV (r, q) = (JZ F (p, q).X r {J>, r))^, 

and correspondingly if r or q is replaced by f or q. For example, 

r F (r, q) = (<?,&. q),J? F (p,r))„_ m . 

Let X be a complex number and consider the norm over SR 


(5.4.2) 


N w ( Z x„l F (P. ?c) - 

/4=1 H 


X Z x„L F {p, ?„)), 
«=1 / 


where the are arbitrary complex numbers and the are points 
of 9JL By (4.11.7), (4.9.2) and (5.3.27) we find that (5.4.2) is 
equal to 


(5.4.3) 


n r_ n 

A ^ E Lp^q^, qv)XjjXv ~ h 2 Re j A E ^f(^*» qv)x^x ( 

*’=1 l P. v = l 

A r 

E [lp(q v , (jp) -J- r f [qv, qix)\x^Xi,. 

P. v = l 


Since the expression (5.4.3) is non-negative for all choices of the 
complex number A, we obtain the inequality 


(5.4.4) 


N 

E h(q„, qy)x fi x r 

V, v = l 

N N 

^ E I F fc, ^)Vv • E q») + r*(q 9 , q^XpX, 

/i,V = l /i,v = 1 


We remark that, by the reproducing property, 


(5.4.5) 
Similarly 

(5.4.6) 


Hence 


(5.4.7) 


N ( N \ 

E Lp(qq v )x„x v = I E x^Lpty, q„) I ^ 0. 

!, V — 1 \(I=1 ' 

= ( Zx„JZ F (p, ?„)) § 


E r F (q v> q t l)x tl X\ 

H,v = l 


N N 

E Lp(q fl , q v )XfjX v • E rp(q v , q^x^Xy ^ 0, 


0 


n, v = l 


^,- = 1 
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and it follows from (5.4.4) that the inequality 


(5.4.8) 


N 


Z Z F fe, qSjXpXy 

n, v=°l 


2 N N 

^ Z L F {q^, q v )x^x v • Z h(q v , q^x^ 

= 1 fi, v = l 


is true a fortiori. In particular, we observe from (5.4.5) and (5.4.8) 
that 

N 

(5.4.9) Z l F (q v , q^XpXv ^ 0. 

M, * = 1 

Instead of the norm (5.4.2), we can take 


(5.4.10) 


N. 





l ?(P> q*)—iz x M L F (p, £,)). 

U=1 ] 


Using the formula (5.3.7) we find that the value of this integral is 
equal to 


(5.4.11) 


N f N *) 

^ 2 £ L F (q„, q v )x M x v + 2 Re | A Z l F (q fl , qJjXfjcA 

[ n.v-i I 


N 


E qy) + /p far, £-)]*„*,. 


fl, v=«l 


Since the expression (5.4.11) is non-negative for all complex A, 
have 


we 


(5.4.12) 


N 


N 

^ Zf [q^j qv)%fiXi 
f*. y=l 

N 


Now 


S £ L v (q„ q,)x,x y • Z [>(?„, q y ) + r v (q„ £)]*„*,. 

^.‘’=1 fl,V=l 


(5.4.13) £ r r to, q.)x,x, = N K _ m ( £ (P, £,)) > 0, 

\ftmm 1 / 

and it follows from (5.4.5), (5.4.12) and (5.4.13) that 

( 5 ‘ 4,14 ) 2 b(q M , q*)x M x y ^ 0. 

For simplicity, write 

(6-4 ' 15) 1 = „ *>**• * = * *»(&. ?,)*„*,. 

r = z r v {q„, q y )x„x y , 

fl, K-l 
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and let 

(5.4.16) 

By (5.4.14) 

(5.4.17) 

(5.4.18) 

and therefore 


N 

l = I l F (q„, q,)x»x, = L — . 

n, y=l 


L < 0 


£? <L L , 


(5.4.19) |/| = |Z,|_|^ 

The inequahty (5.4.12) becomes 


l 2 -\L\ \l\ +T\L\ =\l\ {| l 


L \} +r\L 


#\ {\L\-\&\}+r\L\£0. 


and therefore 


( 5 . 4 . 20 ) \&\ 2 ^ (\&\—r)\L\. 

Thus | & | ^ r and, if | ££ | > r, this formula provides an estimate 
for \L\. From (5.4.13) and a formula analogous to (4.9.2) with 
respect to 91, we have 


(5.4.21) 


r = NfR ( E x^se-g(J>, q„)j —N& ( E x„SEg(p, ?„)) 


= \se 


Nvt ( Z x„5?r(p, ?„)). 


Hence (5.4.20) may be written 


(5.4.22) |£|S -r = 1-^ I- 

A r K ( rw. &)) 

Inequality (5.4.22) is thus a strengthened version of (5.4.18). Taking 
N — 1, = 1, and dropping the subscript 1 on q f we have 


(5.4.23) L = L F (q, q), =& F (q, q), J 1 = />(?, q). 

In this particular case inequality (5.4.22) takes the form 

(^(q,q)) 2 


(5.4.24) 


Lr(q.q)\^ 


N^P (P,q)Y 
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We recognize that (5.4.24) is simply the inequality (5.3.26) written 
in a slightly different form. 

An inequality may also be obtained by use of the identity (5.3.12). 
Write 


(5.4.25) — {dfiit 
and consider the norm 

(5.4.26) ( 2 — XI x^Lytip, &)). 

/i=i / 

Using formula (5.3.12) we see that this integral is equal to 

n r n 1 

X 2 I L M (q„,qy)x fi x P + 2ReU I 

N 

I \y m* + Afxv^XfiXp. 
n, »-=i 

Since this expression is non-negative for all choices of X, we obtain 
the inequality 

N 


(5.4.27) 


M, 


(5.4.28) 


ft, *-=l 

N N 

— I I'M (c[ft, q,)x M X p • I [y^y -j- Aftp]XftX, 


= 1 


Since 


ft, v=l 


N / N \ 

I AftvXpXp — AT'gj—^ ( I Xrf jfi) I ^ 0, 
'.*-*=■1 \/*-i / 


we have a fortiori 


(5.4.29) 


N 


s i, (?/•)*/.*. 
*-“1 


2 N n 

^ 2 * Lm (qt„ q^XnXy • 2 y MV x M x P 


We conclude in particular that 


* * 

2 y^rX^Xp = 2 (/7^ v — I ft*) x M Xp ^ 0, 


that is, 


p, *-i 


*-“1 


(5.4.30) 
Here both 


2 n^yXfiXp ^ 2 I*ftpXpXp. 

»-i 

sums are non-negative. 
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We can even derive from (5.4.28) the better estimate 

iV 

^ {y “ 1 “ Anv)XfiiX v ^ 0 ; 
v, *=i 

that is, 

A' N / N \ 

(5.4.31) Z y^x M x v ^ Z = iV s _ TO I Z x M / (p)\. 

V = 1 P. V = 1 \/i=l / 

5.5. Extension of a Local Complex Analytic Imbedding 

of One Surface in Another 


We now apply the inequality (5.4.8) to obtain necessary and 
sufficient conditions in order that a local analytic mapping of a 
neighborhood in a given surface 9ft* onto a neighborhood in another 
surface ft can be extended over the whole of 9ft* to give a one- one 
conformal mapping of 9ft* onto a subdomain of ft. In other words, 
we derive necessary and sufficient conditions in order that a local 
complex analytic imbedding be a complex analytic imbedding in 
the large. For plane domains these conditions have been stated when 
the surface ft is the sphere (see [1]). 

We shall assume throughout this and the following sections of this 
chapter that the class is symmetric, in which case we may assume 
in the preceding section the symmetry relations 


(5.5.1) L F (p, q) = L F (q, p), & F (p, q) =2’ F (q, p). 

The inequality (5.4.8) may then be written 


(5.5.2) 
Since 

(5.5.3) 


N 


Z If (q^,q v )x tl x v 

n, V = 1 


N N 

— Z Lf{^Jh> tfv)XftX v • Z If{^hi (jv)x tl x v . 

fi,v = 1 /i,v = l 


N N 

Z Lp{qn, qvjx^Xy 5^ 0, Z SZf( q^> qv)x M x v ^ 0, 

n, V = 1 n, v=*l 


we have a fortiori 


(5.5.4) 


N 

£ h(q„, q v )x fI x v 

H, v = l 



or 

(5.5.5) 


N 

Z lv(q^, q v )x tl x v 

H, v = l 


N 

- E L F (q q,)x„x.. 

n, *-=i 


Given an inequality such as (5.5.5) for a quadratic form, we can 
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pass immediately to an inequality for the corresponding bilinear 
form. In fact, if y v y 2 , • • •, y N are an independent set of complex 
numbers, we have 

N N 

4 x 1 ( iv)Xf 1 y v = £ If q v ) “l - y^) (%? “H yv) 

H,v = l ft, v=l 

N 

— Z hr —JV.)(*r — y»)- 

U, V=1 


Therefore by (5.5.5) 


N 


N 


z b(q„, q v )x»y 

V, V = 1 


^ — £ L r (q„, q„) [ (*„ + y„) ( x, + y,) + ( x , 

n, v=l 

that is 


y-)]; 


(5.5.6) 




2" lr(q„, q,)x„y 

U, V = 1 


1 


N 


— r ^ ^pte#*.^)(^ + y#.W- 

Z u. V = 1 


By a limiting process it is possible to pass from the inequalities 
(5.5.5) to inequalities between integrals. Let p 0 be a point in the 
interior of 9ft, and let z 0 be a uniformizer at p Q . We denote the circle 
| | ^ a > & > 0, by 9ft 0 and, if p, q lie in 9ft 0 , we express the coor¬ 

dinates of p by z, those of q by f; that is z — z 0 (p), f = z Q (q). Now 
let e(z 0 ) be a continuous complex-valued function of z 0 on the 

boundary d9ft 0 of 9ft 0 . By a limiting process we obtain from (5.5.5) 
the inequality 


(5.5.7) 


J Jl : 

^ *n Q asrc 0 aa^ 0 

In 9fto we have the series developments 


(5.5.8) 


00 


l *(P> ?) = 2 1 — L r (p,q)= s b 

M,v°0 fi.v-0 

where, because of the symmetry assumptions (5.5.1), 

( 5 - 5 - 9 ) «/-» = V = 5„„. 

Taking 

(5.5.10) e(«) = ~ E K. ?-<"+» 


27« 


M-0 
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in (5.5.7), we obtain 

N N 

l 5 - 5 ' 11 ) ^ <Va„a, ^ Z b„ a„5T v . 

/i, v —0 /i, v = 0 

The inequalities (5.5.11) are valid for arbitrary choice of the finite 
set a 0 , aj, • • •, a A r. Thus inequalities for the bilinear differentials are 
easily transformed into similar inequalitites for the coefficients in 
their local developments. 

Let us consider now an orientable surface ft with boundary C. 
In saying that the surface ft is complex analytically imbedded in 
the surface ft, we mean that there is a one-one conformal mapping 
of ft onto a subdomain 3ft of ft. 

In order that such an imbedding be possible at all, we must assume 
that a topological imbedding of ft into ft exists. If 3ft' is the image 
of ft in ft under the topological mapping, there is a correspondence 
between the cycles of ft and 3ft'. By introducing on 9ft' as uniformizers 
the parameters at the corresponding points of ft, we make 9ft' into 
a Riemann surface analytically imbedded in ft. Given a class F 3i , 
let be a corresponding class on 3ft' in the sense of Section 5.1. 
We then choose F^ to be that class of differentials on ft which have 
vanishing periods on those cycles of ft which correspond to the cycles 
associated with the class F^,. The question now arises whether this 
topological imbedding can be realized analytically. 

Of course, different topological imbeddings give rise to different 
analytic imbeddings, provided the latter exist. Consider, for example, 
the case of two circular rings ft and ft in the complex plane. The 
ring ft may be topologically imbedded in ft in two different ways 
according as the essential cycle of ft bounds in ft or not. The first 
type of topological imbedding is always realizable analytically 
while the second is possible only if the moduli of ft and ft satisfy 
a suitable inequality. 

The choice of a corresponding class depends on the topological 
type of the imbedding. For example, in the case of the rings ft and 
ft, we have two classes of differentials in each domain — namely 
the classes S and M. In the first type of imbedding, the classes M 
and S on ft correspond both to the class M and to the class S on ft 
while, in the second type of imbedding, the class S on ft corresponds 
only to the class S on ft. 
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If there is a conformal mapping of SR into 9?, let the points n, 
k of 9? correspond to the points p, q respectively of SR. Then, if 
Ap(n, x) is the bilinear differential of SR, we have 

(5.5.12) Ap(tc, x)dndx = L F (p, q)dpdq 

where L F (p, q) is the bilinear differential of SIR. Again let 


(5.5.13) 

Writing 

(5.5.14) 


h[p, q)dpdq = [L r (p, q) —-S?f (p, q)]dpdq 

= Ap(n, x)dndx — q)dpdq. 


d P (7i, x) = A f (7c, x) —& F (p, q) 


dp dq 
dn dx 


the inequality (5.5.5) becomes 


(5.5.15) 


N 

Z dp (71ft, 7Z v )XfsXr 


N 

- ^Z Ap(pXfi, 


The inequalities (5.5.15) are obtained from (5.5.5), the latter being 
derived from (5.5.2) by neglecting certain non-negative terms. If 
we do not neglect these terms, we obtain instead of (5.5.15) 


(5.5.16) 

where 


N 


Z dp(7l ti ,7t v )x tl x v 


ft, V = 1 


N _ N 

Z Ap(7ift, 7c v )XftX v * Z dp(n tl , n v )x^x { 

/*. V= 1 n , »>=1 


(5.5.17) d F (n, x) = M*. *) q) ? 

dndx 

The inequalities (5.5.16) are necessary conditions in order that SR 
can be complex analytically imbedded in SR. 

Now assume that the surface SR is locally imbedded complex 
analytically in SR. That is to say, assume that a neighborhood of 
a point n 0 of Sft is mapped one-one and conformally onto a neigh¬ 
borhood in SR. Then for n, x in a neighborhood of n 0 we have the local 
series developments with * = z(n), £ = £(*): 

* W 

d F (jc, x)= Z Cftj??, —dp(n, x) = Z 

ft , 9 - o 

00 

— A F (7i, x) = E b h , aff”, 

H, v-0 


(5.5.18) 
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and (5.5.15), (5.5.16) may be transformed respectively into the 
inequalitites 

(5.5.19) 


N 

E C^ V X^X V 


(5.5.20) 


II, v = 0 
N 

Z CfjyX^Xy 

n, v =0 


N 


^ Z b^yX/lXv, 

n, v = 0 


N 


2 N 

= ^ b^yXfxXy * 

V, >' = 0 (1, V = 0 


Z CuvXuX \f» 


We investigate the circumstances under which this local imbedding 
can be extended to a complex analytic imbedding in the large, and 
we base our considerations on the following theorem: 

Theorem 5.5.1. Let 


(5.5.21) V(n, x) = Z v^C, = v Vft , 

ft, v = 0 

be an analytic bilinear differential defined for tc, x in a neighborhood 
of the point n Q of 9L If the kernel A?(n, x) of has the local development 


(5.5.22) 


00 


— A v (n, x) = Z b^z? g 

n, v =0 

and if for every finite set of complex numbers 
inequalities 


*o> x i> 


, x N the 


(5.5.23) 


N 

Z VpyXuXy 


n, V = o 


N 


= Z b^yX^Xy 


fi, y = 0 


are satisfied, then (5.5.21) is the local development of a symmetric 
analytic bilinear differential V(n, x), of the class F on 31, which is 
everywhere regular. 

Similarly, if 

(5.5.24) W(n, x) = Z w^g, w liv =w vtl , 

fi, v — 0 


is defined for n, x near n 0 and if 

N N 

(5.5.25) 0 ^ Z w^x^Xy ^ Z b^x^x, 

H,v = 0 fi, v = 0 

for every finite set of complex numbers x 0 , x lt • • •, x N , then W can 
be extended over 31 and defines an analytic Hermitian bilinear 
differential of the class F in its dependence on n. 

Proof: Let {drp v } be a complete orthonormal system for the class 
F of differentials on 31 and, for n near n Q , let 
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( 5 . 5 . 26 ) y'w = E =£ o. 

V = fl 

The existence of such a system has been proved in Section 4.14. 
For formal reasons it is convenient to define ft, v = 0 for fx > v. 
The ft,,. then form an infinite triangular matrix with zeros under the 
principal diagonal. 

We have by (4.9.6) 

(5.5.27) x) = Z^(n) (vv(*))" 

(i = 0 

and hence by (5.5.22), (5.5.26) and (5.5.27) 

(5.5.28) b, v =Z^(^)~ 

e=o 

Since f$ Qfi vanishes for q > //, the sum in (5.5.28) involves only finitely 
many terms. We remark next that the infinite triangular matrix 
|| ft,, || has an inverse matrix 11 11 of the same form and that each 

element of the inverse matrix can be calculated by finite algebraic 
operations. Let 

(5.5.29) tfgp = Z v ea y e/i y a9 , t M9 = t yfi , 

0 , o=0 

define a matrix associated with the coefficient matrix 11 v„ v 11 of the 
given local development (5.5.21). Using (5.5.26) we obtain by formal 
calculations with power series 

(5.5.30) V(n, x) = Z v Qa f£ a = Z (rc)y>'(*). 

0,0=0 (i,v = 0 

We know nothing about the convergence of the last sum and the 
equality is to be understood in the sense that formal operations on 
both sides of the equation lead to the same coefficient for each term 
. On the other hand, it should be observed that the numbers 
tftv exist since the defining sums (5.5.29) are finite. 

Let a v , v ~ 1, 2, • • •, N, be arbitrary complex numbers and set 

(5.5.31) aL M = Z y^a*. 

Then by (5.5.29) 

( 5 * 5 * 32 ) £ t^a^a, = Z v QO (x. Q ai a . 

*"=0 q, c=0 
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Using the inequality (5.5.23) and the identity (5.5.28), we obtain 
(5.5.33) 

for arbitrary choice of the a^. 

We now extend (5.5.33) from quadratic forms to bilinear forms. 
We clearly have 


N 

N 

N 

2 N 

^ t^a^a v 

^ 27 


= z 1 « f 1 

ft, v = 0 

e=o i 

ft = 0 

6 = 0 


(5.5.34) 


N N AT 

£ tf^vdfiCiv -f- 27 t^ybfxby dz 2 27 t^yU^by 


ft, v = 0 


ft. v = 0 


ft, v = 0 


N 


s^(kl 2 

6=0 

from which we infer that 


+ |6 e | 2 ±2Re{^ e }) 


(5.5.35) 


N 

£ tfjyttfjby 
ft, V = 0 


1 N , 

^ — 27 \a D 

— 9 V I G 
“ P = 0 


2 + ^l 6 J 2 ) 

Q — 0 


for any choice of the finite sets a v a 2 , • • •, a N and b v b 2 , • • •, b N . 
Choose in particular 

( 5 - 5 - 36 ) a M = %(*)> ^ = ^W- 

Then (5.5.35) becomes 

I N 

(5.5.37) 


^4-1 27 1 l 2 + z w^ x ) i 2 }- 

- U-o /i=o J 


ft, v = 0 

If n and * are interior points of 97 we may let N tend to infinity and 
we obtain by (5.5.27) > 


(5.5.38) 


00 


ft, v=0 


1 


^ —— {Ap(n, n) + Af(k, *)}. 


Let us return to the formal identity (5.5.30) which, by (5.5.38), 
has now become a valid equation connecting two series uniformly 
convergent in a neighborhood of the point n 0 . Moreover, the second 
sum in (5.5.30) is regular analytic over the whole of 97 and is 
obviously of the class F. Thus the extension of the local development 
(5.5.21) over 97 has been effected. 

The second part of the theorem is proved in an analogous way. Let 


00 


(5.5.39) 


V = 27 w ea y Qlt (y av )-, V = M • 
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be the matrix associated with the coefficients w Qa . Again introducing 
numbers a v and a* related by (5.5.31), we find 

N N 

(5.5.40) E s^a^dy = E te^o^oc,. 

n , »=0 Q , 0=0 


By (5.5.25) and (5.5.28) we obtain 

N N 

(5.5.41) 0 — E SpydfAy s^kl 2 

n, v = 0 0=0 

Hence 


(5.5.42) 

Thus 


N 

— o 

i N 

£ SppUphp 

\ s \% 

v = 0 

Z 

V=o 


N 

+ 2 


0=0 



(5.5.43) 


z W^(»)(vv(*))“ 7[) + Ap(x, £)}. 

M'* = 0 Z 


For ?r, « in a neighborhood of n 0 we have by construction 


(5.5.44) E *). 

*'=0 0,0 = 0 

By means of this identity we are able to extend W(n,x) over the 
whole of SR and it defines a Hermitian bilinear differential which, 
in its dependence on 71, is of the class F. This completes the proof 
of our theorem. 

Let us apply the above theorem to a given local complex analytic 
imbedding of the surface SR in the surface SR. Assume that a neigh¬ 
borhood 3 of the point n 0 of SR is mapped one-one and analytically 
onto a neighborhood of a point p Q of SR. In other words, if z is a local 
coordinate near the point n 0 of SR and if w is a local coordinate near 
p 0 on SR, we suppose that w is an analytic function of z with a non- 
vanishing derivative in g. If n and * are two points of SR lying in 
this neighborhood of n Q which have coordinates z and f respectively, 
we then have the local developments (5.5.18). Now suppose that the 
inequalities (5.5.19) are fulfilled for arbitrary choice of the finite 
set x v x 2 , • • *, x N . From Theorem 5.5.1 we conclude that the bilinear 
differential d*(n t x) given by (5.5.14) is regular everywhere on SR. 

We now extend the local mapping by analytic continuation, and 
we assume first that the point * is fixed, From (5.5.14) 

( 5 - 6 ' 45 ) dW(p) = dQ{n) 
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where 


(5.5.46) dW(p) =^ F{ p iq)dp 

and where dQ(n) is everywhere regular on 51. Let Q 0 be a subdomain 

of 3 containing * in its interior but with tt 0 in its exterior. Integrating 

(5.5.45) along a path beginning at the point n 0 and avoiding the 
domain Q 0 , we obtain 

(5.5.47) W(p) - W(p 0 ) = Q(n) - Q(n 0 ). 

This relation may be used to define p(n) outside % Moreover, p(n) 

defined in this way will be regular analytic except at points where 
W'(p) vanishes. But if 

(5.5.4 8 ) J V'(p) = (p, q) 


vanishes at a point p of 9ft, then by varying the point x inside go 
we can makeo$f f (p, q) different from zero at the point in question. 
Thus the mapping p(n) defined by continuation will be everywhere 
regular so long as the point p remains in the closure of 9b 

In this mapping two distinct points n, x of go into distinct 
points p, q of 9h For assume that p(n) = q(x), n ^ x. Then & F (p, q) 
becomes infinite in (5.5.14), which contradicts the regularity of 

dp dq dp 

“f(tt, x), unless — or — vanishes. But if — vanishes, say at 

dn dx dn 

a point n v then there are two points n , n" in a neighborhood of 

dp 

ti x where — is different from zero and which map into the same 

dn 

point of 91, contradicting the regularity of d F (n, x). Thus distinct 

dp 

points of 9 1 go into distinct points of 91 and — is regular analytic 

dn 

and non-vanishing. But then we conclude from (5.5.14) and the 
regularity of d F (n, x) that distinct points of 91 correspond to distinct 
points of 9 1, and therefore the mapping p(n ) is single-valued on 9 1. 
Hence the correspondence p(n) defined by continuation is one-one 


and analytic so long as the point p remains in the closure of 91. 

In order to prove that the point p remains on 91 we must suppose 
that the stronger inequalities (5.5.20) are valid for arbitrary finite 
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sets x v • • •, x N . Since 
(5.5.49) 


N 


£ bftyXfjXp — 0 , 
/i, v = 0 


by (5.5.19), we have from (5.5.20) 


N 


(5.5.50) 

Let 


L C fxyXpXv — 0. 


U, V = 0 


(5.5.51) D f (7t, *) = ^f(tt, *) — A*(n, x) = 
By (5.5.18) 


*’<*■*%% 


Dy(ji, x) = £ (b^ — Cpv)^^. 

n, v=o 


(5.5.52) 

Moreover 

N N 

(5.5.53) 0^ £ (b h y — C^x^Xy ^ £ b^x^Xy. 

t *>»=o n, r=0 

Thus the condition (5.5.25) is satisfied for £> F (#, x), and we have 
from Theorem 5.5.1 that D?{n t x) can be extended analytically over 
the whole of 91. If an interior point n maps into a boundary point 

P — p{n) of 91, we see from (5.5.51) and the non-vanishing of — 

dn 

that D*(tz, n) is infinite, a contradiction. Thus the mapping p{n) 
carries 91 onto a subdomain of 91, and we have the following theorem: 

Theorem 5.5.2. A local complex analytic imbedding p(n) of 91 into 
91 defines an analytic imbedding of the whole of 91 into 91 if and only if 

I N 

(5.5.54) 


£ dp(x fi , Xy)X (i Xy 
b, *=1 


2 N _ N 

g £ AF(x fi> Xy)x /i x v • £ d ¥ (x flt x 9 )x tl Xy 

V, »’=l fi, v<=1 

for every N-tuple of points x v x 2 , • • •, x N lying in some neighborhood 
where p (n) is defined and for arbitrary choice of the finite set x v x 2 , ••\x N 
(x M complex). Here 

d F ( n , x) = A F (n, x) —Se F [p, q d L. 

dn dx 


(5.5.55) 


We may also express a necessary and sufficient condition for an 
analytic imbedding of 91 into 91 in terms of the coefficients of the 
senes development of the map function p(n) at a given point jr 0 c 91 
in terms of a given local parameter. We have 
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Theorem 5.5.3. Let p(n) map a neighborhood of ti 0 e 92 into a neigh¬ 
borhood of p 0 = p (tt 0 ) e 92. Using a local parameter z(jz) around 7 i 0 
we may calculate the series developments (5.5.18). Then, a necessary 
and sufficient condition that p{n ) can be extended over 9? to give an 
analytic imbedding of 92 into 92 is the validity of the inequalities (5.5.20) 
for every N-tuple of complex numbers x v . 

Let us proceed next to the case that 9? is a closed surface. For the 
sake of simplicity, we restrict ourselves to the consideration of the 
class M. We are sure that the kernels AM.{n, x) and x) exist 

in 92 and obtain again (5.5.20) as a necessary condition for an analytic 
imbedding. But now we can make even a more definite statement. 
92 must be mapped into 92 by the function p(n) and we must neces¬ 
sarily have the equality 

(5.5.56) Am(tt, x)d7idx = J^ M (/>, q)dpdq 

since there is only one differential on any surface. Similarly 

(5.5.57) Am(h, x)dndx = J£?m [P, q)dpdq. 

Thus, we have identically on 92 

(5.5.58) ^m(tt, x) = dM(n, x) = 0 

and instead of the inequalities (5.5.20), we may write the equalities 

(5.5.59) c vv = 0, C„, = 0. 

These conditions are, conversely, sufficient in order that 92 be analy¬ 
tically imbedded into 92 as can be derived from (5.5.57) in just the 
same way as before. 

5.6. Applications to Schlicht Functions 

If 92 is the ^-sphere and 92 is a subdomain thereof, a function 
p[n) which gives an imbedding of 92 in 92 is called “schlicht. In 
particular, p(n) may be the identity mapping. Or we may take 92 
to be a disc \w \ < a, in which case the functions p(n) become 

bounded schlicht functions. 

We show first how the coefficient problem for schlicht functions 
in multiply-connected domains of the complex plane can be treated. 
In this case, we choose 92 to be the whole 2 -sphere and then the com¬ 
plex variable 2 is a valid uniformizer at each point of 92 except co. 
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The if-kemels have the simple forms 


(5.6.1) 


*{*. £) = 


l 


&(z, f) = 0 . 


*(Z-C) 2 ’ 

Let 92 be a domain in the z-plane which contains the origin and has 
finite connectivity. Let w = cp(z) be regular analytic around the 
point z = 0. Let us assume further that <p(0) = 0. We want to 
derive from Theorem 5.5.2 the conditions that w can be extended to 
a schlicht mapping of 92 into 9L We assume that the class F is S. 
In the particular case under consideration, S is a symmetric class. 
By (5.5.14) and (5.6.1) we have 

*W(0 


(5.6.2) 


d(z, C) = A(z, () 


*[<P(z) — <p(C )} 2 

We have to develop this expression into a power series around the 
origin and then insert the coefficients of the development into the 
inequalities (5.5.19). For this it is convenient to introduce certain 
sets of auxiliary functions which will provide an interpretation of 
the inequalities obtained. 

Let A v (z) and B v (z) be defined by the generating functions 
(5.6.3) A{z, £)=£{„ + lK +1 ( 2 )r, A(z, f) = J? ( v + 1 )B', +1 (z)f. 

»-0 v =*0 

Clearly, the differentials A y (z) and B' v (z) are defined over the whole 
of SR. In fact, denoting by C the boundary of SR, we have 

CA(z, C) 


(5.6.3)' 


-f 


v + 1 
7lA +Z ’ 


(* + 


/ 


We see from (5.6.3)' that B',(z) is regular analytic in SR while A[{z) 
has a pole of order v + 1 at the origin. Set, therefore 


(5.6.4) 


A ’M ~ ~ \y + + 2 K#.+i^l- 


JL (t— 0 


z*. 
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If 2 tends to the boundary C of 97, we have 

A(z, Qdz = (A(z, 1)dz)~ 

and hence, comparing coefficients in (5.6.3) we obtain 

(5.6.5) A' v+1 (z)dz = (Bl +l (z)dz)~ 


for 2 on the boundary C. Thus, with any domain 9? in the complex 
plane we may associate a sequence of analytic functions A v , B v 
which are related by (5.6.5). Since we are dealing with the class S, 
the functions A v and B v are single-valued on 97. On C we have 


(5.6.6) A v+l (z) = (B v+1 (z))~ + constant, 


and the functions A v and B v are easily seen to be determined except 
for an additive constant. By (5.6.3) and (5.6.4) we have the series 
developments 


(5.6.7) 


A(z,Z) = - 

71 


1 


oo 


ti—lyv—1 


L(z — C) «.v=i 


4- E /IVOL^Z 11 C 


A(z, C) = —- L fivp^fT 1 . 

71 fJi v = l 


where 


(5.6.7)' 



by the symmetry property of the yl-kernels. 

Having defined sequences of functions related to a given domain 92, 
let us now define sequences of functions related to a given function 
(p(z). We consider the generating function 


(5.6.8) 



y(2) —-p(0 
Z — C 


n, v = 0 


We have, consequently, 


■ L — + Z y^C- 

/i = 1 n. *’=0 


( 5 - 6 - 8 )' I0g [ 1 -Sl] + I0g ^ 1= - 

On the other hand, for fixed 2 ^ 0 the function log £ 

analytic in f around the origin and may, therefore, be developed 
into a power series 


I 
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(5.6.9) 



It is easily seen that F^ (t) is a polynomial of degree p in its argument t. 
Comparing (5.6.8)' and (5.6.9) we obtain 


(5.6.10) 



1 00 
Z y 

V* *=0 


For v = 0, we define F 0 identically zero. Thus — vF y is a polynomial 
of degree v in 1 jq>(z) whose principal part at the origin is exactly 
l/z 9 . It is uniquely determined by <p(z) except for an additive constant. 
It is called the v-th Faber polynomial of the function <p(z), and it 
plays an important role in conformal mapping (see [5]). The above 
definition of F v also provides a simple construction for it. 

Differentiating (5.6.8) with respect to z and f, we obtain 


(5.6.11) 


y'(*) y(C) _ 1 

n[<p{z) — (p(t)] 2 ti(z — C) 2 


— I ixvy^z* l C 1 . 

71 fAt r=1 


From (5.6.2), (5.6.7) and (5.6.11) we obtain 


(5.6.12) d(z, f) = — E iiv(<x.p V — Ypv)z M 1 C v 1 . 

71 fi, v = l 

Now we are in a position to give necessary and sufficient con¬ 
ditions that (p(z ) be schlicht, in terms of inequalities which depend on 
the coefficients cl mv and determined by the domain From 
(5.5.19) we have 


(5.6.13) 


N 

Z (a,#» — yuvjxpx, 

f*.v=> 1 


N 


^ E ^HyXuXy. 


The inequalities (5.6.13) are Grunsky’s necessary and sufficient con¬ 
ditions that <p(z) be schlicht ([2]). Since the y„ v are easily expressed 
in terms of the coefficients in the Taylor’s expansion of <p(z) around 
the origin, the inequalities are conditions on the coefficients of <p(z). 
Unfortunately, these conditions appear in such an implicit form that 
it is difficult to extract much information from them concerning 
the possible values of these coefficients. 

As another example, we consider bounded schlicht functions <p 
in a plane domain 91 which satisfy, say, the inequality | <p | g i. 
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In this case 97 is the unit disc and we have 


(5.6.14) <?(z,C) = 


1 


ji(z-C) 


&(*. 0 = 


1 


tt(1 — z£) 


Since JZ(z, f) does not enter into the inequalities (5.5.19), we obtain 
the same conditions (5.6.13) as before if we apply (5.5.19) alone. 
We therefore apply (5.5.20). 

We have to introduce a new sequence of functions connected with 
<p{z). Starting from (5.6.9), we find 


00 


(5.6.15) 
Set 

(5.6.15) ' 

Then 

(5.6.16) 


log [1 — 9>( 2 )(?>(f))-] = Z F„(cp(i))z'‘. 

»=0 


co 




v = 0 


00 


log [i—<p(2)(<p(o)-] = z 

t*. v=0 


Differentiating this identity with respect to z and f, we obtain 


(5.6.17) 


?'(*)(?'(£))- 


00 


[1 — 9 3 (- 2r )(9 ? (C)) - ] 2 


= — Z C 1 


n, t- = l 


From (5.5.17), (5.5.18) and (5.6.17), we compute 


(5.6.18) 




Cn—i, v—i — (A** 

J t 


Thus we obtain finally the following necessary and sufficient con¬ 
ditions for the coefficients of bounded schlicht functions: 


(5.6.19) 


N 

Z (a.(i V — y^XfiXt 

U, V=1 


N N 

Z PttpXpX, 9 Z (fin* -I- hnJjXpXv. 

H,v = l ^,*’ = 1 


In particular, let 97 be the unit disc with center at the origin. In 
this case we find easily = 0, ft** = <W V (where — 1 1 
n = v, 0 otherwise). Thus (5.6.19) simplifies to 


(5.6.19)' 


N 

Z y^vX^x, 

U, V = 1 


* 1 
^ Z - 


2 . 


(II 

\«-l 


+ 


N -\ 

2j X ^ yX ^ Xy \* 

».*-! t 



§ 5 . 7 ] 


EXTREMAL MAPPINGS 


173 


Taking, for example, N = 1 we have the condition 
(5.6.19)" | a\ — a.a, | 2 ^ [ a, |«(i — | | 2 ) 

for the first three coefficients in the development 

<p(z) = E a„z“. 

v-i 

It is worthwhile to remark that the inequalities (5.5.15) can be 
applied in a different way to obtain information about schlicht 
functions in plane domains. For example let 91 be the unit disc; 
then A(z, £) and A(z, f) are given by (5.6.H). We let 


(5.6.20) TTun—l\ . 1 

n l [v( z ) — ^(C)] 2 [z — f] 2 


Then U[z, f) is regular in 9 1 if <p(z) is schlicht there. For 2 = £ we find 


(5.6.21) 


U(z, z) = 


_1 W"(z) _ 3 

$nV<p'(z) 2 




where {y, z } is the Schwarz differential parameter. 

In view of (5.6.2) and the fact that A(z, f) = \j n {z — f) 2 , we may 
write (5.5.15) in the form 


(5.6.22) 


N 

£ JJ\Zfl t Zv)X^Xy 
V, v = l 


1 N xx 

£ •A'flA'V 

^ (*,V = 1 (1 ZfiZv) 2 


In the special case N = 1 we derive from (5.6.21) and (5.6 22) the 
estimate 


(5.6.23) 


^ I ^ (J 


The example of the function zj( 1 
(5.6.23) is best possible. 


M 2 ) 2 * 

*) 2 shows that the estimate 


5.7. Extremal Mappings 

In Section 5.5 we established sets of inequalities for mappings of 
a domain 9? into a domain SR. We now study the class of extremal 
mappings for which some inequality becomes an equality and we 

sut the procws by which we passed from 
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The inequality (5.5.5) was obtained from (5.5.2) which, in turn, 
was obtained from (5.4.4). In passing from (5.5.2) to (5.5.5) we 
neglected the term 

N 

£ <f F (q„ q v )x fX x v 

n, v=l 

while, in passing from (5.4.4) to (5.5.2), we neglected 

N 

^ /Vfo,, qv)x,x v . 

v, v=l 

Here 


(5.7.1) r F (q„, q,) = (SC r (p, ?„), & r {p. 


If there is equality in (5.5.5), then necessarily 

N N 

(5.7.2) 27 F (<7/i» qv)x^x v = 27 -7"f(<7p> qy)x^Xy. 

H,v = l H,v = i 

But then, since the left side of (5.7.2) is non-positive by (5.5.3), the 
right non-negative by (5.4.6), each side must be zero. This implies, 
in particular, because the right side of (5.7.2) is zero, 

(5.7.3) 27 (p, q^Xn = 0 

i 

at each interior point p of 31 — 9J1. By analytic continuation the sum 
in (5.7.3) is therefore identically zero in 91 if there exists an interior 
point of 91 — Wl. On the other hand, & F (p, q,) becomes infinite if 
p = q„ and hence it is impossible that (5.7.3) should hold throughout 
9R. We have therefore proved that, in the case of an extremal mapping, 
the set 91 — 9J1 has no interior points. In particular, we conclude 

from (5.7.1) that 


(5.7.4) 


r F (p, q) = o 


for an extremal image domain 9J1. 
From the identity 


(5.7.5) 


N / N \ 

£ q,)x„x. = N„ I Z x„Se F (p, q„) I 

I, v = l X ' ,_1 


and the fact that the left side vanishes for an extremal mapping. 
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we have 

N 

(5.7.6) Z Se P {p, £,)*„ = 0 

/*—i 

for each p of $R. 

If there is equality in (5.5.5) for some particular set x v x 2 , • • •, x N> 
we see moreover that the integral (5.4.2) must vanish for some value 
of the complex number X. For this particular value we therefore have 


(5.7.7) 


N N 

Z Vf (P> q») = XZ X^ L F (p, fy). 

V=1 /*= 1 


Take the scalar product of (5.7.7) and l F (p, q) with respect to p over 
SDh By (5.3.3), (5.4.1) and the reproducing property of L F (p, q) we 
obtain 

(5.7.8) £ x,[l F (q, q„) + r F (q, q,)] = A £ x M (l F (q, q„))-. 


1 


(*=1 


In the extremal case now being considered, (5.7.4) and (5.7.6) hold. 
Hence 

( 5 - 7 - 9 ) 2 x F L F (q, q„) — A £ x„l F (q, q M ) 

M = l fi= 1 


for q e 9K. Comparing (5.7.7) with (5.7.9), we see that | A | = 1, and 
we therefore write (5.7.7) and (5.7.9) in the common form 


(5.7.10) 


N N 

£ tix u L F (q, q u ) = £ (Ai )~x h l w (q, q„). 

^ = X n=i 


That is, setting (A£) x^ and replacing q by p, we have 


(5.7.11) 


N N 

Z y*Lv(p, q F ) = £ y?h(p, ?,). 

^=1 n=l 


Using (5.5.12) and (5.5.13) we may express (5.7.11) as follows: 


(5.7.12) 


Z y M ^F(p, qn)~ — Z y fi A F (7t, x„) 

/i=i L \dq/Q 




K Q J • 


Let Jr tend to a boundary point of % and use a boundary unifor- 
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mizer at n . Then A F (n, *,,)= *,,))“ and hence, in view of 

(5.7.12) , 

N d-b 

(5.7.13) Re- E y /l ^ ? F (p, q^) — =0 

u=l U71 

r 

for n on the boundary of 97. This equation determines at each point 
n e C the direction of the tangent vector dp of the image in 97 of 
the boundary C of 97. Thus (5.7.13) is a differential equation for the 
boundary of 907 imbedded in 97. Using a boundary uniformizer, we 
may integrate (5.7.13) and we obtain 


(5.7.14) 

where 


Re | Z y tl S F (p, q^) J = constant 


(5.7.14)' 


a 

dp 


5r(P. q ) =&f(P, q). 


The boundary curves of 917 are, therefore, the level curves of a har¬ 
monic function on 97 which has poles at the points q These level 
curves are generalizations of the isothermal curves in the plane which 
are defined as level curves of rational functions. 

Since 97 — 9ft has no interior points, the boundary curves (5.7.14) 
of 9ft are piecewise analytic slits lying on 97. We assumed at the 
beginning of this chapter that the boundary uniformizers of a domain 
97 imbedded in 97 are admissible uniformizers at the corresponding 


points of 97. This restriction may now be removed in the main for¬ 
mulas and identities by a limiting process. For if 9ft is any finite 
Riemann surface imbedded in 97, it can be approximated by a sequence 
of finite Riemann surfaces 9ft„, 9ft n C 9ft n+1 , where 9ft n tends to 9ft 
as n becomes infinite. Since all functionals considered are derived 
from the Green’s function and since the Green’s function of 9ft n 


together with its derivatives tends uniformly to the Green s function 
of 9ft in any compact region interior to 9ft, we see that the functionals 
of 9ft n converge to the corresponding functionals of 9ft in any compact 
subdomain interior to 9ft. We shall not carry out the details of the 
approximation process, but we observe in particular that the inequality 
(5.4.8) is valid for any finite Riemann surface imbedded in 97. This 
remark is necessary since we found that the extremal domains 9ft 
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are slit domains in 9? with boundary uniformizers which must be 
singular uniformizers of 51 at a finite number of points. 

We have shown that every domain 9J1 C 51 which is obtained from 
91 by an extremal mapping into is a slit domain whose boundary 
slits satisfy a differential equation (5.7.13). We now remark that a 
partial converse of this statement is valid; namely if 91 is mapped 
on a slit subdomain 901 of 51 with differential equation (5.7.13) for 
the boundary slits, where F w is such that = S is a corresponding 
class, then the mapping solves somes extremum problem for the 
inequalities (5.5.16). In fact, suppose that SCR is a slit domain whose 
boundary satisfies (5.7.13). Consider the expression 

N n 

(5.7.15) Z y M [& F (/>, q M ) — L?(p, q^)] + Z y h Lp(p, q^) = A (fi). 

A< = 1 /i= 1 

It represents a differential on 901, and for p on the boundary of SOI 
we have, in view of (5.7.13) and the behavior of the Lp-kemels there, 

(5.7.15) ' Re {A (p)dp) = 0. 

Moreover, A(p) is obviously regular on SOI. Thus, since F^ = S, 
A(p) vanishes identically. Then 


(5.7.16) 


N N 

* % yJp(P> q«) + z y?Lv(P> q*) = o. 

n=l 


Taking the norm over 901 of (5.7.16) we obtain by (5.3.3) 

N f // -I 

(5.7.17) E y,y,[l v (q„ q„)+U(q„, q,)] - 2Re E y„yMq», q.) 1=0. 
Ml9Bl U*-l J 

On the other hand, the norm over 901 of the first sum in (5.7.16) 
must equal that of the second, and hence we have 


(5.7.17)' 


N n 

2 y^yylp(q„ q„) = E y^y,L f (q ll , q„). 

f*,y=i n, 


Thus, instead of (5.7.17), we may write 


Re 


{ * 


y^yMqp, ?.) 



N 

~ ^ y^F fc, q y ) 


N 

. Z y&Jw(g„qt). 


(5.7.18) 
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Comparing this result with (5.4.8), we see that the domain 3ft has 
extremal character in ft with respect to that inequality. Referring 
back to our domain 3?, we can express this property as an extremal 
property with respect to the inequality (5.5.16). Thus the converse 
of the above result is proved; every domain bounded by slits satis¬ 
fying the differential equation (5.7.13) for suitable F results from an 
extremal mapping. 

5.8. Non-schlicht Mappings 

So far we have dealt with the problem of the schlicht imbedding 
of a domain ft into another domain ft. The question arises whether 
similar criteria might be developed for the case of a non-schlicht 
mapping of ft into ft. In order to show the use which can be made 
of our L-differentials let us consider the following special problem. 

We consider an orientable surface ft with boundary and distinguish 
on it a point x 0 . We choose a fixed uniformizer z at x 0 and consider 
all functions on ft which have near x 0 a series development 

(5.8.1) f(z) = 1 + + a 2 z 2 + •••-+- a n z n + * * • 

and have positive real parts everywhere on ft. We want to give 
necessary conditions for such functions in terms of their coefficients 
a v . Clearly, this is a special case of the general subordination problem 
with ft the half-plane Re w > 0. 

We derive our conditions on /(tc) in the following form. We select 
N points x, on 3? and N complex numbers We form the differential 

N 

(5.8.2) H'{n) = ZjtiAmfa x t ) 

i=i 

and the integral 

(5.8.3) J | H'(n) | 2 Re {f{n)}dA H = J r 

3 1 

Because of our assumption on f(n), the number J, will be non¬ 
negative. On the other hand, we can easily evaluate the integral. 

Using (4.10.8)' and (5.8.2), we have 
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(5.8.4) 


/, = E f/lMfc, y u )(A M (7t, **))“• ^r[f(*) + (f(n))-]dA n 
*,*= i J z 

= —4 X *,)[/(**) + (/(*,))“] ^ 0. 

Z I, *=1 


We thus derive the result: 

Theorem 5.8.1. If f(n) is an analytic function on 92 with positive 
real part, the kernel — Am(tz, x)\j{n) + (/(*))“"] is positive-definite. 


Here A M (n, x) may be replaced by A f (tc, x) for an arbitrary class 
F, since f{n) is single-valued on 92. 

Let 

— x)[/(w) + (/(*))“] = I C^C 

fi, V = 0 

be the series development of the above kernel near x 0 in terms of 
the local uniformizer z(n) = z, z(x) = f. If we assume that At&fa, x) 
is known, the coefficients c MV can easily be calculated in terms of 
the coefficients a v of the function/^) considered. From the inequalities 

(5.8.4) we derive, by the method of Section 5.5, the following inequality 
in terms of the c pv : 

N 

(5.8.5) E XftXyCfjy >. 0 

n, v=o 

for every choice of the complex IV-vector x^, /a = 1, 2, • • *, IV. 

The inequalities (5.8.5) impose an infinity of conditions on the 
coefficients of a function f(n) on 92 with positive real part. They are 
closely related to analogous inequalities established by Caratheodory 
and Toeplitz in the case when the domain 92 is a circle. 

It is easy to generalize the above method to a wider class of 
domains 92. Suppose there exists oh 92 a function &(p) which has 
on 92 a positive real part. In this case, we may give necessary con¬ 
ditions for a function f(n) on 92 to map 92 (non-schlicht) into 92. 
For this purpose we would consider the integral 


(5.8.6) 


j\H'(x)\>Re{0(f{x))}dA n = J,^. 
91 


This integral must again be positive and treating it in the above 
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way, we can again derive an infinity of inequalities for the coef¬ 
ficients a v of the function f(n). 


REFERENCES 

!■ S. Bergman and M. Schiffer, “Kernel functions and conformal mapping," 
Compositio Math., 8 (1951), 205—249. 

2. H. Grunsky, ..Koeffizientenbedingungen fur schlicht abbildende meromorphe 

Funktionen," Math. Zeit., 45 (1939), 29—61. 

3. J. A. Jenkins and D, C. Spencer, “Hyperelliptic trajectories," Annals of Math., 

53 (1951), 4—35. 

4. A. C. Schaeffer and D. C. Spencer, Coefficient regions for schlicht functions, 

Colloquium Publications, Vol. 35, Amer. Math. Soc., New York, 1950. 

5. M. Schiffer, “Faber polynomials in the theory of univalent functions,” Bull. 

Amer. Math. Soc., 54 (1948), 503—517. 

6. M. Schiffer and D. C. Spencer, “On the conformal mapping of one Riemann 

surface into another," Ann. Sci. Fenn., A. I, 94 (1951). 



6. Integral Operators 


6.1. Definition of the Operators 7\ T and 5 


We continue to suppose that 3ft is a subdomain of a finite Riemann 
surface SR, and that the classes and of differentials are related 
as described at the beginning of the preceding chapter. Moreover, 
for simplicity, we suppose that SR is orientable and has a boundary. 
In this chapter we shall be concerned with integral operators T which 
transform a differential /' of into a differential Tf' on SR. 

We shall again denote the bilinear differentials of 9ft and SR by 
LAP, q) and &f(P> q), respectively, and we introduce the integrals 

(P> <l)> ZAP, q), Z*(q, p): 


( 6 . 1 . 1 ) 


WAP, q) 

dp 


We write 


LAP, q), 
ggp (q, P) 

dp 


q) 

dp 


= &AP,q), 


= (q, P)- 


( 6 - 1<2 ) h{p, q) = Lf(P, q) — &F(p, q) 

(as in Chapter 5). Scalar products and norms over 9ft, SR will be 
distinguished, wherever necessary, by attaching subscripts 9ft, SR. 

From the point of view of the comparison of the two domains 
2ft and SR, one is led quite naturally to the following question. Scalar 
multiplication of any differential of F w with the kernels —L F (p, q) 
and L F (j>, q) leads on the one hand to reproduction of the differential 
and zero on the other. What then will be the outcome of the same 
multiplication with the kernels —Se v (p, q) and &AP, ?)? In each 

case the result will be a differential on SR which is a linear functional 
of the given differential on 9ft. 

To form these linear functionals, define 

[181] 
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(6.1.4) T,(q) = & F (p, q)) m = (J? r (q,p), (/'(*))-)„, 

f 6 - 1 - 5 ) S f (q) = T f (q)+T f (q). 

The differential T is regular analytic on the whole of 91, while T 
and 5 are regular analytic on 9ft and on 9? — 9ft but, as we shall 
see, are discontinuous across the boundary of 9ft. If 3 > F (q p\ j s 
symmetric, that is if £> F (q, p) = & F ( p> q)> then 

(6.1.6) &p(q,p) =<? F (p,q) = (& F (q,p))-. 

In this important case we see that, formally at least, 
f 6 - 1 - 7 ) T,(q) = (T f (q))~, 

so T is obtained from T by applying the “^-operation” described 
in Chapter 2. It will often be convenient to extend the definition of 
a differential of F TO over the double 2) of 91 by defining /' to be 
identically zero in 91 — 9ft and setting f'{p)= (/' (p))~. Then 

t 6 - 1 - 8 ) S,(q) = (& F (q,p), /'(p)) x . 

Computing periods with respect to q in (6.1.4), we see that T, satisfies 
the period conditions for a differential of class F 3i . By (6.2.10) 
below, Ajj { (f f ) < co, so T f is in F, ){ , and we may therefore think 
of T as an operator which projects each differential of F w into a 
corresponding differential of F ;){ . If q is a point of 9ft, the integral on 
the right of (6.1.3) is to be interpreted in the sense of (4.9.8). However 
by (4.11.6) 

(6.1.9) (L F (q, p), f’(p )) w = (L F (p, q), /'(p))^ = 0 

since /' belongs to the class F m . Thus, if q is a point of 9ft, 

(6.1.3)' T,{q) = — (h(q,p), f'(P)) m . 

and it follows that T f is regular analytic throughout the closure of 
9ft and by (5.3.2) is in F OT when considered as a differential on 9ft. 
From (6.1.3) we see that T f satisfies the period conditions for a 
differential of F ai on 91—9ft. 

Let q be an interior point of 91 lying on the boundary C of 9ft, 
and suppose that /' is analytic on an arc of C containing q. Then 
the difference between the values of T f (q) on the two edges of C 
is equal to (/'( q))~ • Let £ be a uniformizer at q which is also a boun¬ 
dary uniformizer for 9ft. Let f in 91 correspond to the uniformizer 
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circle | ? | < a about q and write 2R' = n f. Choose q t and q e 
to be points in !, in 9ft and 9R — 2R respectively. We wish to consider 
the difference T f (q t ) — T f (q e ) as q t and q e approach q. Let t t = £(#,.) 

and t e = ((q e ) and, for p € W, z = £{p). By (4.11.1) and (4.1.5)', 
we have for p e W, q' — q t or q e> 


Thus 


-^f (q\ P) = 3? m (q\ p) -f regular terms 


1 

*[?(?') — *] 2 


+ regular terms. 



— 1 


+ *(q'.p) 


where £{q',p) is continuous at q. Also, £? v (q' p) 
at q for p <=■ 9K — W. Then 


is continuous 


T r(<li) ~ T,(q e ) = (J? P (q. t £) — .S? K ( 9e , /,), f'{p)) n 


[qi 


P) — «{q.,p)] (f’(p))~dz 


dW 


+ 


2m 


JL- 


ew 


( !'(P))~dz 


Jits) a! : cala ; p ? d r over w has been evaiuated ^mg to 

^9.8). As q, and q t tend to q, the first two terms tend to zero since the 
integrands are continuous at q. The discontinuity of the last integral 
an be evaluated by Cauchy’s theorem to give (/'(,) In £ 

The co“ 5 » * “T * "H— * * 



If we complete the 
3-t q, and the result 


path along s, we add an integral which vanishes 
may be evaluated by Cauchy’s theorem, giving 
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L ! '■ As q< and 1. tend to q, this yields f'(q) where 

/ \q) - af/dC, t a boundary uniformizer at q. Thus for q t = a - a 
we have 


(6.1.10) T ,[q t ) - T,(q.) = (/'(,))-. 

We observe that 


( 6 . 1 . 11 ) 

On the other hand, 


s /. 


+/, 



( 6 - L12 ) s„ = XT, + XT,. 

Taking in particular X = — i, we have 

(6.M3) S_ t/ = i(T,-T,). 

Also, assuming symmetry of F m , 


(6.1.14) 




■2V(<?• Mil ))-**;) ( 1'm-dA, 



The interchange may be justified if we replace ££* by / F . Similarly 
(but without requiring symmetry) 


(6.1.15) (T fi , £) = J ( J #F(q. MM)~ dA t) f'APWA, = (/;, 

97i 

Finally (with symmetry), we find, by adding (6.1.14) and (6.1.15) 
and taking real parts, 


(6.1.16) 


Re {(S, /')} = Re {(S^.f,)}. 


Thus T is a self-adjoint operator in the Hilbert space with Dirichlet 
metric. On the other hand, T, and hence 5, are self-adjoint operators 
only if we consider a Hilbert space in which the metric is based 
upon the scalar product 

(6.1.17) [/', g'] = Re {(/', g')}- 
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6.2. Scalar Products of Transforms 


The operators defined in Section 6.1 transform the Hilbert space 
Fgjj, which consists of differentials analytic in 2ft, into linear spaces 
of piecewise analytic differentials on SR. In these spaces, the metric 
is again defined by Dirichlet products over SR. In the case of 
differentials which are discontinuous across the boundary of 2ft, 
the scalar product over 9? is the sum of the scalar products 
over 9ft and the components of SR — 2ft. In this section we 
shall investigate two preliminary questions: first, to find certain 
metric relations among these spaces, such as orthogonality; and 
second, to express the metrics over SR of the transformed differentials 

in terms of the metrics over 2ft of the original differentials. 

We show first that 


( 6 . 2 . 1 ) 


~ 0. 


where /„ f 2 are any two differentials of the class F™ on ® In fact 
by (6.1.3)' and (6.1.4), 

( r V */,)«=—J f j lw{q, Pi)(/',(Pi))~ -Sfp(p 2l q){f t {p 2 ))~dA^dA,dA^ 


VI 


+ 



Since 


8t -VI VI 9K 


*>(/!(W)-*-(fc. WM)~dA,dA,dA : . 


{ l *la>Pi),2’*(q,h))n = (&,(q.pj, Xw{a,jj) n 

by (6.1.9), we have 

V,, *,)«=/ J{ f*w(s. W (*»(*. h))~dA] {}' l {p l ))~(r^))-dA,dA, 

vi vi m J *i *1 

P) 18 0rth0g ° naI t0 aI1 differentials of the class F on 


(**(*'Pi). 


"lb™?”:? £ *>• , Th ” ,hc 

mma 6.2.1. The T-transforms and f-transforms of any two dif- 


<r^z % - ~ =iz 

JNext, by (6.1.3), (5.3.27) and (5.4.1): 


over SR. 
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( r /y T f z ) m ~ J J h{q, Pi)(lr(q, p 2 )) {f'i{pi))-ft(p t )dA,dA,\dA c 

an to an J 

+ J {J J MW*. P,))AI[(Pi)mp,)dA z dA z \dA t 

ai—an an an 

= — J J [h(p2> Pi) + r p(p2> Pi)](fi(Pi))-f' 2 {p2) d A x dA gt 

9J1 an 

+ J J r*(h, PMfMYfMdA^dA^ 

an an 

= - J J M&, PMP.))-fMdA z dA v 

an an 

This gives: 

Lemma 6.2.2. The scalar product over 9? of two T-transforms can he 
expressed as a Hermitian form over 9ft with kernel l: 

( 6 . 2 . 2 ) (T fi , T, t ) m = - J J h(h. Pi)(fxQx)))~fMt)dA H dA v 

an an 

Even more simply we have, for the ^-transforms, 


(fv */,)« = 


*f(* . fc) (*f (? ,&))"/; (M(M)-dA.dA H dA t 


(6.2.3) 


9i an an 


= - J J J2V(*,.&) f 1 (P l )(ap i ))-dA z dA H . 


an an 


We are now able to express the product of two S-transforms 
by integrals extended over 9ft. By (6.2.1), (6.2.2) and (6.2.3), 


(S/j, S/ a )m — 
(6.2.4) 


(T fl , T fi ) m + {f h , T, t )* 

- J J l*(H PM(Pi))-fMdA z dA !t 

an 9n 

- J J Xw&vh) f[(PmP*))-dA z dA Zt 

an an 
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Lf( p v p 2 )(/I (p 2 )dA s dA Zi 


m sr 


+ 


J J [ L r(Pi.fa) — L r(Pi, Pi)](f'APi)) i[{p 2 )dA z dA^ 


SR SR 


(6.2.4) 


J J [&r Qx'h)—&ri$» Pi)]{t[{Pi))-f'Ap2)dA z dA 


z 


9)} 9)i 


+ 


J j2*(Pvh){f'APi))-f'Ap 2 )dA z dA Zt 


SR SR 


JJ>' 


SR SR 


Now 

(6.2.5) 


n 

SR SR 


Further, by (4.1.6), (5.1.16), (5.1.16)' and (5.1.18), 


( 6 . 2 . 6 ) 




/>i)](/; (pi))-f'AP^A t dA. 


SR SR 


= 2 V,f =1 Im d >M ( dZ - d U)m) - = 0 


since all terms (<fZ„, d/ t ) m occurring in the above sum vanish for 
differentials of class on 9ft. Similarly 


(6.2.7) 


JJ>' 


SR SR 


Pi)]Ui(Pi))-f'Ap2)dA z dA Zi 


= X £ Im {/?„} (i-T,. <*/,)„ ((**r„ i/,),)- 


The last two terms in (6.2.4) combine to give 

2tIm ( / j**VvWito»-K<PldA H dA 1 

l SR SR *[ 

Substituting these results into (6.2.4), we obtain finally 
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(S v $,,)« = (T fi , T, M + (f T ) 




( 6 . 2 . 8 ) 


= (/I. ![) 


m 


2i Z Im {ft,} (i^, <*/,)„( (*<*•„ *//,)„)- 


/*. »• = ! 


+ 2* Im, 


J J -2V Mx)(fxiPi))-f t {p*)dA H dA H 


TO TO 


In particular, taking f x = / 2 = /, we have 


M«(«S/) — Mr (r r ) + 

(6.2.9) = W*(i/) - 2* I? Im {&,} (**„ df)^((d^ v , d/) m )~. 

/'. v = l 

This formula shows that the norm of the 5-transform is, up to 
a bilinear combination of terms (d& M , df) m equal to the norm of df. 
We observe in particular that 


(6.2.10) N m (f f ) < oo. 

Formula (6.2.9) becomes particularly elegant if J? F (p, q)=&v{q,p). 
In this case of symmetry, we have Im = 0, so 


(6.2.11) N dl (S f ) = Nn(df) = Nn(df) 

since df = 0 in — 2ft. Thus: 

Lemma 6.2.3. If the class F w is symmetric, S f is a norm-preserving 
transformation. 

Let dh be any differential of the class F m , df any differential of 
We shall prove the following lemma: 

Lemma 6.2.4. The discontinuous T-transforms in are orthogonal 
to all analytic differentials of F^, and the scalar product of a T-transform 
in the metric of is a scalar product over 9ft: 

(6.2.12) ( T f , dh)^ = 0, ( T ft dh )<r = [df, dh ) w . 

In fact, 

(T„ dh) x = J j Jj2?,(f. P)(h’ (q))~dA t J (f'(P))-dA, = 0 

TO W 


and 
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= -Jf(fl(*'(«)-<M. = - (df, *)«. 

We point out that from the point of view of the Dirichlet 
metric in ft the operators S f = T f + T f and S_ if = i(T f — T f ) 
are indistinguishable. We clearly have by (6.2.1) 

(6.2.13) (S fi , S ft ) = (S_ ifi> S_ ift ). 

We might equally well have defined S f =T f — F f . Merely for 
definiteness we adopt the definition (6.1.5). 


6.3. The Iterated Operators 


In Section 6.1, various operators were defined for the classes 

which are one of our main interests in this book. However, since 

these operators carry differentials of Wl into differentials analytic 

on 5ft and on ft — Sft, it appears desirable to extend the domain 

of the operators T, T, and 5 to such differentials on ft. We extend 

each differential in into a piecewise analytic differential on ft 

by defining it to be identically zero in ft — 5ft. Instead of formulas 

(6.1.3) and (6.1.4) we shall now use the following extended defini¬ 
tions, viz. 

(6.3.1) T,(q) = /'(£))*, 

and 


(6.3.2) ? >[q) = (/'(£), ^ r{pi 

valid for all differentials piecewise analytic on ft. 

Let Egj be the class of differentials which are regular in the in¬ 
terior of 5ft and in the interior of each component of ft — 2ft, but 
which are not necessarily continuous across the boundary C of 2ft 
We suppose that the differentials of E si have finite norms over SR. 

^ ° f Eh may be distinguished by supposing 
t the differentials of form a corresponding class on 3K and on 
each component of 31-211. In particular, if all the corresponding 
classes are the class M, then D s = E s . We observe that all the 
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results of Sections 6.1 and 6.2 remain valid under these more general 
circumstances. 

\Ve remark that the class is contained in every D^; in particular 
the ^-transform of an arbitrary df also lies in every D SJi . However, 
a class F w will not lie in very D* if F OT contains a proper subclass 
which is also a corresponding class. The operators T and f transform 

a class Dgj into itself, hence the importance of these classes in the 
theory of these operators. 

Now we can iterate our operations, and form operator products 
on differentials of D VJi : 

(6.3.3) (T*(a)), =(J? r (q,p), T,(p)) m , 

(8.3.4) («•*(?)), = (q.p). (*,(*))-)„. 

( 6 . 3 . 5 ) {TT{q)) t =(SP t (q.p). T,(P )),. 

(6.3.6) {fT(q)),= (&F(q,$), (T,(p))~) K 

and, therefore, we have also defined: 

(6.3.7) S 2 = (T + T) 2 = T 2 + TT + fT + f 2 . 

We shall prove, with no assumption of symmetry, that 

(6.3.8) (S’(?)), = /'(?), 
or, symbolically, 

(6.3.8) ' S 2 = I, 

where / stands for the identity transformation. Thus we have: 
Lemma 6.3.1. S is an involutory transformation of Dgj into itself. 
In particular, if / € F TO , this means that (S 2 (<?))/ is equal to f'(q) 
for q in 9DI and equal to zero for q in — 9Jt. This elegant result 
justifies our extension of the operators to the 9t-domain, and forms 
the basis of significant further developments. 

Proof of (6.3.8)' turns essentially upon the formula 

(6.3.9) T 2 = I + f 

which we now proceed to establish, by rather lengthy calculation. 
We assume at first that df is a regular analytic differential in the 
closure of and also in the closure of — SOI. Then df can be written 
as the sum of differentials df it each of which is regular analytic in 
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9?? and in each component of 9? — 2ft, and different from zero in 

one only of these domains. Since all the operators are linear it is 

sufficient to prove all necessary identities for differentials of the 

type dfi. Finally we shall be able to remove the restriction of analyticity 

in the closed regions by a limiting process of the usual form. We 
prove first: 

Lemma 6.3.2. For each differential 2'^p) on 9? such that the class 

F sr ts single-valued on the cycle belonging to and for each 
df e F ot , we have 

(6.3.10) (*;. T,) m = (/', 

In fact, by (5.1.17), (5.1.17)' and (5.1.4) we have 

(6.3.11) (Se F (p,q), 2'„(p))n = {& M {J>, q ), *&)). + Z p e „P QU &' a (q). 

Using (5.1.20) and the fact that ^ M is orthogonal to all differentials 
on Ut, we thus obtain 

(6 - 3 - 12 ) K(P))* = K(q)- 

Now we apply formula (6.3.12) and we derive the relation 


(6.3.13) 


« 5R 

WJ* 


fR 


! 


m 


Si 


This proves the lemma. 

Next, 

(6.3.14) ^ ~ &)• T r(Pi))sft 

~ q), Tffa))* _ 2 i" Z Im {p^}(df, d3r„) K 3^,(q) 

using (4.11.1) and Lemma 6.3.2. Further &*(* a \ ~ v u, \ 
is a differential of class F„, so by (6.2.12)' we have ] ?) 

q) —Se & \p r , q), T f {p,)) n = o 
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or 


( 6 . 3 . 15 ) (<? P (p v g), T / (p 1 )) m = q)> r,(fc)) R . 

Suppose first that f vanishes outside 9ft and is regular in the 
closure of 9ft, and that 9ft is properly imbedded in ft. Let C be the 
boundary of 9ft oriented in the positive sense with respect to 9ft, 
and let — C denote the oppositely oriented boundary. When the 
integration is over C we assume that the boundary values of the 
integrand are derived from 9ft; when the integration is over — C, 
we assume that the boundary values are derived from ft — 9ft. The 
boundary of ft will be denoted by B. Let q be an interior point of 
9ft or of ft — 9ft and let f correspond to the circle | £ | < a at q. 
Integrating by parts we obtain 


{^s(Pi>9)> (~^s(Pi> 9)> '^'/{Pi))%ji (~^s{Pi>9)> 2/(£i ))«—to 


(6.3.16) 


— 2 i j' Ss ^ >v ^ (Tf(Pi)) dz x 

c 

—Jij s s(Pi -?) ( T APA)~ d h 

—C + B 


+ jsslp* 9) (T/{Pi))~dz 1 
a! 

where the variable z x in the boundary integrals is a boundary unifor 
mizer. Now 


(6.3.17) ^7- f S s (Pv 9) (T,(Pi))~ d h = °( J ) as a 

af 

since T f (p x ) is regular near q. By (6.1.10), we have 

(6.3.18) —j.js s {fi 1 ,q){T,(fi 1 ))-dz 1 =—±-.js s (fi v q)f'U> 1 ) d z 1 =f'(q) 

C—C c 

by Cauchy's theorem, using the fact that f'(q) = 0 if q is in ft 9ft. 
In the integral over B, p x is a boundary point of ft, so that p x = fii- 
Then 

(T,(Pi))- = if (PA. &v(Pv PA)* = (f'iPA. *w<fv PA)* 

= (f'(PA. PA)~)*- 
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Thus 


Ji / s s(Pi, q) (T,fa)) -dz 1= -~js s (p v q) [ . PJdA^ dz x 

B B g? 

= J f'(Pz) [~. J Zs(Pi, qmh. W*i] dA H 

91 B J 

= J f{p,) ^p(P 2 , q)dA Xi 


91 


by Cauchy's theorem; 


= (q,fa)f'(p 2 )dA, t + 2i £ Im {/?„}(<*/, dST M ) 9 &',(q) 


a 


/i, v-l 


using (5.1.17) and (5.1.17)'. That is, 


(6.3.19) 


qHT^-dz, 

B 

= ? /(?) + 2 i 27 Im {£„,} (df,dar^3r’ r (q) 

(*, *’-1 


Combining (6.3.14) through (6.3.19) we obtain (6.3 9) 

If jR is not properly imbedded in SR, we let 2R„ be' a sequence 
of surfaces which approach 2R as y. tends to infinity, 2R„C SOT,. C 2R 
If q is a fixed interior point of SIR or of SR - SIR, it is clear that the 
functionals T M , P, for the surface SIR,,' approach the corresponding 
ffunctiona 18 T, f for the surface SIR and therefore (6.3.9) is valid 

To remove the restriction that df is regular in the closure of SIR 
we use the fact, proved m Section 4.13, that we can approximate 
df in the sense of the norm over SIR, by differentials ^regular in 
the closure of SIR. If q is a point of SIR, we have by ( 6 . 1 . 3 ^ 

(6.3.20) 


f T,iq) = ~{h(q, P), f'(p)) m , 

T n{q) = T,"(q) = — (/ P ( ?1 p) t f 


Hence, by the inequality of Schwarz, 


iP))v !• 
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I T,(q) - T n (q) | 2 ^ j J | h(q, p) | | /'(/>) - f n (p) | dA t 

3JI 

^ JI M?. P) ■ J | f'(p) —f n (p ) | 2 dA z . 

9Ji an 

Since the right side tends to zero by (4.13.3), we see that 


(6.3.21) 


T n (q) -> T,(q) 


uniformly in the closure of 9ft. Hence, in particular. 


(6.3.22) 


11 T,(q) — TJq) \*dA : 


0 


sn 


as n tends to infinity. 

If q is in the interior of 91 — 9ft, then 


T,(q) = (J? F (q, p), f'{p)) n , 

T„(q) = (se r (q,p), i' n (p)U, 


where &?{q, p) as a function of p is bounded. Hence (6.3.21) holds 
uniformly for q in any compact domain interior to 9t — 9ft. 
Suppose that q is an interior point of 9ft, in which case 


(T*(q)),- (r*(?)). = - J Mf. P)(T,{P) - T„(p))~dA z 

9Jl 

+ Jjy p (q, P)(T,(P) - T„(p))-dA z . 

m—sji 

By the Schwarz inequality 

J/rte. P)(T,(P) - T n (p))~dA z 

^ (J \h{q,P)\*dA z 

1 9Ji 

and the right side tends to zero as n approaches infinity by (6.3.22) 
Let 3 denote a compact region interior to 3t — SDL Given e > 0, we 



T,(p) - T n (j>) | 2 dA 
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can choose g such that 


/' 


JR—2R-3 

By the Schwarz inequality 


/ 


T n (P))~dA , 


JR—2R-3 


{JVW?. P)VdA^U 


T n (p) I* dA 


JR—SR—0 ' ' JR—J[R—3 

where, by the triangle inequality, 

Ifl T f (p)-T n [p)\^dA^f f 

(n rm * V ** 



k 


+ 


91—SR—0 


By (6.2.9) 



(P)\ 2 dA 


JR—SR—o ' ' 9t—«[R—3 

^{ N m(T f )}i +{N 9 (T„)}i. 


N x( T /) ^N m (df) + 2 £ | Im ft,| | i/) m 

0 . 

Since 


(**»*/) J. 


we have 


where 


(d&„df) m | ?£ {AT OT (^)}i {JV„(rf/)}», 


^ = 1 + ^ fj Im A- I {tf K («r,)}t 


is a number depending only on !R. Similarly 

N*(T n ) g AN m {dfJ. 

Since N m (df n ) tends to N m (df), we have 



I T ,U>) — T n (p)\*dA 

JR—SR—3 

where B is independent of n. Thus 


z 


r~ B> 


i 


T»(P))-dA t 


JR—SR—3 


Be. 
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For fixed Q, 

J P){T,(P) - T„[p))-dA, -> 0 
0 

by the uniform convergence. Since e is arbitrary, it follows that 

for each q in the interior of 

Suppose that q is a fixed interior point of 9? — Then 

J *w[q. P)(T,(P) - T n (p))-dA t -* 0 

as n approaches infinity, and it remains to show that 

J [q, p)(T,{p) - T n {p))~dA, -* 0. 

ER—Sfl 

Let 3 be a compact subdomain lying in the interior of 9? — and 
containing the point q in its interior. By choice of Q we again have 


J &r(q, p)(T,[p) — T„{p))~dA t 

ER—93?—0 


< Be. 


Let f b be the circle | £ | < b at q. Then 

JVp( f. P)(T,(P) - T„(p))-dA, 

0 

= J-Sfr(9. P)(T f (p)-T n (p))~dA. 

-^El(q,p){T,(p)-T n (p))-dz, 

where the integral over f b has been evaluated according to (4.9.8). 
Here the right side tends to zero by the uniform convergence. It 
follows that 

(T*(q)) n -+(T*(q))„ 
for each q in the interior of 9? — 9ft. 
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It is obvious that 

*«(*)-*/(*) 

for each q in the interior of Further, f' n (q) tends to /' (q) for each 
q in 91 which is not on the boundary C of 9ft. Since (6.3.9) is valid 
for /„, it remains valid in the limit for each q in the interior of 2ft 
or in the interior of 21 — 2ft. 

This removes the restriction that /' is regular in the closure of 2ft. 
Finally, the same argument applies to the case where /' is different 
from zero in one of the components of fft— 2ft, and (6.3.9) is there¬ 
fore proved in general. 

Next, we have the much easier identity 

(6.3.24) (4*(f)), = - f /{q)> or « - f. 

This follows from (4.11.7), since T f € F a . In fact. 

Finally, it can be shown that 

(6.3.25) Tf = fT = 0. 

The first relation follows from (4.11.6). For the second we have 

= J A))-/’(Pi)dAjdA, t 

« * J 

= J /'(Pi) \]fM&rffi* Pi))-dA']dA h =0, 

« 91 J 

since ^pi (p 2 ,pi) is orthogonal to &v(q,]> 2 ) by (4.11.6). 

Collecting these results, namely (6.3.7), (6.3.9), (6.3.24) and 

(6.3.25) , we have 

52 = (r + f)»= r* + T f + f T + f2 

=/+^+o+o— 2* = /. 

We summarize the relations between the operators T, f and S 
in the following theorem: 

Theorem 6.3.1. The operators T, T and S satisfy 

T 2 = I + f, f* = _ Tf = TT = 0. S* = i 
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6.4. Spaces of Piecewise Analytic Differentials 

The subclass of Dgj composed of differentials which are orthogonal 
to the differentials of will be denoted by O^. By (6.2.12) we see 
that T f belongs to O^. 

We show first that 


In fact, let a differential dh of be given. We determine the or¬ 
thogonal projection of dh into the space F*, that is, we determine 
the differential df of F* for which N m (dh — df) is a minimum. The 
existence of such a differential df is guaranteed by the completeness 
of the Hilbert space. The difference dh — df is clearly orthogonal 
to each differential dg in F 4jl . This is geometrically obvious, and also 
follows from the usual analytic argument, depending upon the 

minimum property of df. Thus, if dg e F^, and e is an arbitrary 
complex number, 

N m (dh — df — edg) = (dh — df) — 2 Re {e(dh — df, dg) m } 

+ M 2 tf«Mf) = Nfftidh — df), 

whence 

(dh — df, dg)^ = 0. 

Thus dh — df belongs to O^. It follows that C -f- F M . But 
it is obvious that D m D O m + F a{ , so (6.4.1) is true. 

By T(F^) we mean the class of differentials T f , df e F w , and 
T(Fgj) = 0 means that each differential of TfF^) is zero. We now 
prove that 

(6.4.2) r(F„) = 0 , 3T(F r ) = F*. T( O k ) C O*. f (O*) = 0 . 

The first relation is a consequence of (4.11.6). By (4.11.7), we have 

f/te) = (/m ** (a ?))« = -/' (?). 

which proves the second relation. To prove the third, suppose that 
dg e Og*, df e F w . Then 

(/', T t ) = J /'(*,)[ J (STwfa, P,))-g'{P,)dA\^dA H 

k m 

= J g'ipi) [ J (^- (P* Px))-r<h)*A^iA H = 0 , 

81 8i 
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again by (4.11.6). Finally, for dg e O^, we have 

?,(?) = tem sr,(f>,t)) n = o 

since 3??(p , q), as a differential in p, belongs to F^. This proves 
the fourth relation. 

Combining (6.4.1) and (6.4.2), we have 

(6.4.3) r(D a ) C Ojj, f(D m ) = F B> T*(D„) C T( O b ) C O s . 

Now we are able to characterize the operators T and T by their 
projection properties in the space D s . In fact, let df be an arbitrary 
differential of D K ; from (6.3.9), we have 

(6.4.4) d f = Tf — T f . 

Using the second and third relations (6.4.3), we see that (6.4.4) is 
just an explicit representation of the orthogonal projections of df 
into Fjjj and Ogj. Thus T 2 and — T appear as the projection operators 
of an element of onto the spaces O k and F^ respectively. 

In particular, if df € O m , then f, = 0 so (6.4.4) becomes 

T) ~ df 
or 

= cv 

But by (6.4.2), 

r*(o„) = T(T( o B )) C T( O b ) c o ffi . 

Ihus 

( 6 - 4 - 2 )' T( O a ) = O s 

and hence 

(6 - 4 ' 3 )' T( D h ) = O w . 


6.5. Conditions for the Vanishing of a Differential 

We now consider the subclass O ffl of consisting of elements 
which are orthogonal to all elements of F a . We remark that the class 
si is non-tnvial, smce SR has a boundary. Since d) belongs 
to F„, every differential df of the class O m satisfies 

(6,6 ' 1 ) T,(q) = 0, q e SR. 
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In fact, by (6.3.2), 

(6.5.1) ' **,(?) = (/'(/>), Sf r (p, q~)) x = 0. 

For df e we write 

(6 * 5 ' 2 ) 7/te) = q), /'(*))«. 

It is clear that / ,(q) is an analytic function of q in $ft— 9ft For 
qeW, 

JAq) = — (ip{j>, q), t'(p)U 

so that J,(q ) is also regular in the closure of 2R. For df e O ra and 
q on the boundary of 9f, so that q = q, we have J,(q) = 0 by (6.5.1)'. 
By analytic continuation, we then have 

(6.5.2) ' J,(q)=0, q e m—m, df(O m . 

Thus the elements of O to satisfy the conditions (6.5.1) and (6.5.2)'. 
We prove next: 

Lemma 6.5.1. If df is in O to , then (T 2 (q)) f is regular in the closure 
of 9ft. 

For every df e F m we have 

(6.5.3) (& F (q, P), f'(p)) m = - (l F (q, f), f(p)) m 

and hence this expression is regular in q throughout the closure of 9)1. 
In particular T f (q), considered for q in 931, is in F OT ; thus 

(J? F (q,p), T f (fi)) m 

is regular in q in the closure of 9ft. If df c O ot , then for q e — 9ft 
we have by (6.5.2)' 


T f (q) = P), /'(*))* = (^f (q, P) - X* <fi. q), f (P ))» 


(6.5.4) 

using (5.1.17), 


= 2i Zlm{f}» v }£?^q){d& v> df)K 

/i, V = 1 

(5.1.17)' and (5.1.18). Moreover 


re 5 si (^.p). p), ar t m)* 

1 ' - {LAq, P), 2T'AP))n + (/p(?- p). K<P))* 

and these terms are regular in the closure of 9ft. This is obvious 
in the case of the last term. Using (4.10.8) and the formulas of 
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Section 5.1, the first term is 

E ft* P 99 (q) 

y= l 

while the second is 

E a^ P (e cv )~ Z^q) 

m, y=i 

and these expressions are regular in the closure of 9ft. Using (6.5.4) 
and (6.5.5), together with our remarks concerning regularity, we 
see that 

PI —5JI 

is regular in the closure of 9ft. Thus 

(r%)), = P), T,(p)) m + (se,[q, P), T,(p)) m _ w 

is regular in the closure of 9ft. This proves the lemma. 

By (6.3.9), we have 

(6.5.6) (r*(*)), = /'(?) + f,{q). 

However, for df e O w , f, = 0 by (6.5.1), so (6.5.6) impUes 

( 6 - 5 - 6 )' (*•(*)), - /'(?)• 

Combining (6.5.6)' with the preceding lemma, we have 

Lemma 6.5.2. Each differential of the class is regular analytic 
in the closure of 9ft. 

Suppose that 9ft is properly imbedded in $ft. Since 

/>(?) T r (q) = 2i £ Im{p H ,}(d& IJ ,df) K &l(q) 

M. *-l 

is continuous as q crosses the boundary of 9ft, and df is regular 
on the boundary of 9ft, it follows from (6.1.10) that 

JMi) - J,(q.) = TMi) - T f (q,) = (/'(*))«, 

where f'(q) — df/dC, f a boundary uniformizer at q. But by (6.5.2)', 
//(&) = 0. Thus J f (q) has in 9ft the boundary values (f'(q))~. There¬ 
fore the differentials f{j>) + J f (p) and (/'(«-/,(«)/», which are 

regular everywhere m the closure of 9ft, are real on the boundary 
and we have J 
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^ 6 ‘ 5 ' 7 ) t (P) + JAP) — Z a M Z'AP), real, 

/i=i 

(6.5.8) (/'(/>)-/,(/>))/, = E b, Z», K re al. 

t*=l 

Combining these equations we obtain 

(6.5.9) f'(p) = z c.Z'^p), c„ =i- («„ + *i„). 

A*=l - 

If is the class S, we conclude immediately that f'[p) = 0 bv 
Lemma 4.8.1. y 

If F^ is not the class S, then we can conclude that f(p) = 0 

if the corresponding classes and the imbedding are such that it is 

possible for a differential of F^ to have non-vanishing periods on any 

cycle of 9)? not included in the period restrictions for F m . In fact, let 

F w = F 9* (h> **. * * *, h) where 0 ^ l < G. Given any cycle K v of 9ft, 

v ^ h> * * *» h> there is an integral W v of the first kind such that 
d.W v e F^ and 

(6.5.10) (dW v , dZ „) = — P(dW v , K,) = S vfl . 

On the other hand, each d\V v is in F^ and therefore orthogonal to 
df € Oyn- By (6.5.9) and (6.5.10) we have 

G 

(6.5.11) ( dW v , df ) S0l = Z c,, d yfi = c v = 0, v ^ i v i 2 , • • •, i lt 


(6.5.12) f'(p) = Zc ir Z' ir (p). 

T = 1 

But df e F m , so we have 


(6.5.13) (, if , dZJ m = Zc { r u =0, v = 1, 2,•••,/. 


T V 


Since the matrix || r ixip || is non-singular because of the proper im¬ 
bedding hypothesis, it follows that c ix = 0, r = 1, 2, • • •, l. Hence 

f'(P) = 0 . 

For the existence of the differentials dW v e F w we must suppose 
that the class F^ is the minimal corresponding class on 9ft, i.e., that 
F^ contains no proper subclass (with period restrictions on additional 
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cycles K v ) which is also a corresponding class. In addition we suppose 
that the imbedding is essential (see Section 5.1). Then we have the 
following 

Lemma 6.5.3. Let 9k be properly and essentially imbedded in 
and let F m be the minimal corresponding class on 9k. Then the only 
element of which lies in is the zero differential. 

We remark that the conclusion f'{p) =s 0 remains valid under 
the weaker assumption that any boundary component C„ of 9k 
which is homologous to zero on 9? but not on 9k be a cycle K { 
associated with the class F TO . However, some hypothesis of this 
nature is essential. For consider the case in which F w = M, and 
suppose that there is a boundary component C„ of 9k, which is 
homologous to zero on «R but not on 9k. Let Z' 2h+fx be the differential 
of the first kind on 9k corresponding to the boundary cycle C fl . Then 

(6.5.14) f(q) = (Z' u+I1 (p), &M(P,q)) m =-(P(J? M (p,q),C,))-=0 
since C„ is homologous to zero on 9L Similarly, for q € 9? — 9k, 

(6.5.14) ' J(q) = (J? M (p, q), Z^ +ll (p)) m = _ q), C„) = 0. 

Hence, for the particular differential Z[ h+fl (p) of class M on 2J1, 

T[q) is zero for q <= 31 and J{q) is zero for q e SR — ffll, but Z' lj>) 
is not identically zero. “ 

We observe that the equation (6.5.1) characterizes the class 
°*> that is - if vanishes identically for df « F K , then df e O^. 
For let dh be any differential of class F w . Then by (6.2.12), 

(6.5.15) (< If , dh) n = — (T„ dh) m = 0. 

The same conclusion follows if we know merely that T f vanishes 
in SR SOI, since f, is analytic in 9L Thus by Lemma 6.5.3 we have 
Lemma 6.5.4. Under the hypotheses of the preceding lemma , if 
1, vanishes in SR — 3)1 and df e F^, then df vanishes identically. 

Let us make an application of this lemma to properties of the 
norm of an operator. If F s is symmetric, we have by (6.2.11) 

(6 - 5 ' 16 ) *niS,) = N m(T f ) + N u {f,) = N m (df). 

From this identity we conclude that 
(6.5.17) Nm{df) ^ Nm{T/)> NnW) ^ 
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If equality occurs in either relation, then f, = 0 in SR_2J1 This 

implies 

Lemma 6.5.5. Let 9ft and satisfy the conditions of Lemma 6.5.3, 
and let F K be symmetric. Then for any non-zero differential of F 
we have the proper inequalities W * 


(6.5.18) 


N*W)>N w (T,). 
*nW) >N n (T f ). 


Let us derive a similar result for the S-operator. We make the 
same assumptions that were made in the preceding lemma. By 
(6.2.11) we have 


( 6 - 5 - 19 ) N m (S,)<N n [df). 

unless S,(q) = 0 in 3} — 3)1. If S,(q) = 0 in SR — 3fi, we have 



g'(q), q* an. 

0, q € SR — 



where g' is regular analytic in the closure of 9ft since S, is regular 
analytic in the closure of 9ft for every differential of F TO . By (6.3.8), 

(S 2 (q)), = S,(q) = /'(?). 

Since S 0 (q) is regular analytic in the closure of 9ft, so is f(q). By 

( 6 . 1 . 10 ), 


SMi) = SMi)S,(q.) = T f (q t ) - T,(q e ) = (/'(?))- 

where f'(q) = dffd f, f a boundary uniformizer at q. Therefore 
/'(^) + S f (q) and (/' (q) — S f (q))/i are differentials of 9ft, so 


(6.5.20) 


/'(?) + s Aq) = a » real > 

/i=l 


(/'(?) — S,(q))fi = Z buZ'^q), b M real. 

/i=i 

/'(?)=! 1 («„ + ib^Z'^q). 

- /i = l 

By (6.2.12), we have for any differential dh of F^, 

(Sf, dh)m = ( S f , ^A)g^ = (^/> ^0»i» 


Hence 

(6.5.21) 
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that is, 

(6.5.22) (S, + df, dh) m = 0. 

Equation (6.5.22) shows that S f + df lies in O ot . By Lemma 6.5.3 
we therefore conclude that 


(6.5.23) S,(q) + l'{q) = 0, a, = 0 , p = 1 , 2 , • • *, G. 

Thus 

(6.5.24) f'(q) = 1 

z p=i 

Conversely, it is readily verified that each differential of the form 
(6.5.24) satisfies (6.5.23). For a general differential df € F^, 


S,(q) = — (!f(7, p), (m)-) n 

= -{k(q.t). mu-fyiq.f), {P{P))-)m —/’(?). 

that is, 


(6.5.25) 


S/(f) + /'(?) = - J h(q.p)(f{p))-dA, 

9JZ 


Now substitute the special differential (6.5.24) into the general 
identity (6.5.25); we obtain 


S,(?) + /'(?) = ~\ J h(q, P) Sb,{Z'^))-dA t 


-jwq.f) ZKZ'^dA, } 

•re m ^ 

= —Y| Zb,[P(h(p. q).K„)-(P(h(p,g),K ll ))-} 1 = 0 


smce 


(6.5.26) ( P{hiPi g )t *„))- = P(l F (p i q)i K „) 

because of the symmetry of the class F s (and therefore also of F„). 

We have therefore proved that (6.6.19) is satisfied unless df is 
of the special form (6.6.24). In this case there is equality of norms. 
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Under the hypotheses of Lemma 6.5.5, we have the proper inequa- 
lity ^ 

( 6 - 5 - 27 ) N n (f t ) > 0 

for each non-zero df € F TO . We now consider the possibility that 

N m (T f ) = 0 

for every df e F m . This can occur if and only if 

( 6 - 5 - 28 ) If {P , q) = 0 in 2R. 

In fact, for df = l ¥ (p , q) c F w we have, for q 

TM) = — N n(b(P> ?))• 

An example in which (6.5.28) holds is provided by the case in which 

2J? is a circular disc concentrically imbedded in another circular 
disc 9L 

In the case (6.5.28) we have 5, = f, in SR since T f ~ 0. Thus, for 
example, the set of possible exceptions (6.5.24) to (6.5.19) must be 
empty, by Lemma 6.5.5. On the whole, the effect of (6.5.28) is only 
to exclude certain possibilities which may occur in the general case. 
If either F w = S or = S we can show that (6.5.28) is possible 
only if 5DI is simply connected. 

Suppose that F m = S. Then, since the class is assumed to be 
symmetric, must be of genus zero. In this case the function 

s s(P. q) = J &s(p. q)dp 

is schlicht and maps 91 onto a plane surface with maximal external 
area (cf. Section 4.12). It follows that s (p , q) ^ 0 at each point 
p e 9L Now let C be the boundary of 9JL In the case (6.5.28) we have 
for p, q e C 

&s(P> q)dpdq = L s (p, q)dpdq = real. 

Let q be a fixed point of C; then 

Im {S s (p, q)} = constant 

on each component of C. Therefore S s (p, q), which has a simple pole 
at p = q, maps onto a parallel slit domain where each boundary 
component of C goes into a straight line parallel to the real axis. 
The boundary component of C which contains q is mapped into a 
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line containing the point at infinity, while the other components are 
mapped into finite segments. But £e s (p,q) must vanish at those 
points p eC which correspond to finite endpoints of these segments. 
Since & s {p, q) ^ 0 in 9? and 9ft is properly imbedded in the only 
possibility is that 9ft is mapped onto a half-plane. Thus 9ft is simply- 
connected. 

After a linear transformation we may suppose that fft is the exterior 
of m 0 Jordan curves B lt • • *, B mQ on the z-sphere and that 9)1 is the 
exterior of a large circle which encloses the boundary curves of 
in its interior. Under these circumstances we have 


Lsifi, q) = 


1 


n(z~ f) 


and therefore 


q) = 


7l(z -C) 2 

The boundary curves of SR are characterized by the differential 
equations 

dzdC 

(TTfji = real. Z A*B. 

Integrating with respect to 2 and f we find that 


(6.5.29) 


fl Z 2 C 


- real 


Z 1 Z 2 -Cl 

provided that z lt z 2 lie on the same component B„ and J a on the 

same component B,. From (6.5.29) we concluded that each boundary 

B, must be a circle through z, and z„ i.e. that 3? is bounded by a 

single circle. Thus, in the case F m = S, the hypothesis (6.5.28) 

implies that the imbedding of SOI into 3} is conformally equivalent to 

the concentric imbedding of one disc in a larger one. 

Assume next that F*, is the class S. Then SOI must be of genus zero. 
In this case the function 


1 


IS schlicht on Dfl and maps it onto a subdomain of the sphere with 
maximum external area. Hence W s (p, q) is schlicht in a slightly 
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larger domain 9ft'. Under the hypothesis (6.5.28), the function 

S F (p, q) = Jo2V (p, q)dp 

coincides with W s (p, q) in 9ft and therefore in 9ft'. In particular, it 
follows that f (p, q) ^ 0 for p eW and we conclude as before that 
9ft must be simply-connected. 

6.6. Bounds for the Operators T and T 

We suppose that the hypotheses used in Section 6.5 are satisfied, 
namely: 9ft is properly and essentially embedded in 9? and 
q) = (q, p) and is minimal. We remark that if = S, 

the assumption concerning essential imbedding may be dropped. 

We recall that a differential df of F^ is defined to be zero in 
91 — 9ft, and therefore a differential of F^ is transformed by the 
operators into a differential of E w , and not necessarily into a differen¬ 
tial of F ot . We may, however, define a new differential which coincides 
with the transformed differential in 9ft, and vanishes in 91 — 9ft. 
This differential belongs therefore to F w . In this way we define new 
operators t f (q), t f (q) and s f (q), which have F^ as domain and range. 
Thus, for instance, 

f T,(q), q< SR, 

*/(?)= }0, ? <r3t — 3JI. 

In the following formulas we shall be concerned with operations in 
the domain 9ft only. Therefore norms and scalar products without 
subscripts designating the domain of integration are assumed to 
be taken over 9ft. 

Let the non-zero differentials of F^ be normalized by the con¬ 
dition that 

(6.6.1) N(df) = 1. 

We shall prove the following theorem: 

Theorem 6.6.1. There are real numbers X and p, each greater than 
unity, such that 

1 

(6.6.2) N{t f ) ^ 


(6.6.3) 
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There is equality in (6.6.3) for at least one differential of satisfying 
(6.6.1). The same statement applies to (6.6.2) except in the case (6.5.28). 
Thus t and l have hounds which are less than one. 

The proofs of (6.6.2) and (6.6.3) turn on the fact that, for q c 9R, 

(6.6.4) t,(q) = - (l F (q, p), f'(p ))„, 

( 6 . 6 . 5 ) = (/'(*))-)„. 

where l F (p, q) and are regular in the closure of 3R. The 

regularity in 9R of ££f (q,fi) is a consequence of the proper embedding. 

Let {df v } be a sequence of differentials of satisfying the nor¬ 
malization condition (6.6.1), and suppose that df v converges pointwise 
to a differential df as v becomes infinite, the convergence being 

uniform in any compact subdomain W lying in the interior of 501. 
Then 

N vrW) = lim N w {dfy) <; 1. 

*-►00 

Letting W tend to 3J1, we see that 


(•■«■«) (df) = N{df) ^ 1. 

Thus the limit differential also belongs to the class , with norm 
bounded by unity. 

Given e > 0, let W be chosen such that, uniformly in q, 

(6.6.7) 

Writing 


JI P) | 2 d,A % 


<e 2 . 


an—ar 


we have, for q c 9ft, 


t,(q) = t,'(q), 


t,(q) 


( 6 . 6 . 8 ) 


U{q) | g J | h(q, p) | | /'(*)— fo) | dA, 


9R' 


+ 


JI M?. P) I I /'(/>)— f.ij>)\dA„ 


an-ar 


By the uniform convergence there is a number v 0 = v 0 (e) such that 


(6.6.9) 


Jim?- p)\ \np)-m\dA, 


an' 
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if v = v 0 • By the Schwarz inequality and the triangle inequality 


M?. P) | | f'iP) — flip) | dA 


( 6 . 6 . 10 ) 


SOI—TO' 

1 

^ j J \ lr(q,p)\*dA 

9JI—9)?' 


► 4 


JI m 


KiP) I 2 dA 






< 



/f(?,/>) 2 <M 


9Ji—9JI' 


i 


11 /'(/>) 


dA 


i 


9fl—SR' 


+ 


[ JI ) 


2 <fi4 


i 


^ 2c, 


9)1—TO' 


by (6.6.6) and (6.6.7). Hence by (6.6.8), (6.6.9) and (6.6.10) we have, 
for q e 9ft, 


( 6 . 6 . 11 ) 


t f (q)—t v (q) < 3e, 


provided that v ^ v 0 . Thus t v (q) converges uniformly to t f (q) in the 
closure of 9ft and, in particular, 

(6.6.12) N(t, — U)-» 0, N(t v ) N{t ,), 


as v becomes infinite. The same conclusions are valid for l f . 

We remark that the above reasoning depends in an essential way 
on the fact that h(q,p) and &v(q,p) are regular throughout the 
closure of 9ft. This is illustrated by the following instructive example. 
Let { dcp v } be a complete orthonormal system for the class F VJJZ , and 
write 

/,(?) = —<p'M = J Lv(q,fi)<p',(P)dA z . 

9)i 


We have 

5 I <p'M) I 2 < «> 

V = 1 


for any q in the interior of 9ft, so y v (q) tends to zero as v tends to 
infinity and, in fact, uniformly in any compact subdomain lying in 
the interior of 9ft. Therefore 
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where I(q) = 0, but 

lim N(I,) = 1 ^N(I) - 0. 

p—>co 

The reason for this behavior is centered in the fact that L F (p,fi) 
becomes infinite as p approaches a boundary point of 3ft. 

Let d be the least upper bound of N(t f ) for differentials /' of 
satisfying the normalization condition (6.6.1), and let {/'} be a 
sequence of differentials for which 

N{f,) -> d 

as v tends to infinity. A subsequence of the f v which we may take 
to be the whole sequence, converges uniformly on any compact 
subdomain 3ft' of 3ft to a differential f of F m satisfying (6.6.6). By 

(6.6.12) we have 

(6.6.13) A 7(t f ) = d. 

If d is positive, we conclude that f'(p) is not identically zero 
and it then follows from (6.5.18) that 

( 6 - 6 - 14 ) N(t,) = d< N(df) ^ 1. 

For the differential /' satisfying (6.6.13) we must have N{df) = 1. 

Otherwise we could multiply df by a number b > 1 such that IV (bdf) — 1 
and we would have 

N(t bf ) = bH > d, 

a contradiction. Taking A 2 = 1 /d, we obtain (6.6.2). The case d= 0 

corresponds to (6.5.28). In this case, the inequality (6.6.2) holds for 

every choice of A > 1, but there is never equality. 

A precisely similar argument gives (6.6.3). In this case, we have 
* > 0 by (6.5.27). 

For differentials which are not normalized by the condition (6.6.1) 
the inequalities become 

(6.6.2)' N{t/) <; N W) i 

N(l,) g 

e 2 


(6.6.3)' 
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6.7. Spectral Theory of the t- operator 


Two types of convergence of sequences of differentials have been 
considered, namely, (a) pointwise convergence of a sequence df„ 
which is uniform in each compact interior subdomain of SCR, and (b) 
convergence of the elements df v in the metric of the Hilbert space 
F^. It is also useful to interpret the first type of convergence in 
terms of the concepts of Hilbert space. Let dtp be an arbitrary element 
of this space. From the first type of convergence of the sequence 
df v to a limit differential df we immediately conclude that 

lim (df v , dtp) = (df, dtp). 

*->oo 

This type of convergence of {df v } to an element df of the Hilbert 
space is called weak convergence. The significance of the formula 
(6.6.12) may then be expressed as follows: the operators t f and l f 
transform each weakly convergent sequence in the Hilbert space 
into a properly, or strongly, convergent one. 

This property of operators was called by Hilbert “complete con¬ 
tinuity” and a large part of his theory on forms of infinitely many 
variables was based on this concept. By the reasoning of the last 
section, one can show that a completely continuous operator is always 
bounded. 

In the preceding section we proved that the operators t f and l f , 
and therefore also s f , are bounded. The general theory of Hermitian 
linear operators in Hilbert space guarantees the existence of a 
discrete spectrum of eigen-values for the operator l f . By similar 
reasoning, we would be able to derive the same result for the other 
two operators. However, in order to make our representation of the 
theory self-contained, we shall build up the spectral theory for all 
three operators from more elementary concepts, making use of the 
particularly simple properties of these operators. In this way we are 
also led to certain interesting realizations of the abstract Hilbert 

space. 

We suppose that the assumptions made at the beginning of Sec¬ 
tion 6.6 are satisfied, and we investigate the eigen-values and eigen- 
differentials of the following three integral equations for differentials 

df(q) of F to : 
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(6.7.1) 

df(q) = M r [q), 

(6.7.2) 

df(q) = ol f (q), 

(6.7.3) 

df(q) = as,(q). 


We begin with the eigen-value problem (6.7.1), and we observe that 

(6.7.4) t,(q) = (X,(q, fi), f (p )) w = - (l F [g. *), /'ft))*,, 

(6.7.5) (t 2 (q)) f = (-Sfpfo, £), t f (P))m = — (fc(?» £), t f (P)) m , 

(6.7.6) ™ ® 

= J 0F&. q)r(h)dA, t 

an 

where by (5.3.20) and (5.4.1) 


(6.7.7) <?,(£ ?) = J Mr, ?)(M r > = —lr($, q) —/V$, g). 

3H 

Here r\ is a local uniformizer at r. This shows that the iterated t - 
operator is Hermitian. 

We have from (6.1.14) that 

(6 - 7 - 8 ) (*/. dg) = (/,, df). 

From (6.7.8) we observe that the 1-operator is not self adjoint 
in the Hilbert space with the norm [df. dg). For just this reason we 
introduced in Section 6.1 another scalar product, namely 

[df, dg] = Re {(df, dg)}, 

with respect to which the operator t is self-adjoint. We remark further 

that in the new metric based on [df. dg], the norm of each differential 
is the same as before. 


We shall now prove the existence of eigen-differentials and eigen¬ 
values of the integral equation (6.7.1) by considering extremum 
problems m the Hilbert space with the metric [df dg] 

S et s r::„^ firs v v , t i_vaiues ^ ■ • •• * 0^0^ 

g n differentials d<p x , • • •, dtp, are known. They satisfy 
(6-7 ‘ 9) #*(?) = 
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Consider now all differentials df of F TO , measured by the scalar 
product [df, dg]. Since 

[df + Xdh, df + Xdh] = [df, df] + 2R e{X(df, dh)} + | A | 2 [dh, dh], 

we observe that these differentials form a Hilbert space if multi¬ 
plication with real numbers only is permitted. For in this case the 
above identity takes the form 

[df + Xdh, df + Xdh] = [df, df] + 2 X[df, dh] + A 2 [dh, dh]. 

We are thus led to a “real” Hilbert space F ^ in which linear depen¬ 
dence is defined in the real sense. Each non-zero differential df of 
the Hilbert space F OT leads thus to two independent elements df 
and idf of F m . In particular, setting d<p_ k = idy k and X_ k = — X k , 
k = 1, 2, • • *, v, we have an orthonormal set of 2v eigen-differentials 
in We remark that a differential df which is orthogonal to both 
d<p k and d(p_ k in F ^ is orthogonal to dcp k in F OT , and conversely. 
Among all differentials df e satisfying the side conditions 

(6.7.10) N(df) = l, [df, d<p k ] = 0, k = ±l,±2,---,±v, 
there is at least one, say df = d<p v+1 , which maximizes 

(6.7.11) [df.t,] = Re{(df,t,)}. 

We remark that 


max [df, t f ] = (dcp v+1 , t^) ^ 0. 

For if df satisfies the conditions, so does the differential e t0 df, 6 
real, and we have 

(6.7.12) (e i0 df,t' i0f ) = « 2i9 ( df.t,). 

Given any admissible dj we can, by choice of 6, always make 

(6.7.13) [e iB df, t ,.. ] = R e{e™(df, t,)} ^ 0. 

C 7 


Moreover, if 

W, t f ) * 0 , 

we can choose 6 such that there will be inequality in (6.7.13). Further, 
a maximizing differential d(p v+l must satisfy 

[d<P,+v t(p v+l ] = (d^v+i* *<p v+ 1 )» 
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for if Im { (d<p y+1 , ^ +1 )} ^0 we can choose 0 such that, for df — 

eid d<Pv+v the value l t\ exceeds [% +1 , t 9p+1 ]- On the other hand, 

we observe from (6.6.2)' that 

(6.7.14) | (df, t,) | g {N(df)}i g ^ = 1, 

A A 

where A > 1. Hence 

(6.7.15) 0 ^ max [df, t f ] ^ A > 1. 

Writing 

(6.7.16) max [df, t f ] = (i«p, +1 , 1 ) = -L, 

’ +1 ^+i 

we therefore have 


( 6 - 7 - 17 ) 1 < A„ +1 ^ oo. 

Assume that A v+1 < oo. Let dtp be a differential of which is 

orthogonal to d<p lt d<p t , ■ ■ dip, and let dg = d<p, +1 + edtp. Then 

[dS ’ l ° ] = ;~ + 2 M<d<p, + Re ( £2 (^, i v )}, 

and it follows that 


[dg, t,] ^ A y+1 + 2Re ^(^''^ +1 )} + Re{e 2 (rf?>,g} 

1 + 2Re{e(^, d<p v+1 )} + | e \*N(dip) 

_ 1 ! 

~ + 2 Re H( d <p> V +1 ) - *».«)]} + o(| e i*) 

^ 1 



Since e is 

(6.7.18) 

or 


an arbitrary complex number, we have 

(dip, thp, +1 ) = A, +1 (d<p, t ), 

*9+1' 


(6.7.19) 

From (6.7.19) 

(6.7.20) 


[d<p, d 9 , +1 - A „ +1 1 ) = o. 

we conclude that 

d <p, + i = K +1 1 . 
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In fact, the differential 

^/r+l == &P9+1 ^*-+1 ^ 

is orthogonal to all differentials dcp which are orthogonal to dq> lt •••, dy,. 
We can also show that df v+l is orthogonal to all dq> Q , q = 1, 2, • • •, v. 
By (6.7.8) we have 

(*Uv = (d ( Pt+i> d<Pe) ^*-+i(^ r+1 » dtp Q ) 

~ ^r+l (!<Pq> ^Vv+l)' 

Hence, by (6.7.9), 

{dfv+ 1 * dtPo) — KM 1 (^ ( pe, dcp, +1 ) = 0. 

Since the space can be decomposed into the linear space of the 
d<p Q , q = 1, 2, • • •, v, and its orthogonal complement, df 9+1 is ortho¬ 
gonal to every differential of and hence is identically zero. Thus 

(6.7.20) is proved. 

It is clear that d<p_ v _ x = id(p v+l minimizes (6.7.11) under the side 
conditions (6.7.10) and corresponds to the eigen-value A_ r-1 = — X r+l . 
Further 

[<*?>_,- 1 . d <p.+i\ = Re i iN ( d <p, + i)} = °: 

that is, the differentials dq> k , k = ± 1, ± 2, • • •, ± (v -f- 1), form 
an orthonormal set in F The differentials d(p k , k = 1, 2, • • *, v + 1, 
form an orthonormal set in F^. 

Beginning with the lowest eigen-value X v we can construct a 
sequence of eigen-values and eigen-differentials by repeating the 
above maximum problem. In this way, we obtain sequences dcp k 
and X k . 

The £-th eigen-differential satisfies the equation 

— j- d <pM = J M?. P) (<plc(P ))~ dA «• 

k 9K 

Therefore the &-th Fourier coefficient of the differential h[p, q) 
with respect to the orthonormal system {d(p k } is — dcp k IX k . By for¬ 
mula (2.3.23) (Bessel’s inequality) 

(6.7.21) r- l -g J I h(j>, g) l 2dA z- 

k 3JI 
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Integrating (6.7.21) over 90?, we find that 

(6.7.22) f f\l w (p,q)\*dA.dA { . 

9ft 9ft 

Hence, if there are infinitely many eigen-differentials, then X k tends 
to infinity with k. In particular, every finite eigen-value is of finite 
order. 

Suppose now that there exists a differential df of class with 
norm unity which is orthogonal to all the eigen-differentials. Then 

(6.7.23) [df, t f ] = 0. 

In fact, if there are infinitely many eigen-differentials, 

and (6.7.23) follows. If there are only finitely many eigen-differen¬ 
tials, (6.7.23) is still true; otherwise we could define a further eigen¬ 
value and eigen-differential by our maximum process. Since e i9 f, 6 
real, also has a norm equal to unity and is orthogonal to all eigen- 
differentials, we conclude from (6.7.12) and (6.7.23) that 

( 6 - 7 - 24 ) (df, t f ) = 0. 

Now 


(6-7.25) (d<p„ t,) = (df, t v J = i (df, d<p.) = 0 

by hypothesis, so t, is orthogonal to all the eigen-differentials. If 

dfos any other non-zero differential which is orthogonal to all eigen- 
dilierentials we have b 


0 - Wx + df, = (df,, t fi ) + (df, t, x ) + (df,, t,) + (df, i f ) 


by (6.7.24); 


~ W- l f) + Wi, t,) 


by (6.7.8). Hence 

<,) - o. 

The orthononna] sy »^, {ipJ of w ^ 
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complete by adding an orthonormal set of differentials df lt df 2 , • • • 
which are orthogonal to all the eigen-differentials. By (6.7.24), 

(6.7.25) and (6.7.24)' we see that t f is orthogonal to all differentials of 
the complete orthonormal system, so 

(6.7.26) t f (q) = 0. 

Thus any differential df which is orthogonal to all eigen-differentials 
may be regarded as a solution of the integral equation (6.7.1) cor¬ 
responding to the eigen-value A = oo. By admitting infinite eigen¬ 
values, we may therefore suppose that the set of eigen-differentials 
forms a complete orthonormal system. 

In the case (6.5.28), the equation (6.7.26) holds for all dj and any 
complete orthonormal system in belongs to the eigen-value 
A = oo. 

The kernel If( p, q) of the integral equation (6.7.1) may be expressed 
in terms of the complete orthonormal system {dcp v } of the eigen- 
differentials, and its A-th Fourier coefficient is — d(pJX k . Thus 

« i 

(6.7.27) l F (p, q) = — Z — d(p v (p)dcp v {q). 

V=1 Ay 

Substituting from (6.7.27) into (6.7.7), we obtain 

00 l 

(6.7.28) Q F (p,q) = Qp{q,p) = Z -^(dcp v (p))-d<p v (q). 

v = l /-V 

Iterating the equation (6.7.9), we have 

(6.7.29) d<p v (q) = X\(t 2 (q ))^ = X\ J Qr{q, p)cp[[p)dA z . 

In the usual notation we may therefore write 

(6.7.30) Qr(q,$) = (?. p) = — h(q, P) — P) 

(second iterated kernel). From (4.9.6) 

00 

(6.7.31) L r (p, q) = — 2 d<p,(p)(d<p,(q))~. 

V = 1 

It is thus natural to define 



§ 6.8] 


SPECTRAL THEORY OF THE 7-OPERATOR 


219 


(6.7.32) QM(p, q) = -L F (p, q), q) = Q F (p, q), 


and 


(6.7.33) Q™(p, q) = j Q^~ 2) {p, r)Q F (r , fldA,, fi 


> 1 


an 


Then 


(6.7.34) Q^ ] (p, q) = I d(p v (p){d(p v (q))~, p = 0, 1, 2,*** 


The formula (6.7.34) gives the development of the iterated kernels 

in terms of the eigen-differentials. In the case fi = 0 we obtain 

the development for the kernel L*(p, q). It is interesting to observe 

that in the general theory of integral equations the developments 

(6.7.34) for fi = 0 and fi = 1 do not in general converge. The Hilbert 

spaces of differentials with which we are concerned are spanned by 

orthonormal systems whose convergence properties are of an especially 
simple type. 


6.8. Spectral Theory of the operator 

We come now to the integral equation (6.7.2), and we have (see 
Section 6.6), v 


( 6 . 8 . 1 ) 


*/(?) = 


an 


( 6 . 8 . 2 ) 


W-fj?»(f.^)4( r 


an 




(6.8.3) 


(%))/ = J J se v {q,f)&*(p,?)f'(r)dA,dA 


an an 


- J Pr(q, 9)f(r)dA v 


an 


where 
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PA<1.P) = J ■2‘r{',p)(-2’r(r,q))-dA II 

= J ^r(r,p)(£e F (r, q))~dA n 

m 

-j& P (r,p)(J? F (r, q))~dA 

fR~ 9J* 

Now 

J J? F (r,f){<? F (r, q)) ~dA , = -X F (q.$), 

SR 

and 

J JS? F (r, f){X r (r, 9))~dA n = />(?, f). 

SR—9R 

Thus 

(6.8.4) P F (q, {,) = - & F {q, p) - r F (q, fi). 

If we wanted to define an operator l f by applying the ^-operation 
to t f , we would have the choice of setting 

h={&*(q.§). (/'(*))-)« 

or 

b = (/'(«)-)«■ 

By our definitions of Section 6.6 we have committed ourselves to the 
first of these two possible definitions. This choice has the decisive 
advantage of providing us with a completely continuous operator l f . 
This property does not hold for the other choice, since If (p, q) is 
not regular for q and p in the closure of 9ft. 

As we have already remarked, in Section 6.1, T is a self-adjoint 
operator in F OT . The same clearly holds for t f in F w , hence we shall 
be able to construct a spectral theory for the l f operator in F^, 
where the scalar product is (df, dg). 

Assume that the eigen-values — g v — q 2 , * * — Q* anc * e ig en_ 

differentials d\p v dy > 2 » * * *, of the integral equation (6.7.2) have 



§ 6.8] 


SPECTRAL THEORY OF THE t-OPERATOR 


221 


been defined, and consider all differentials df of for which 

(6.8.5) N(df) = 1, (df,dy> k ) = 0, k = 1, 2, • • •, v. 

Among these differentials there is one, say df = which maxi¬ 

mizes the non-negative expression (compare (6.2.3)): 

(6.8.6) — (df, l,) = — J J^ F (^, q)(t'(p))-f'(q)dA z dA : - 

sn an 


Writing 
(6.8.7) 
we have 


max { — (<*/, *,)} = — (<fy, +lf / ) = 

r+1 Q *+1 


1 < £,+1 ^ 00 , 

since 


I (df. h) | ^ g I 

£ 

where q > 1. 

Suppose that & +1 < oo. Let dtp be a differential of which is 
orthogonal to dxp v dy> 2 , • • •, and write dg = dy> 9+1 ed<p. Then 


since 



(6.8.9) 

by (6.1.15). Hence 


6. dg) = (df, L) 


1 


(dg, K) 


N(dg) 


Qr+l 


2 Re {e(d<f, ^ )} 


(d<P, l 9 ) 


1 + 2 Re {s(dq>, dy>, +l )} + | e \*N(d<p) ’ 

1 

&-+1 
1 


2 Re 




i 


i 


+ —(^• <i V'.+i)|K 0 (l £ l a ) 


Thus 

( 6 . 8 . 10 ) 


ft+i 


( d f. d V.+i) = 


e.+i(dq>, ), 

>+l 
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or 

(6.8.11) (dtp, dy> v+1 + e „ +1 l ) = 0. 

v + 1 

We conclude, as in Section 6.7, that 

( 6 - 8 - 12 ) dy>, +1 (q) = — g r+1 i (q). 

V + l 

Repeating the above maximum problem, we obtain a sequence of 
eigen-values — g k and eigen-differentials dxp k . By arguments which 
are entirely similar to those used in Section 6.7 we see that 

1 

Z— < co. 

qI 

In this case the set of eigen-differentials is complete. In fact, if df 
is orthogonal to all the eigen-differentials, then l f = 0 (compare 
(6.7.26)) and hence, by Section 6.5, dj vanishes identically. 

Since an eigen-differential dxp k satisfies 

= — Q k f Vk 

in 9ft, we see that dxp k can be extended to a differential of F s . Moreover, 

= — e„ J J p)v'jp)(f',{q))~d A JA c 

TO 

(6.8.13) r 

= e„ J v>'^P)WAP)Y d A, = 

TO 

We obtain in the dxp^ a system of differentials on 9t which are 
orthogonal both with respect to integration over 9ft and over 91. 
We call the {dtp } a doubly-orthogonal set with respect to the domains 
91 and 9ft. These sets play an important role in the theory of con¬ 
tinuation of a differential of over 91. We have: 

Theorem 6.8.1. Let df be a differential of the class and let 

f = Z a^ 

Ai = l 

be its Fourier development in terms of 'the eigen-differentials w A 
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necessary and sufficient condition that df <= F m is the convergence con¬ 
dition 


(6.8.14) 




H=1 


2 < oo. 


In fact, the differentials 

d V% = “ 7 = d W H 
v Qn 

form an orthonormal system in F m and (6.8.14) is the Bessel inequality 
for differentials of this class. 

The kernel &¥(q,}) of the integral (6.8.1) may be expressed 
in terms of the complete orthonormal system {dip,} of the eigen- 
differentials; its £-th Fourier coefficient is — (Wk(P))~le k ’ Thus 

(6.8.15) &*(q>$) = — £ — (y>'Ap))~ y>' v (q)- 

-=i Qp 

The iterated kernel pF{q,fi) has the expansion 

(6.8.16) P F (q t $) = £ — (%{$))-y' v (q) t 

- = 1 Qr 

and from (4.9.6) we have also 

(6.8.17) Lf( q,f>) = — E (y>'(/>))“yC(?)- 

y~l 


6.9. Spectral Theory of the s-operator 

Finally, consider the integral equation (6.7.3) where 


*/(*) = t f (q) + l f {q). 

Obviously, s, is self-adjoint in the Hilbert space F n 
L d f» d S]* By (6.1.12) we observe that 


with the metric 


(6.9.2) (Mf, s„) _ (Mf, t u ) + (Mf, l v ) = A 2 (df, t,) + ( A | 2 (df, l,), 
where A is an arbitrary complex number. Since 

(6 - 9 3 ) (df, l t ) g 0 


iS dWayS an dement of if d t we can always choose 
(Mf, s w ] = Re { (Mf, s*)} <; o. 
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We note the identity 


(df, S') = (df, t') + (, if, l") = ( dg, t t ) + (( dg, 

that is, 


( 6 - 9 - 4 ) [df. S'] = [dg, s,] = [s„ dg]. 

If there is a differential df e F m for which [df, s,] > 0, let 

(6.9.5) max [df, s,] = —, or, > 0, 

°1 

the maximum being taken with respect to all differentials in F m 
satisfying N(df) = 1 . Denote a maximizing differential by d Xl ; if df 
is an arbitrary differential in F ^ and e is an arbitrary real number, 
we have by the maximum property of d% Xt 


[d Xl + edf, s + s ef ] ^ 


— N(d Xl + edf). 


Hence, by (6.9.4) and (6.9.5), 


— + 2 NA s ] + [edf, s„] ^ — + — Re{e(d Xl , df)} + —N(df), 

°1 (*1 <*\ O '! 


that is, 



for arbitrary choice of df e F m and e. Thus, by the usual reasoning 


0i s Xl (9) = d xi(q)- 

We define now a sequence of eigen-differentials of (6.7.3) by the 
following recursive procedure. If Xl , • • •, Xv have been determined, 
belonging to the positive eigen-values o lt • • •, ov, consider the class 
of all differentials in F m which satisfy 


(6.9.6) N(df) = 1, [df, d Xe ] = 0, 

If this class of differentials has elements df with [df, s r ] > 0, deter- 
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mine one differential d% p+1 such that 

(6.9.7) [dXr+i, ] = max [df, s,] = —. 

" +1 °V+i 

From the maximum property of dx v+1 we derive, as in the case 
of dx lt that for any differential df satisfying (6.9.6): 

V.-i'*"*] ■ °' 


Moreover, in view of (6.9.4) and (6.9.6): 

l dx * s *.+x~— dx A = ^' dXr+ J = r = o, 

L a »-+i J e 

for all q = 1, 2, • • •, v. Thus, the differential s y -L dy ., has 

'+i <t, +1 

been proved to be orthogonal to all differentials of and is, there¬ 
fore, identically zero. Thus 


( 6 * 9 * 8 ) d X,+i = <y,+i S x . 

*-+i 

We can therefore build an orthonormal system of eigen-differentials 
dx, by repeating the above extremum problem. 


Suppose that a _ v cr_ 2 , •. ., a _ p and d x _„ d x _ 2 , ■ ■ ., d X _ where 

y - k ., °~ k < °’ ^ = 1, 2, ■ • v, have been defined, and 

consider differentials df of F m satisfying 


N ( d f) = 1, [df, d x _ k ] = o, k = 1, 2, • • *, v. 

If [df, s,\ can assume negative values under these conditions let 
■ X-r-i be a differential minimizing [df, s f ], 


l d X-y-v s x 

-*-l 

As above we find that 
(6.9.9) 


] = 


> *-,-i 


0. 


1 


d X-.-i = a_,_ t 


'-1 


We observe that the eigen-differentials d Xh , h > 0 and ^ 
k > 0, are orthogonal to each other in the sense that [d x ’ l~o. 
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For 

d Xh = <V V d X - k = °-*s x _ k . 
where o h > 0, o_ k < 0. By (6.9.4), 

0 V d x-kl = 0 W d xn \; 

that is, 

( 6 - 9 - 10 ) ^Z-*] = <7-*[<*Z». <*Z-*]- 

Since o h > 0, cr_ fc < 0, we conclude that [dx h , dx- k ] = 0. 

Now let the eigen-values be ordered according to increasing ab¬ 
solute values. In this order we denote the eigen-values by r v r 2 , • • • 
and the corresponding eigen-differentials by d0 lt d& 2 , • • •. The 
d0 k form an orthonormal system in F^, that is 


(6.9.11) [d0 M , d0 v ] = d„. 

Let 

Af{ p, q, q) = —If( q, p) + &f( p, q). 

Then 

Re {s,(f)} = Re { J Af(P, q, q)(f (P))~dA t 

1 TO 

The ^-th Fourier coefficient of Av is therefore equal to 



Re 




We have by Bessel’s inequality 


Z [ R « {g W ] ' S ,1 1 -IA. 

(6.9.12) k ™ 

~ ( J ^ ^ ^ ( J ^ ^ ^ d > J 


to 


by the triangle inequality; 


*s[J| If (q, p) I 2 dA, + J | &f {p, q) | 2 dA^. 

to w 
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On the other hand, let 


Then 


(P. q. q) = i [ Wq, p) + &f(P, ?)]. 

Im (s,( 9 )} = Ref J 0(P, q, q){f’(p))~dA t J . 


Hence the k-th Fourier coefficient of 0 F is equal to 

Im W?)} 

Tfc 

and Bessel's inequality gives 


(6.9.13) 


* 2 n 


&f(P> 


— 2 [^ Jl P) | 2 dA z -j- J | q) | 2 cLa\ 

S[Jl 


By (6.9.12) and (6.9.13) 


(6.9.14) £ 


Kiq) I 2 
r l 


^ 4 [ JI M?. P)\*dA' + j\ se F {p, q) |2 dA,] 

an _ -J 


OT 3B 

Integrating (6.9.14) over 2R, we see that 


(6.9.15) 


S t? ~ 4 [ J J I l *( q ’ ^ I 2 dA * dA c 




+ J Jl **<t, q) | 2 *ajaX 

SR K J 


Thus if there are infinitely many eigen-differentials, then I r* I tends 
to infinity with k . 11 

^Suppose that there exists a differential df of class F n which is 
orthogonal to all the eigen-differentials, that is 

[df, d0,] = 0, v = 1, 2, • • 

Then (compare (6.7.23)) 

[df, s,] = Re {[df, *,)} = 0. 
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We have 

(6.9.16) [d®„ s,] = [S 0 „, df] = — [d&„ df ] = 0, 

T v 

by hypothesis. If df 1 is any other differential orthogonal to all eigen- 
differentials, we have 

0 = Wi + df, s / x +/] = Wi> s /j) + [df, S/J -f- [df v s,] + [df, s f ] 

= W. s fi ] + [i/j, 5 ,] = 2[df lt s f ], 

that is, 

(6.9.17) [df lt s f ] = 0. 

By adding orthonormal differentials df v • ••,df k which are orthogonal 
to all the eigen-differentials, the orthonormal system of eigen-differen¬ 
tials can be made into a complete orthonormal system. By (6.9.16) 
and (6.9.17) we see that s f is orthogonal to all differentials of this 
complete system, so 

(6.9.18) s,(?) = 0. 

Any differential df which is orthogonal to all eigen-differentials may 
therefore be regarded as an eigen-differential belonging to the eigen¬ 
value infinity. We admit infinite eigen-values, and we again denote 
the resulting complete orthonormal system of eigen-differentials 
by {d<P v }. 

We have 

00 O'(a) 1 

(6.9.19) —l F (q,p) +& F (p,q) = I Re W v (p), 

V=1 T V J 

• \ 0'Jq)} , 

(6.9.20) l F (q, p) + ^r{p, q) = — i E lm\ -[ 0,(J>). 

»-=■ 1 l J 

Thus 

(6.9.21) h(q,p) = — 5 - Z - KW&M). 

Z V=1 Ty 

and 

(6.9.22) &r(p, ?) = 4 ^ 4 #(£)(#(?))" 
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By the reproducing property 



J Lt(P, f)(0fo))-dA. = - (0Uq))- 

VJl 

j iL *(P. q)(&Up))-dA t = — * (0'.(q))~ 

3 n 

Hence 

(6.9.23) 

[L*(P, q), *'.} = - Re {#(*)}. 

(6.9.24) 

[* q). &.} = — Im 

Thus 

(6.9.25) 

Lv(J>, q) = — £ Re {&',(q)} 0',{p), 

(6.9.26) 

CD 

— q)=—i£ Im {<?;(?)} <Z>;(£). 




Adding and subtracting (6.9.25) and (6.9.26), we see that 


(6.9.27) 

(6.9.28) 


L „(P, q) = _ 1 !■ <P^)(tf>; ( y))- 

0 = z KifiWAq). 


, fi ^ Sha h U d ' S ^, SS later th « eigen-differentials of the integral equation 

have 3 S t0 the eigen ' ValUe * -—In thi. case, we 


(6.9.29) *p, (y) 

We showed in Section 6.2 that the S 
that, is 


-transformation is norm-preserving 


(6.9.30) Nm{d0t) = + ^_ M (SJ. 

Since ^ in SK, we derive from (6.9.30) 

(6.9.31) C _ A . _ 

' = 0 in — 2R. 

Thus, by our result at the end of Section 6.5, 
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(6.9.32) &'M) = iZ b.Z'^q), b, real. 

/i=i 

Conversely, every differential (6.9.32) is an eigen-differential of 
(6.7.3) with the eigen-value a v = — 1. 

We remark that the eigen-value a v = 1 is not possible, since this 
case would also imply (6.9.31). 

6.10. Minimum-maximum Properties of the Eigen- 

differentials 

The eigen-values of the equations (6.7.1)—(6.7.3) may be defined 
as minima maximorum in the usual way (see [3]). In all three cases, 
the eigen-values have been defined by maximizing or minimizing, 
under suitable side conditions, an expression [df, n f ] where n f = t f , 
t f or s f . This was done explicitly in the first and third cases, but even 
the second case can be easily reduced to such a maximum problem 
in F 

We now consider the problem of maximizing [/', n f \ for differen¬ 
tials /' of F with N(f') = 1 which satisfy k — 1 side conditions 
of the form 

(6.10.1) [f',g' e ] = 0, e = 1,2, •••,* — 1, 

where g', • • •, g*_ x are arbitrarily chosen but fixed differentials of 
Fyft. The maximum of [/', n f ] depends on the choice of the differen¬ 
tials g', v = 1, 2, • • •, k — 1, and will be denoted by l/K, K = 

We arrange the positive eigen-values of the operator n f in increasing 
order and denote them by y lt y 2 , * * *; similarly, the negative eigen¬ 
values will be arranged in decreasing order and denoted by y_ lt 
y__ 2 > * ’ *• The eigen-differential corresponding to y v will be denoted 

by 

Consider a differential in F m of the form 

( 6 . 10 . 2 ) /' = *!&+••• + c dv 

The requirement N(f') = 1 leads to the condition 

(6.10.2) ' c\ +-h c\ = 1. 

We have in the k variables c k enough parameters to satisfy the k — 1 
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side conditions (6.10.1). The differential /' will, in general, be 
uniquely determined by (6.10.1) and (6.10.2)'. We have 


and hence 



i 


(6.10.3) [/', „,] = £ iL. 

v=i y v 

In view of the condition (6.10.2)', we obtain the estimate 

( 6 - 10 - 4 ) i ^ [/', «,] ^ I. 

K Y*- 

Let us choose now, in particular, g[ = x [ ,..., ^ Each 

differential /' with norm 1 which satisfies the side conditions (6.10.1) 
in this particular case has the form: 


/' = ? d vX ' v + Z d rX '„ j? d\ = 1. 


We easily compute 
(6.10.5) 


—i 


V cn —QO 


d 2 00 A 2 1 

[/'. w,] = 27 + Z 

'=-» Y’ r-k y, y k 


For/ = Xk> we have equality in (6.10.5); thus, we have shown that 
K (Xi. • • 2*-i)] = y k . Combining this result with (6.10.4), we obtain: 

Theorem 6.10.1. l/y k is the minimum maximorum for the expression 
[/', n,\ for differentials of with N(df) = 1 which satisfy any k— 1 

stde conditions of the form (6.10.1). This result characterizes the k-th 
eigen-value y k of the problem considered. 

The same considerations apply to the negative eigen-values of the 

operator n,. They may be characterized as maxima minimorum in 
the corresponding extremum problem. 

Let us discuss these results in the case of the particular 
perators t, l and s. Since we are operating in the real Hilbert space 
we have to distinguish between the linearly independent eigen- 

“ J to , eigen-value A,, belongs to the eigen-value 

K- V, and tip, belong to the same negative eigen-value — g,. We 
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remark finally that if Xv is an eigen-differential of the third problem, 
h* wiU not > in general, be an eigen-differential. 

In order to apply the above general theory to the case n f = t f , 

we put: Xp = <p v , Yv — A, and x _ p = i(p vt y_ p = — X p . In the case 
n f = l ft we define X _ 2P+1 = v ', x _ 2p = i%, and y _ 2v+1 = y_ 2v = — Qp . I n 

the case n, = s f , the previous notation is preserved for the dif¬ 
ferentials, while y v = a v for all v. 

We observe that 


( 6 - 10 . 6 ) [/', 5 ,] - tf, l,} = [/',*,]. 

Hence, in view of the negative-definite character of [/', l f ]: 

(6.10.7) [/',*,] ^ [/',*,]. 

Choose g[ = <p’ v g 2 = up' v ■ ■ ■, g’ 2k _ 3 = <p’ k _ v g 2k _ 2 = i(p'^ v where 
the <p' v are the eigen-differentials of the equation (6.7.1). Then 
clearly, for each normed differential which is orthogonal to all these 
differentials, 

[/'. t,) ^ y • 

A k 

On the other hand, the maximum value of the left side of (6.10.7) 
is not less than the minimum maximorum l/o^-i* Thus we obtain 
the inequality 

1 1 


°2k-l 


that is 


( 6 . 10 . 8 ) h^<*2k-i> *= 1 , 2 , •••. 

Consider now the inequality 

[/', S,] = [/', l,} + [/', t,] > [/', {,] - I [/', t,l I. 

Choose g' = <p[, g 2 = i(p[, * * *, g 2i -1 = q>v = l Vi> 

£>2f+l = Vl> gv +2 = iy'v * * •» ^2/+2fc-3 = Vk- 1 * &(>+*- 1 ) = l v>k-l • 

where the 9 \ are the eigen-differentials of (6.7.1) and the xp p belong 
to (6.7.2). Then for each normed df which is orthogonal to all dg, 


Qk 


[/'. tf] 1 ^ 


1 


■i+l 
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therefore 


But 



min [/', $,] ^ -, 

a -2U+k)+1 

for all differentials /' «■ F ^ which are orthogonal to 2(j + k — 1) 
differentials g'. Therefore 


(6.10.9) 


1 

°’-2{i+fc)+l 


-~ + T~‘ J = 1, 2, • • •, A = 1, 2, 





Thus, various inequalities among the eigen-values of the three 

operators could be derived from the above characterization of the 
A-th eigen-value. 


6.11. The Hilbert Space with Dirichlet Metric 

We shall now discuss the integral equation (6.7.3) from a different 
point of view. In the preceding sections we stressed the role of the 
differentials on a Riemann surface SR and considered eigen-value 
problems connected with them. It is equally possible to focus the 
attention on the class of all harmonic functions in a given domain 
and to develop an analogous theory. We shall show in this section 
that both approaches are essentially equivalent and we will translate 
the eigen-value problem for differentials on SIR into an eigen-value 
problem for harmonic functions on SIR. 

The v-th eigen-differential satisfies the equation 

#(?) = —r. J [h(g, 


= -r. j [ Hq , + l P (q,m(P)]dA,~r,0: { q), 

371 

by (4.11.7). Hence 


(6.11.2) (i+ iy {q) =_j [/F(?> + 

an 
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It follows that 


l 1 + = -J[ p (Mf. «■*.)(*&))- 

(6.11.3) ’ Si 

where P(h(q, p), K Q ) is the period of h{q,p) around the cycle 
K e ,p being held fixed, and similarly for P(h{q, p), K e ). From 
(6.5.26) we have 

(6.11.4) P(h(q,fi),K t ) = (P(h( q ,p),K'))~ 

If r, ^ — 1 , that is if 

(6.11.5) Z b M Z^q), b „ real, 

/i=i 

we conclude from (6.11.3) that P(&' 9 ,K Q ) is real. Thus 

(6.11.6) Im {0 v (p)} = H v (p), 

where H v (p) is a single-valued harmonic function on if r, ^ — 1. 
Let /' and /' be differentials of class and write 

fk = u k + *»*. *=1,2. 


where u k , v k are real. We observe that 


U'v ft] = Re 






where z = x + iy; 



dv 1 dv 2 dv x dv 2 
dx dx dy dy 


dA z = D m {v i, ® 2 ) = D ( v » 


That is. 


(6.11.7) = D(v lt v 2 ) 

where D(v lt v 2 ) is the Dirichlet integral as in Section 2.8. 
In analogy with (6.1.2) write 

(6.11.8) g(p, q) = G(p, q) — &(P> ?)• 
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Here G(p, q) is the Green's function of 3R, &{p, q) that of ft. Now 
let us specialize by taking F = M. By (4.10.1) and (4.10.2) we have 


(6.11.9) 


7t opoq 


( 6 . 11 . 10 ) 

' i/ a , • 

In the case F = M there are precisely G — 2h + m — 1 eigen- 

differentials 0' G , belonging to the eigen-value r = — 1. We 

have 

, 9HM) 


( 6 . 11 . 11 ) 2 i 




dp 




and equation (6.11.2) with F = M becomes 

1 \ dH,(q) 2 


(‘D 


( 6 . 11 . 12 ) 


3q 


m 


d 2 g(p, g) dH,(p) 
dpdq dp 


dA 


q) dH w (p) 


Thus 




dpdq dp 


- dA r 


(i + i)^M = _l 

' rJ dq n 


(6.11.13) 


1 f Sg(P, g ) m.a>) 

dq J dp dp 

r 

11 f hip, q) dH,(p) 

7i dq J dp dp 


dA a 


dA z 


4a n 

— — Re 
7i dq 



S» 


( P> q) dH,(p) 
dp dp 


dA 



= ~^ q D(g{P,q), H,{p)). 

Integrating both sides of (6 11 13 ^ wi+f* . , _ 

(6.11.14] *.(„,___‘ 


71 


K) 
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Thus H w (q) is an eigen-function of the integral equation 

(6.11.15) H 9 (q) = y,D(g{p t q), H,(p)). 

We observe from (6.11.7) that 

(6.11.16) D(H„H 9 )= 

so the Hp form an orthonormal system. 

The eigen-differentials of the integral equation (6.7.3) belonging 
to the eigen-value r = — 1 are just the orthonormalized differen¬ 
tials iZ[, • • • ,iZ' G . Since 

[z;, Zl] = Re 

by (4.3.10), we see from the Gram-Schmidt orthonormalization 
process that the eigen-differentials 0[, • • *, &' G belonging to the 
eigen-value r = — 1 are given by the formula 

Re r u • • • Re A.r-i iZ i 

(6.H.17) <z>; = <1, d? : : j ,* = i, 2 , 

Re-Ci • • • Re ■C.j-i ik 

where d 0 = 1 and 

• • • [z;, z;] Re r u • • • Re r lt 

(6.11.18) d k = : | = : : 

[z;, Z[] • • • [z;, z;] Re r tl • • • Re r M 

In particular, we derive from (6.11.17): 

(0:,iz' Q ) = iP(KK e ) 

Re r u • • • Re 

• • • 

• • • 

• • • 

Re r rl • • ■ Re F, r, e 

The eigen-functions of (6.11.15) belonging to the eigen-value co are 

(6.11.20) Re T n • • • Ref,,,.! Re Z, 

H,=im0, = d^ 1 d? : ; : 

Re T n ■ • • Re Re Z, 

These eigen-functions are not single-valued. However, using (6.11.19) 
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we have 

D{H„ Re Z) = — P(H'„ K.) 


( 6 . 11 . 21 ) =d^. 1 d^ i 


Thus 


Re r u -- -Re r |_ ,_j R ef, 

* • • 

• • I 

Re r n • • • Re r v v _ x Rer VQ 


1 . 


(6.11.22) D(H„ Re Z G ) = — P(H'„ K Q ) = 0, *=1,2, 

The orthonormal system {H,} of the eigen-functions of (6.11.15) 

is complete. For suppose that H is a harmonic function on with 
D(H) = 1 such that 

(6.11.23) D(H t H 9 ) = 0, v =l,2,**.. 

Then, writing 

<*> = # + jf/aT, 

we would have 

(6.11.24) [0' t 0'] = jg = 0 

so the system {<?'} would not be complete, a contradiction. 

The vector field whose elements are the gradients of the harmonic 
unctions H on SJ1 with finite Dirichlet integrals forms a Hilbert 
space m the metric of the Dirichlet integral. We may consider the 
harmonic functions themselves as elements of a Hilbert space with 
e metric D(H) if we normalize them by the condition that all 

lf n the 0 H iw Sh ^ a fiX6d POint h ° f Then onJ y dement 
of the Hilbert space with zero norm is the zero element H = 0 

piston fUnCti ° n H ^ finite n0rm has a Fourier ex- 

(6.11.25) 
where 

(6.11.26) 




= D(H, H,). 


In particular, by (6.11.14), 
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Differentiating (6.11.27) with respect to p and q or p and q, we 
obtain (6.9.21) and (6.9.22), in the case F = M, using (6.9.27) 
and (6.9.28). 

In the eigen-value theory for the harmonic functions on 9ft, the 
Green's function played a distinguished role. It might be of interest 
to study an analogous theory where the Neumann’s function takes 
the corresponding central role. By (4.2.22), 


(6.11.28) 


2 d 2 N{p, q,q 0 ) 

n dpdq 


2 d 2 G(p, q) 

n dpdq 


n, •>-! 


where by (4.6.4) 

(6.11.29) 

By (4.11.1), 

(6.11.30) L s (p,q) 




Re r M9 



2 PG(p, g) 
7i dpdq 


+ 1 y»'Z'„{P)Z',(q) 

fl, *-=1 


where 


(6.11.31) || y/ „|| = || r^||->. 

Domains 9ft of genus zero, in particular multiply-connected domains 
of the plane, are characterized by the property that 

(6.11.32) = Re /%, (x, v = 1, 2, • • *, G. 

Therefore, in the case of domains of genus zero, 


(6.11.33) 


L S (P, q) 


2 d 2 N{p, q, q 0 ) 
7i dpdq 


In other words, for domains of genus zero the Neumann’s function 
is related to the class S of single-valued functions in the same way 
that the Green's function is related to the class M. The symmetry 
of the class S ( L s (p, q) = L s {q, P)) is a characteristic property of 
the domains of genus zero, and if $ft is also of genus zero we may 
take F = S in (6.11.2). Let the eigen-values r, in the case of the class 
S be denoted by t v and let the corresponding eigen-functions be 
Equation (6.11.2) becomes 


(6.11.34) 



J [is {g.PK V’ U >))- +1 ■(*•£) W] dA ‘- 

9J1 
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In the case of the class S we may drop the assumption that any 
boundary component of 9ft which is homologous to zero on 9? is 
also homologous to zero on 2ft. For this assumption was only used 
to show that if 

/'(<?) + s,(q) = i z'^q), 

fi~i 

then a M = 0. This conclusion, however, is obvious in the case of 
class S. LetJ^{p,q,q 0 ) denote the Neumann’s function of and 
write 


(6.11.35) n[p, q. q 0 ) = N(p, q, q 0 ) - V(j>, q, q 0 ). 

Then 


(6.11.36) 

(6.11.37) 


q) 


2 d*n(p, q, g 0 ) 
n dpdq 


VP. fl—- 

n dpdq 


We observe that these formulas differ from the analogous formulas 

(6.11.9) and (6.11.10) in that (6.11.37) has a minus sign where 

(6.11.10) has a plus sign. This difference in sign reflects the difference 

in the symmetry of the Green’s and Neumann’s functions as given 

by formulas (4.2.6), (4.2.8). This difference in symmetry has an 

important consequence in establishing the analogue of formula 

(6.11.14) for (6.11.35), namely that we must use the harmonic 

functions R, = Re S', in place of Im W,. Formula (6.11.34) then 
becomes 


(6.11.38) 


1 + 


1 1 dR ’ fa) _ £ £ J* \ MP. q . ?o) dR,(p) 

tJ dq n L dp dp 




dn tP, q, ? 0 ) 3R.(p) 


an 


df 

q, q 0 ) dR,(p) . . 

dp dp dA 


dp 


dA 



1 9 

- Q-qD( n {p,q,q 0 ), R,(p)). 
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Integrating both sides of this equation and using the fact that 
n iP> ?o)= 0, we find 

(6.11.39) R p (q) — R v (q 0 ) = — - — D(n(p, q, q 0 ), R v (p)). 

t + t) 

Consider now the Hilbert space of all harmonic functions on 9ft 
which have a finite Dirichlet integral and which vanish at p 0 . The 
function 

n (P> <?><lo)—n(Po> <l> ?o) 

belongs to this space and the functions R v (p) — R*(p 0 ) form a 
complete orthonormal system in this space. We have therefore 

n (P> <L> <lo)—n(Po> <l> ?o) 

(6.11.40) qo / i \ 

= 7T £ \1 + -)(R,h)-R,(q 0 ))(R,(P) ~ RriPo))- 

We observe finally that we are operating within the class S and 
hence 

(K K) = °* 

If is, moreover, simply-connected, we have 

l s(P- ?) = Li{P. ?) + 2 KiP) 

V, ” = 1 

Thus, (6.11.34) can be written in the form 


(6.11.34)' 


= - J Pm(?. P)W(P))- + Ui.pWW] dA '- 

an 


This equation agrees with (6.11.2)ifweputF — M, z> — t,, 0^ F p . 
Thus, when 3t is simply connected, the eigen-differentials {F',} form 
a subset of the eigen-differentials {$'„}. We observe that the eigen¬ 
value t, = — 1 does not occur, since the differentials F, must belong 
to the class S. Thus the {«,(?)} are the real parts of a subset of 
{<?„(?)}. Hence the construction of the Neumann’s function uses a 
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subset of the analytic functions used in the construction of the Green's 
function. 

We discussed in some detail the case of domains 9K of genus zero 
imbedded in a domain 9? which is simply-connected, since this case 
contains the important theory of conformal mapping of multiply- 
connected domains in the complex plane. In this case, Wl is the 
multiply-connected domain and the Riemann sphere. This case 
has been studied by the preceding methods in [1]. 


6.12. Comparison with Classical Potential Theory 

In this section, we want to relate our results to the classical methods 

of Poincar^-Fredholm used in the boundary-value problems for 

harmonic functions. We shall recognize that our eigen-functions 

H,{p) and the eigen-values r, are closely related to corresponding 

eigen-functions and eigen-values of the integral equation theory of 

Fredholm. It will appear that the boundary values and the values of 

the normal derivative of H v on the boundary give rise to two sets of 
classical eigen-functions. 

For a fixed q in the interior of m, we have by Green's formula 

(6.12.1) D(G(fi, q), H,(p)) = _ f G {p, q) 

{ dn v 

where (dH,ldn v )ds v has the interpretation described at the beginning 

of Section 4.3. Since G{p,q) = 0 for q in SK and p on the boundary 
we see that 


t 612 - 2 ) D{G{p,q), H,(p)) = 0. 

The integral equation (6.11.14) therefore becomes 


H,(q) = 


’(* + z) 


jt q), H,(p)) 


’T h t) 




by Green’s formula; that is, 
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(6.12.3) H,{q) = 


”(' + fJ‘ 


Removing a small uniformizer circle at q , applying Green's formula, 
and then letting the radius of the circle tend to zero, we obtain 


(6.12.4) / ,) ^ ^ - f * 


2 7zH,(q). 


Eliminating the integral on the left by means of formula (6.12.3), 
we see that 


(6.12.5) 




dn„ 


H v (p)ds v . 


We remark that the eigen-differentials &' v (q) of the integral 
equation (6.11.1) are regular on the boundary C of 9k. This is a 
consequence of the fact that ^(q, p) and ^ M (q,p) are regular for q 
on the boundary and p any point in the closure of 3k. The regularity 
of & > M (p,q) follows from the assumption that 9k is properly em¬ 
bedded in 9T Hence we may let q tend to the boundary in (6.12.5). 
From known theorems of potential theory concerning the behavior 
of a double layer distribution on the boundary, we conclude that for 

q € C, 


"•<*> - I 

H , -d c 


W(p,q) 


dn. 


H v (p)ds P + 


HM. 


T v 


that is 


( 6 . 12 . 6 ) 


»-~J 


MHfi.q) 

dn„ 


H,{p)ds„, qeC. 


Here the integral must be interpreted in the principal-value sense. 
Similarly, writing 

BH v (q) „ 

M?) = € c > 


dn a , 


we 


conclude from (6.12.3) and the known behavior of the normal 



§ 6.12] 


CLASSICAL POTENTIAL THEORY 


243 


derivative of a simple distribution on the boundary that for q e C, 

M?) 


that is 

(6.12.7) h,(q) =~j h '^ ds ” ? e C - 

c Q 

Equation (6.12.7) is not in invariant form, but can be made so by 
multiplying both sides by ds Q , for 

K{q)ds a = ~^ds„ 

dn Q 

is invariant. 

We observe that the equations (6.12.6) and (6.12.7) are transposes 
of one another. Equations related in this way have the same eigen¬ 
values, and the eigen-functions of the two equations form a biortho- 
gonal set, that is 


— f 

1\ J 




q) 

dn„ 


h,(p)ds -f- 


1 


1 + 


I 


T. 


h,{q), 


H i‘(q)K(q)ds q = 0, fj. =£ v. 


In our case, we know that h,(q) = dH,{q)/dn a , and 
gonality follows at once from the fact that 


the biortho- 


J H lt (q)h,(q)ds q = J 


*JMq) 

dn. 


- dS Q = 


D [Hr, H,) = 0 


for jx * v In particular, we have shown that the eigen-functions of 
e equations (6.12.6) and (6.12.7) are closely related, the eigen- 

oTthe'other T l eing the , n0rmal derivatives of the eigen-functions 
of the other. In other words we have shown that the first and second 

eomvaZrS 6 ° f tw °- dim ™al potential theory are 

tL caniv R 6 6qmValence of these P roble ™. as a consequence of 

f^ctbns on1iTh ann ; qUatl ° nS aPpUed t0 con i u S at e harmonic 
unctions on the boundary, was pointed out in [1], 
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6.13. Relation between the Eigen-differentials of 9ft 

and ft —9ft 

We shall show that the eigen-differentials of (6.7.3), the equation 
for the domain 9ft, automatically give rise to the eigen-differentials 
of the corresponding integral equation for the residual domain ft. 
Thus we obtain simultaneously the spectral theory of the s-operator 
for a domain and for its complement with respect to the domain ft 
in which it is imbedded. 

Let ft = ft — 9ft, and assume that ft consists of a single component. 
Then, according to our definition, ft is a finite Riemann surface. 
However, we shall see below that the connectedness of ft is not 
essential. Let us follow our earlier convention that differentials are 
zero throughout any domain in which the definition is not explicitly 
stated. If 0' is an eigen-differential, we have 


(6.13.1) 



-0'Aq), qeW, 

T v 

o'M. 


where &'„{q) = 0 in ft and Q' v (q) = 0 in 9ft. By (6.3.8) 


(6.13.2) 

Hence 


(6.13.3) 


(S 2 (?))<P, = — + S tw {q) = 

Tv 


{<*>:(?). ?«a». 

1 0, ?(3!. 



?*3R, 

qeW. 


In particular, 0' is an eigen-differential of the integral equation 
(6.13.4) 0'(?) = — r^ e Jq). 

By (6.2.8) and (6.5.16), since the class F B is assumed symmetric, 

<5„„ = [0' M , 0',} = S<p r ] = S<P,]<Dt + [ 5 ^> 


=— [K #:]« + k »:]«. 


TuT v 
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so 


(6.13.5) 

ii 

V * 

ii 

^ a. 

* * 

Thus 


(6.13.5)' 



Tf/Up, 


We observe from (6.13.5)' that | t, | < 1 is impossible. There are at 

most G eigen-differentials 0^ belonging to the eigen-value r =_1. 

Let these eigen-differentials be 0[, • • •, 0' Gi some of which may be 

zero. From (6.13.5)' we observe that $'(</) — • •. = oUq) — 0 
Writing G 


(6.13.6) 


0 '=_L 


we See ,.^ at 0 ?+ 1 ‘ e ‘ G +*’ ■ • ■ form an orthonormal system. Thus the 
eigen-differentials <5^ of the integral equation 

(6 - I3 ' 7) «£(?) = r,S^(q) 

automatioaHy give rise to eigen-differentials of the integral equation 

Suppose that there is a differential & in 51 such that 

{ 6 . 13 . 8 ) [0\ 0’ r ] = o, v = G + 1 , G + 2 , ■ •.. 

Then 

° = [0< ’ = [S ©- + [S e , SQ'In 


- (* - ?)’w < 




since 


[■S'©' ©.Jsi - [&', = _i [0' t = 0 

Tp 
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Thus, since | r v | > 1 for v = G + 1, * * \ we have 

(6.13.9) [S©. #]» = 0, v = G 1, • • 

In other words, S 0 is orthogonal to all the eigen-differentials 0' 
which correspond to eigen-values r v , \ r v | > 1. Since the eigen-differen¬ 
tials 0' form a complete orthonormal system, we conclude that 

(6.13.10) S Q {q) = Za v 0' v (q), q € W, * 


V = 1 


where a v is real, v = 1, • • *, G. Therefore 


(6.13.11) 


S@{q) = 


£a,0l(q), qeW, 

R } (q), q ‘ % 


(6.13.12) 


(S 2 (?)) 0 = 


where R' (q) denotes a differential which vanishes identically in 3D?. 
It follows that 

S R (q) - Z a&Kq), q e 2K, 

V = 1 

l S R (q), qe% 

since, by Section 6.5, S^^q) = 0 in 9^ and S<^(< 7 ) = @ m (q) i n 

Wl for [x = 1, 2, • • *, G. On the other hand, 

f 0, q € 9R, 

(6.13.13) ( S2 ( ? ))® = | 0 '( ? ). *.*. 

Comparing (6.13.12) and (6.13.13), we see that 


(6.13.14) 


Za v &' y (p), q* SR. 

S*(?) = {'=i 

0 '(?), 


From (6.2.11) and (6.13.11), 


(6.13.15) 


N m (S @ )=Zal + N n (R')=Nn(0'); 

V=1 


from (6.2.11) and (6.13.14), 


(6.13.16) 


N K (S R ) =Zal+N„ (0') = N„ (*')• 


v = l 
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= = 


S e (q) = 

s K (q) = 


0 and we have 
0 , qeW, 

R'(q), q<% 

0 , q*W, 
&'(q), qc SR. 


&'(q)-R'(q) = -S e _ R (q), 


Thus a, = a 2 — • 

(6.13.11)' 

(6.13.14)' 

Hence 

(6.13.17) 
and 

(6.13.18) G'(q) + R’(q) = S e + R (q). 

If there is a non-trivial differential 0' satisfying (6.13.8), we have 

shown that the equation (6.13.4) must have an eigen-value r = 1 
or an eigen-value r = — 1. 

We have thus proved the theorem: 

Theorem 6.13.1. Every eigen-differential <P' V of (6.7.3) which belongs 
to an eigen-value r v ^ — I transforms by the S-operator into an 
eigen-differential for the corresponding integral equation in the com¬ 
plementary domain and the eigen-value — r v . Conversely, every eigen- 
differential of the latter integral equation which belongs to an eigen¬ 
value ^ f 1 « obtained in this way. 

We want to show now that no eigen-differential in 9? belongs to 
the eigen-value + 1. We recall that a domain is properly imbedded 
m ft if each of its boundary points is an interior point of ft. Since 
wejiave assumed that m is properly imbedded, it is clear that 
^ - ft — Sft is not properly imbedded and this means that at least 
one boundary component of ft coincides with a boundary com¬ 
ponent of ft. Hence & F (q,p) is not regular in the closure of ft. 
Let L * (q,p) be the bilinear differential of ft which belongs to a 
symmetric class F = F w corresponding to the given symmetric class 

and let 0' be an eigen-differential belonging to the eigen-value 
+ 1; that is 

(6.13.18) ' 

Then 

(6.13.19) 


0'te) = W 


* l 
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Let us write 

£(?. P) = L*(q,p)—Sf’ r {q,p). 

Since L%{q,p) is orthogonal to the class F w and since L*(q,f) 
reproduces under scalar multiplication we have in view of (6.13.19) 

(6.13.20) 0'(q) =—jli{q,p) (O' {fi))~dA. + J & w {q, (p)dA, 

SR SR 

and 

(6.13.20) ' 20'(q)=-jl*(q,p)(0'(p))-dA-jl*(q,P)0'(p)dA z . 

SR SR 

It follows from (6.13.20) and (6.13.20)' that 0'(q) is regular in the 
closure of SR. By (6.2.11) and (6.13.18)' we have 


[S@) — (S & ) + Nn (Sq) — (Sq) + (O') = N m (O'). 


Hence 

(6.13.21) 


Se(q) = < 


r 0, qem, 

O', q e SR. 


We conclude in the usual fashion that Sq (q) has the boundary values 
(0'(q))~ on that portion of the boundary of SR which coincides with 
the boundary of SIR. By (6.13.18)', S Q {q) also has the boundary 
values 0'(q), so 0'(q) is real on that part of the boundary of SR 
which coincides with the boundary of SIR. We understand, of course, 
that 0'{q) on the boundary is expressed in terms of a boundary 
uniformizer. Now let q be a point on that part of the boundary of 
SR which coincides with the boundary of SR. By (6.13.20)', 



(6.13.22) 



§ 6.13j 


THE EIGEN-DIFFERENTIALS OF 2ft AND 9?—2K 


249 


Thus @'(q), expressed in terms of boundary uniformizers, is real on 
the entire boundary of 9? and is therefore a differential of 9?. 

If h' e F*. 

(S Qf h') m =(0' f h%. 

But by (6.2.12) 

(S e , h’) m = - (©', 

so 


(6.13.23) 


h% = 0 , 


for every h ' of F m . 

Now assume that ft is essentially embedded in 9?. We recall that 
a similar condition was imposed upon 9ft. We can prove, however, 
that if 9Jl is connected, and if 9ft and 9? each have more than one 
boundary component, SR satisfies the assumption in any case. For, 
let b be a boundary cycle of ft which bounds on ft. Since ft has more 
than one boundary component, b is not a boundary component of 
ft. Hence it is a boundary component of 9ft which bounds on ft and 
also, by hypothesis, on 9ft. But 9ft is connected and has more than 
one boundary component, so this is impossible. Hence no boundary 
cycle of ft bounds on ft in this case. 

We can now apply the reasoning of Section 6.5, and we conclude 
that 0 (?) = 0. Thus there are no eigen-differentials corresponding 
to the eigen-value + 1. However, the above argument cannot be 
used to exclude the eigen-value — 1. In fact, since 2> F (S, ?) i s not 
repdar m the closure of % there may be infinitely many eigen- 

Ma „ J * . | ■ — 1. If we include these 

eigen-differentiaJs, we obtain a complete orthonormal system of 

eigen-differentials for the class F n which corresponds to F„ 

In order to overcome the difficulty that infinitely many eigen- 

stbXst 1 °. the eigen - value ~ we introduce the 

i e ; P T d “ of boundaj y uniformizers, are regular 

to F * 0f *>• ^ that <P' belongs 

m> in U, then for ? on the SR-boundary of 3? we have 
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= J &*(<!> P){®'(P))-dA z + j&F(q,$)0’(p)dA t 

an 

= /*'«■ P) (P))~dA z -{- J J?F(q, !>)&'(p)dA z 

TO TO 

= J (*,(*, }))-{0'(p))-dA z + J ^ F ( ? , $)0'(p)dA,. 

TO gj* 

Thus belongs to . In particular, the eigen-functions defined 
by (6.13.6) belong to R^. 

We remark that the differentials of R^ form a complete Hilbert 
space. For any differential O' of R^ is regular analytic in 92 -f- $1 
and on the boundary of 91. Moreover, 

iV* + £ (O') = 2N„(0'), 

since O' takes values in 9£ which are conjugate to those taken in 92. 
Hence points of the 92-boundary of 92 behave like interior points 
of the domain so far as convergence questions are concerned. A 
Cauchy sequence in R^ will therefore converge to a differential which 
is real on the 92-boundary. 

If the system of eigen-differentials 0 f already constructed do not 
form a complete orthonormal system for R^, there is a differential 
O' of R$h which is orthogonal to all the O '. But then we have shown 
that 

(6.13.24) O f (q)=-S 0 (q), 

where 

■S©(?) = o, qeSfl. 

It follows in the usual way that 

Set?) = (»'(?))- 

on the 9J2-boundary of 9?. Here 0'(q) is expressed in terms of a boun¬ 
dary uniformizer. But, by (6.13.24), 

S&(q) = ~ 0'(q) 

on the 9J2-boundary, so 0'(q) is imaginary on the 9J2-boundary. 
Since O' belongs to R^, it is real and regular analytic on the 91- 
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boundary of 9?, and it follows that 

{£'(?)} 2 

is a quadratic differential of 9?. Let a (a finite number) be the number 
of linearly independent quadratic differentials of 9?. Since the 
number of quadratic differentials which are squares of linear differen¬ 
tials does not exceed cr, we see that by adding a finite number of 
eigen-differentials belonging to the eigen-value — 1, we obtain a 
complete orthonormal system for R w . Let this complete orthonormal 

system be denoted by { & v }, where & v is the eigen-differential of the 
integral equation 

(6.13.25) @'(q) = t S@(q) 

belonging to the eigen-value t = — r v ; that is 

&'*(<?) = — -c v SQ v (q). 

The differential 

MP. q> q) = it(q, p) — i%(p, q) 

clearly belongs to R K , and its v-th Fourier coefficient is equal to 

RejJ^F^, q> q){G’ v {p))-dA\= Re (S @v ( ? ) + &,(q)} 
ft * 

= { 1 ~~) Re {©:(?)}. 

Similarly, the differential 


MP, q, 9) = iVS(q,p)—tHp,j)] 

belongs to R^, and its v-th Fourier coefficient is 

R e{jMfi,q.9W(fi))-dA .}= Im {S a(9) + &,(q)} 


Thus 




(6.13.26) l*{q, P) + l*(p, q) = _Z (l -I) Re 
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Adding and subtracting these equations, we obtain 


(6.13.28) lp(p, q) — —— E ^1 ——^ 0l(p)Q' y (q) t 

(6.13.29) l?(p,q) = —— E ^1 ——j 0' v (p)(0' v (q))~. 

We observe that the eigen-differentials 0’ v belonging to the 
troublesome eigen-value r = — 1 do not enter into the sums (6.13.28) 
and (6.13.29). The remaining eigen-differentials have the form 


(6.13.30) 




q*% 


where the t„ are the eigen-values, the 0' the eigen-differentials, of 
the corresponding integral equation for 2ft; that is 


(6.13.31) <(q) = r v S < p v (q), q c 2ft. 

The formulas (6.13.28) and (6.13.29) may therefore be written 

(6.13.28) ' lt(P,q)=-\ 2 4r%W^(?>* 

Z „=1 Ty L 

(6.13.29) ' l*(p, q) = -\z -E- S^(p) (S^q))-. 

z v = l T 1 

Therefore, by solving the integral equation 

*'(?) = rS 0 (q), 

for 9ft, we simultaneously determine the bilinear differentials for 9ft 
and for the complementary domain 9?. 


6.14. Extension to Disconnected Surfaces 

At the beginning of Section 6.13 we assumed that the complement 
9? of 9ft with respect to 9? is a single domain. The question arises 
whether this assumption is essential, and it turns out that it is not. 
We shall now extend the main formulas and results of the preceding 
sections to the case in which the set 9ft imbedded in 91 consists of 
several components 9ft^, each of which is a finite Riemann surface. 
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The necessary definitions of the kernel and of the difference kernel 
have been given in Section 5.2. 

For the present case, we define 

(6.14.1) T f (q) = (JS? P (q, p), /'(*))„ = E {<? r (q, p), /'(*)), , 

(6.14.2) 9,{q )={**(?•#). V&))-)*- Z (f'(P))~) m ■ 

M = 1 ** 

Next we observe that 

(6.14.3) T,(q)=~(h{q,P),f'(P)) m 

since (even without assuming symmetry) 

( L *(q, p), = 0. 

The following formulas are seen to be true: 

(6.14.4) 


^/ t )« — 
J J * /f ^ 2 ’ 

91 {R 

- J 

K K 


(6.14.7) 


(6.14.8) 


(S v 5 '.>*=& - » f_ j™ {m (^;. /;>* ({&:, $„) 

+ 2 * Im { J J &*U>vh) (i^))-l^)dA ti dA,\ 

w m > 

Nr (■$/) = Ayr,) + Ay?,) 


= ^(/') 


« u '~ 2 * 27 Im (*;. /')*((^:. /'),)-. 

/4, f»»l 


If ^(p.q) =se v {q,p) (symmetry), then (6.14.8) becomes 

(6-I4-8)' A^) = Ay/'). 

Furthermore, when .S?f(/>, ? ) is symmetric, we have the three for- 
mulas: 


(6.14.9) 

(6.14.10) 


(^v /a) — (r /t , /*), 

/«) = (/i» ^/ t )» 
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< 614U > [S v /*! = [ s v/i']- 

In general, we also have 

(6.14.12) (T f , ),') = 0 , (T,,h') = _ (/', h - )K 
for any h' e F w . 

The formulas of Section 6.3 extend immediately to the more 
general case where 2ft is disconnected; that is, 

(6.14.13) 72 = / + f t 

(6.14.14) T 2 = —T, 

(6.14.15) Tf = TT = 0 , 

(6.14.16) 52 = /. 

Let us now assume that 9ft is properly and essentially imbedded 
in 9i and that & f (p, q)=£f f (q, p). Then all results proved in Section 
6.5-Section 6.13 remain valid for the case in which 9ft is disconnected. 
In particular, we may drop the assumption that fR = 9? — 9ft is 
connected; we must assume, however, that 9? satisfies the condition 
that the imbedding is essential. The fact of the matter is that if 9? 
satisfies this condition, the hypothesis “9? is connected” is not 
necessary. 

6.15. Representation of Domain Functionals of 9ft in 
Terms of the Domain Functionals of 

For a given surface there are infinitely many imbedded surfaces 
9ft each of which is characterized by its boundary C relative to 9L 
We may regard the differentials of the surface 9ft as functionals 
of C or of 9ft and have then to establish a method for calculating 
them in terms of the differentials of the fixed surface 9? which carries 
the surfaces 9ft. 

We suppose that 9ft is the union of a finite number of domains 
9ft/i and that 9ft is properly and essentially imbedded in 9L We shall 
consider only classes F of differentials on 9ft for which the corresponding 
class F^ is symmetric. We established in the preceding sections the 
fact that, under the above assumptions, all eigen-values of the 
equation (6.7.1) are greater than unity. This enables us to solve certain 
integral equations for the differentials on 9ft by means of Neumann- 
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Liouville series and to express the functionals of 9ft in terms of the 
functionals of the carrier surface 9? and of integrals of the 9?-functionals 
over 9ft and the residual set 9? — 9ft. 

Let Qp {p, q ) be defined as in Section 6.7. By the reproducing 
property of L F (p, r) we have 

(6.15.1) QM {p, q) = _ J QW( r< q) dA " 

HI 

Using (6.7.30) we may write 

(6.15.2) I F (p, q) = Sf F (p, q) — r F (p, q) = L F (p, q) + Qg ] (p, q) 
and bring (6.15.1) into the form of an integral equation for L F (p, q): 

(6.15.3) I F (p, q) = L F (p, q) — J QW( r , q)L F (p, f) dA 

HI 

The term I F (p, q) depends, by its definition, only on differentials 
on iff and upon the difference domain 91 —9K, and will therefore be 
considered as known. Wecan invert (6.15.3) since the kernel QgUr q) 
has all its eigenvalues A? greater than unity. We define the reciprocal 
kernel of Q F ] (r,q) by the Neumann-Liouville series 


(6.15.4) 


Q^(P, q) = r Qf\p. q) 

v-0 


which converges uniformly in each closed subdomain of ffll. Using 

the expression (6.7 34) of £><?"> in terms of its eigen-values and eigen 
differentials, we obtain 6 


(6.15.5) ( p_ j) = (l ~~}j~ l d<f,{p){dq> t (q))-. 

the^nrT ° f the reci P rocal kerneI QPHp.q) we may now solve 

the integral equations (6.15.3) in the form: 


(6.15.6) 


LAP, q) = q) + £ J QF (r, q) / p(A f) dA 

HI 


Ita difficulty with th. .bo™ cou.es from , he fact , hat 
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Qf ] (P> q) still contains the differential L F (p, q) of 9ft and hence the 
series development (6.15.6) does not yield L F (p,q) in terms of 
^-differentials alone. However, this obstacle can be overcome as 
follows. Because of the reproducing property of the kernel L F (p, q), 
we have 


(6.15.7) 0<« (r, q) = - Lr(r, q) + 27(r, q) + /g»(r, q) 
where 

(6.15.8) I™(r,q) = J I F (r, f) I F (p, q) dA z . 

In general 

(6.15.9) QF(r, q) = - L F (r, q) + Z Q /<*> (r. q) 
with 

(6.15.10) /<?> (r, q) = J /{T 1 (,,f) I F (p, q) dA z . 

Thus, each term Q [ ^ v) is composed of iterations of the known term 
I F {p, q) and of the kernel L F (r, q). We do not know this term 
but we do know its effect under scalar multiplication over 2ft on all 
differentials on 9ft or 9ft. In particular, we can now calculate all terms 
in (6.15.6) and obtain: 

(6.15.11) L*(j>.q) = l\ z Q I ( / +1) (p,g) • 

v = 0 = 

In (6.15.11) all right-side terms involve known differentials of 9t; 
we have thus obtained a representation of the desired type for the 
kernel L F {p, q) on 9ft. The basic term on the right-side has by (6.15.2), 
(6.7.31) and (6.7.34) the form 


(6.15.12) 


I F (P, q)=L F (p, q) +Q { F 2) (P,q) 
= — Z (l — ^r) d<p,(p)(d<p v (q))~. 


Its iterates have consequently the form 


(6.15.12)' i F ] (p, q) = (—Y Z 1 


(l—-p) d<p,(p)(d<p(q)) 
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and the identity may be checked formally by inserting (6.15.12)' 
into (6.15.11) and then verifying the identity by rearranging the 
terms on the right-hand side. It is also instructive to express the 
bracketed terms occurring in (6.15.11) in terms of the eigen-values 
and eigen-differentials. We find: 


(6,5,3, l », -ii(,-I) 

This shows that the successive brackets converge to zero like 1/X 9 

and we obtain an estimate for the contribution of each bracket to" 
the sum total of (6.15.11). 

We summarize our main result in 

Theorem 6.15.1. The kernel L F (p,q) of the domain W can be 

dev ftf a ^ies in terms of iterated integrals of the JR -,differential 

p (A q) - q) — T*(p, q), which is given by formula (6.15.11). 
It is clear that once L r (p, q) is constructed there is no difficulty 

n o aimng F (p, q). i n fact, using the reproducing property of 
q) under integration over 2JI, we find by (4.11.6) and ( 4 . 11 , 7 ); 

h(P, q) = L F (P, q)~TC F {p } q) = _(J F ( r> ?)> L,(r, $)) n 

= (**('. 9). Lw(r,f)) m . 

Thus, finally: 

(6.15.14) 


L*(P, q) = q) + {se 9 (r, q), L r {r,p)) 


2R* 


We have expressed L F [fi, q ) in terms of the .SVkemel on SR and an 

^:r,f 98 r inte ^ is - - 


( 6 . 15 . 15 ) 



—-•'-■rsa.nvcr.:?- 
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(6.15.16) 


j 7< " 1(9 ' f) {j 

= J r) 




The integral J^iq) is the conjugate of the period of i differential 
I {fi+1) (p, q) with respect to a cycle K Q \ we find by defin m (6.15.2) 
and by (5.1.5), for the special case fx = 0: 


(6.15.17) 


7' 0| (?) =9'M 


f&ti. r)K(r~) 


dA„. 




Thus J { Q 0) (q), and by (6.15.16) all other differentials J'jf* (q), can be 
expressed in terms of ^-differentials. 

Consider now the series (6.15.11) which converges uniformly in 
each closed sub-domain of determine on both sides of the equation 
the period with respect to a cycle K Q . Since this determination can 
be done by integrating along an interior path in we obtain the 
identity 

(6.15.18) z; ( 9 )= 1 T foQ/ir'te)} 

where the right-hand sum converges uniformly in each closed sub- 
domain of 9ft. 

Let us determine next the period matrix of the Z' Q (/^-differentials. 
We observe that by (6.15.10) and (6.15.15), 


(6.15.19) /<">(?) = J I(q, f) J^ v {r) dA^, p = 1 , 2, • • • 




Hence, we derive from (5.1.8), (6.15.16) and (6.15.19), 


(6.15.20) 


J { fW#)dA n = 


9K 


9TC 


H = L 2, 


• • 


and 


(6.15.20)' ^ Jf'{r)Z' 0 (f)dA n = 


= n. 


e° 


&'(?)&» dA „ = H „a. 


ui 
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00 


(6.15.21) r„ = £ { H 




QO 


J {'))- dA n \. 

ffll J 


Thus, we have obtained series developments for the differentials 

z e and for their periods in terms of differentials on SR and of their 
periods. 

The above formulas were obtained by using the integral equation 

involving T. Let us now try to carry through a similar program for 
the integral equation involving f. 

By (6.8.15) and (6.8.17) we have 
(6.15.22) lp(p,q) = — 1 (l — -L) v (y>',(q))~. 

' Qp/ 

This formula shows that the eigen-values of the integral equation 


(6.15.23) 


vAq) - e* J h(q, p) y>l(j>) dA, 


are 


(6.15.24) 


e,* = 




1 


i-T 

Q* 


v = 1, 2, 


Since there are no eigen-values q = oo, there are no eigen-values 

e = I. However, as v tends to infinity, q* tends to unity. 

rom the point of view of Hilbert space theory alone, let us try 
to calculate Lt{p,q) from & r (p, q). By (6.8.15), 

(6.15.25) 
where 

(6.15.26) < 


q)—Z (— j) f.(p)(v'.(q))-, 




for a >• 1 . We have 




( 6 . 15 . 27 ) 


**•*¥<*•« =.i li A ° (-—)'} 
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Let p N (x) be the polynomial with real coefficients A a : 

(6.15.28) p N (x) = ZA a x°. 

0 = 1 

In the interval — 1 ^ x 5^ — d, 6 > 0, it is possible to approximate 

the function — uniformly by polynomials (theorem of Weierstrass). 

Hence it is possible to approximate the constant 1 in the interval 
— 1 ^ * 5^ — d uniformly by polynomials of the form (6.15.28) 
which vanish at x = 0. Thus, given a positive integer v 0 , there is 
an N 0 such that for N ^ N 0 it is possible to make the coefficients 

!)'. is.sv 

qJ 

in the series on the right of (6.15.27) as close as we please to unity. 
For a fixed point q interior to SR we have 



N 


(6.15.29) A^( Z A a ^(p, q) 

=i 


(-31 



where the right side can be made to tend to — Lf( q, q) as N tends 
to infinity. Thus, we can represent — LF(q,q) in the form 


(6.15.29)' — L r (q, q) = limivJ I ?) 

N-ko \a = l 

Using (6.15.26), we may bring this equation into the form 

r n 1 



(6.15.29)" — L F (q, q) = lim { Z Aj^A^/^g, q) 


N-> oo 




We have therefore proved 

Theorem 6.15.2. The kernel LF{q,q) way be approximated ar¬ 
bitrarily closely by finite combinations of iterated kernels ^ (<]>$)> 

uniformly in each closed subdomain of SOI. 

In these considerations we have used only the properties of the 
Hilbert space and we have not used all the information available 

concerning the imbedding of SR into SR. 

Let us now try to imitate the method used above in the case of 

the integral equation involving T. Since the eigen- values q* are not 
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bounded away from 1, we cannot form the reciprocal kernel but we 
can write down its finite partial sums. Let 

Qr ] (p, q) = J Hr, q)(HrJ))-dA v 

(6.15.30) at 

= — HP. q) ~jj? F (r, q){^{r,P)YdA v 

Si—®i 

by (5.3.7), and let 


(6.15.31) 


/f(A q) = J? F (fi, q) j J? F ( r , q)(j? F (r, p))~dA 


m —®i 

=L F (p, q)+Q™(p, q). 

We have by the reproducing property of the kernel L F {p, q), 
(6.15.32) l F (p, q) = L F (j>, q)—[ Q™{ r , q)L F (p, f)dA„. 


We write 

(6.15.33) 

where 


9JI 


N 


QYs(P.q) = 2:Q [ r\P,q), 


<j-0 


(6.15.34) q) = J f)Q F (r, q)dA^ a 2> 2, 


911 


and 

(6.15.35) 


= -£f(A?). 

We have, by (6.15.22) and (6.15.30), 

< eM6 > »-(#•.«-•*(> 4 )* *««<«»-■ 

hence by (6.15.33), 


(6.15.37) Q^{p,q)=E 

*•-1 


and 


(■ 4 ) 


J \ 4-2"-] 


1 


(■ 4 ) 


2 


vv(£)(vv (?))-, 
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(6.15.38) } F (p,q) 

Hence 




(6.15.39) 

J(?F,Jv( y » = — Z j^l — ^1-j H xp v (p) (y' v (q))~. 

to V=1 

Thus, for fixed p, q in the interior of 9ft, we have 

( 6 . 15 . 40 ) L F (p, q) = lim f Q { ~1 ] (r, q) J F (p, r)dA 

N-*- oo J 
TO 


6.16. The Combination Theorem 

We conclude this chapter with some remarks concerning the case 
in which the domain 9ft is the intersection of two surfaces 9?! and ft 2 . 
For simplicity, we suppose that 9tj, and 9ft are 2-cells. We further 
suppose that the boundary curves of 9? x and intersect in just two 
points, p x and p 2 say, and that 9ft is bounded by two arcs C x and 
C 2 joining p x and p 2 where C 1 lies in the boundary of fR v C 2 in the 
boundary of 9f 2 . Later we shall take 9?! and 9? 2 to be domains of 
the local uniformizers z 1 and z 2 respectively. Since 9t x and ft 2 can be 
represented as domains of the z x - and z 2 -planes, their bilinear diffe¬ 
rentials^^, q) and o£? 2 (/>, $) ma Y assumed known and we give a 
process by which the bilinear differential &(p, q) of the union 
9?! U 9t 2 can be determined. This process is a variant of the Schwarz 
alternating procedure, and yields a proof of the existence of analytic 
functions on an abstract Riemann surface. Although this proof is 
not simpler than the standard ones, we give it for the reason that it 
makes our approach self-contained; even the existence theorems of 
Chapter 2 can then be based on the methods developed here. Further¬ 
more, the method which we now develop is a natural outgrowth 
of our previous investigations. 

It should be remembered that the boundary uniformizers of 9ft 
at p x and p 2 are not admissible uniformizers for 9^ and 9f 2 . The 
intersection angles of the arcs C v C 2 at p x and p 2 do not exceed n 
and we now make the assumption that each of these angles is greater 
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than zero. Let z x be a uniformizer of 9^ at the point p x and let a 

n 

be the angle at p l between Cj and C 2 in the Zj-plane. Then z = zf 
will be a boundary uniformizer of 9ft near p v A differential of 

a 

will be multiplied by a factor a z* /tc if expressed in terms of the 
boundary uniformizer of 9ft. But since 0 < a/7r ^ 1, every differential 
of which is regular in the closure of 3^ will still lead to a different¬ 
ial on 9ft which is square integrable and which possesses a bounded 
integral function in 9ft. This fact will permit us to carry out all the 
following considerations in spite of the fact that some differentials 
considered become infinite near p x or p 2 . 

Since 9ft, and ft 2 are simply-connected, there exists on each 
surface only the class S, so the F-subscript is superfluous since all 
classes are the same. In particular, M = S so all kernels are symmetric. 
Let L(p , q) be the bilinear differential of 9ft and set 

(6.16.1) l x (P, q)= L(p, q)-Jf^p, q); l 2 (p, q) = L(p, q)-J? 2 (p, q). 

Similarly, we define l x (p, q) and l 2 (p , q). 

We begin by proving the formula 

(6.16.2) J l x (p, r ))-dA , = J (/,(/», q))~l 2 {p, f)dA„ 

3JI 

valid for q and r in 9ft. We have 


J hit. q)[h[p. r))~dA, = J [HP, q)—se x \p, g)] [HP, r))~dA. 

— 9)(W. r))~dA. 

3JI 

by (4.10.8). Let f correspond to the uniformizer circle | f | < a at q. 
Integrating by parts, we obtain 


f*i&. q)(hiP. r))~dA. 

SR 


d&i(p. q) 

Tit j da 

Cl+Cj—SI 

1 Cd&Jt.a) 



(h(P> r )) ^ + o(l) 
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since d^^p, q)/dq — 0 on C x and the integral over dt iso(l) as a 

d &i (P> ?) 


->0 


since p = p on the boundary; 


dq 


(4(A r))~dz 


—i.r 

m J 

c 2 

—if 

Tii J 


d&i(p, q ) 

dq 


hip. f)dz 


d&AP.q) 

dq 


hip. r)dz 



d &iip. q ) 


As a 


c l +c 2 —di si 

0, the second integral yields the value 


dq 


l 2 [p, r)dz. 


(6.16.3) 


hiq. f) = J (Lfp, q))~hiP, f)dA 


while the first becomes 




(6.16.4) 


J-^i (q.p)hip. f)dA 


2J} 


using (4.10.2). Combining these results, we obtain (6.16.2). 
We introduce now the bilinear differential 


(6.16.5) 


Q(P. q) = J h(r. P)(h(r. q))~dA 


2K 


and the two operators 


(6.16.6) 

(6.16.7) 


n 11 (?) = v'w)«. 

n 2, (?) = (■*•(?.*). 


which act on differentials tp' on 9ft. We also define the operators 


(6.16.6)' 

(6.16.7)' 


C(?) = — (M?. Z’). Yip))™, 
t^iq) = — ( 4 (?. / 0 . YiP))m- 


For q in 2)1 these give the same result as the operators and T { *K 
Finally we define the iterated operator 

(6.16.8) CM = *$>(?)’ 
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By (6.16.5), this may be expressed in the form 

(6.16.8) ' t™(q) = (Q{q, f>), (*'(*))-)«. 

We now prove 

Theorem 6.16.1. There exists a positive number a < 1 such that 
for all differentials y>'(p) on Wl we have the inequality 

(6.16.9) N m (t™) ^ aJV TO ( V '). 

In order to prove the theorem we start from the inequality 

(6.16.10) ^ N n {tM) ^ N m W) 

which is an immediate consequence of (6.2.9) and (6.2.11). If we 
can show that 

unless y'(q) = 0 in 2ft, then the reasoning of Section 6.6 shows that 
there is a number a, 0 < a < 1, such that 

A^ * 

for all differentials y>’ satisfying 

N *iW) = 1- 

The reasoning can be carried through because Q{q,$) is regular in 

the closure of except for singularities of known character at the 
points p 1 and p 2 . 

It remains to investigate the possibility that 

( 6I<U0 )' =N n W). 

In this case we must also have 

(6 - 16 - U ) X m (tV) = N w (y,'). 

But by (6.2.11) 

N +<P?) + W ] ) = iW)- 

Hence (6.16.11) implies the two identities: 

< 6 * 16 - 12 ) ft? ^ 0 in 9t 2 

and 

(6.16.13) = 0 in 8t g — SR. 

From these identities we derive the fact that a ifferential y>’ for 
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which (6.16.10)' holds is regular in the closure of SR, except possibly 
at the two critical points p 1 and p 2 . In fact, by (6.3.9), we have 

(6.16.14) ( 7 ( 2 ) )2 __ i fa) 

By (6.16.13), 

(7(2))2 = (/ (2,j 2 in m 

and by (6.16.12) and (6.16.14), 


(<‘ 21 ) 2 = V'(q). 


Since the kernel Q(p, q) of the /'"'-transformation is regular in the 
closure of 2 R (except for the two possible singularities at p x and p 2 ) 
we have proved the asserted regularity of y>'(q). 

By reasoning used in Section 6.5 we see that t™ (q) has the boundary 
values ( rp'(q))~ on C v To show that l™(q) has also the boundary 
value (y>'(q))~ on C 2 , a modified type of reasoning is necessary. We 
have 


tV(q) = -\h(q.p){V(P))-dA 


to 


(6.16.15) 


=- £ J 




-if 

711 J 


TO 

MAq.p) 

dq 


dp dq 

\ 

( V>'(P))~dz, 


( V '(P))-dA, 


d&tti.P) . u _,dG(q,p) 

since --- vanishes on C« and —-- vanishes on C, and on 

dq 2 dq 1 

C 2 . If q is an interior point of the arc C 2 , we have 



Til 


dq 


(v'(P)) dz = 



- (✓(»)-« 


Til J dq 

c , 


(6.16.16) 


-GJ 


P) 

dq 




'(P)dz ) . 


Let q* be a point of 9ft which is near an interior point of C 2 . 
Then 
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nt 


dq 


-=J Fi^ 


c 1+ c a 


dq* 




dz 


(6.16.17) 


= - j l 2 (q*,P) V '(P)dA t 


2 H 


= V>'lq*) + flfV) = y'to*) 


by (6.16.12). Letting <?* tend to an interior point y of C 2 , we see from 
(6.16.15) and (6.16.16) that t^(q) has the boundary values {y)'(q))~ 
on C 2 . We conclude that t {2) (q) + y,'(q) and (t™(q) —y>'{q))fi are real 
on the boundary of 9ft. Both expressions have finite integrals in 9ft 
with constant imaginary part on the boundary of 9ft (even at p x 
and p 2 ). Applying the maximum principle to these imaginary parts, 
we see that they are constant and this shows that the differentials 
corresponding to them vanish identically in 9ft. Thus we have shown 
that (6.16.10)' implies y>‘(q) = 0 in 9ft and Theorem 6.16.1 is proved. 

We observe that whenever a differential (p ' can be expressed in 
the form 


(6.16.18) 


?'(?) = f Q(q.P)v>'(P)dA„ 


2 R 


then Theorem 6.16.1 implies 

(6.16.19) N m (tp')Z«N m W). 

Now let r be a fixed point in the interior of ift 2 


9ft, and define 


( 6 . 10 . 20 ) r) ’ f*®* 

[ u > p € 9ft i - 


9ft. 


For n ^ 1, set 

(6.16.21) w ' ln (j>) =. 




J &t(p. dAf + & t {p, r), p e SRj, 


and 


*i 


(6.16.22) v^) = 


tP . ?) vw-» (?) dA { . ^ € at,, 




IVW-aW, 2 ft. 
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Observe that all y> v (p) have at r the same singularity as r) 

Let p be a point of 3f 2 . Then ' 


vL(P) = - J & 2 (P, qW^ 2 {q) dA c 

n,—an 

— J ^(p. q)y>L-Aq) dA ( + & 2 (p, r) 

an 

= ~~ j ^)^ 2 n- 2 (^) dA : -f J & 2 (p, q)y> 2 n _ 2 (q) dA c 

^ an 

— J &*[p, ?)v4»-i (?) dA t + & 2 (p, r) 

an 

= - J &AP. [*,'_(?) -& 2 (q, r)] dA ( 

sn, 

+ J &t(P. #)%_(?) dA : - J <e 2 (p, qW 2n _M dA c + & 2 (p, r), 

an gj i 

by (4.10.8), 

= Vin- 2 {p) — yi[p, r) + J ?)y4- 2 (?) iA t 

an 

— J -^2 (P. q)v>L~i{q) dA ( + & 2 {p, r) 

an 

by (4.10.8)'; 

= tin-zip) — j & 2 kP. q)\v> 2 n-i(q) — v4 »- 2 (?)] dA c- 

an 

Thus, for p c 3 t 2 , 

(6.10.23) vl(p) — Win—iiP) = - J &AP, q) [HW-1(?)-Va„- a (?)] dA c 

an 


Now let p be a point of 9^. Then 
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vj'h-i (P) = — J q)vL-z(<!) dA c — J -2?i(A q)vL-i(<i) dA c 

JR i—HR SR 

= — f ^liP’ ?)V*2n —3 (?) dA ( + [" q)v\n-M dA ( 

3*1 SR 

— J &\ip, q)'H«-i(q) dA c 

SR 

= tin-AP) — J &i(p. q)Win-t(q) — v>i »_»{?)] ^ c - 

SR 

Thus, for ^ c SR 1# 

(6.16.24) vin-i(P)—V2^.,{p) = — j&i(p, q)[v>in-2(q)—vL-s(q)] dA c- 

SR 

We observe that the formula (6.16.24) is valid in the case » = 1 if we 
define y— 1 (^) = 0. 

Write 


(6.16.25) (£) = — V»m-i(/>), w = 1, 2, • • % 

For € 9ft we have 

~Vzn-l(P) + Win—2 {p) = J L(p, q)W^q) — dA (. 

SR 

so (6.16.23) and (6.16.24) become, for p € 


(6.16.26) 


C(i*) = J kip, q) d ° n -M <tA ( , 

SR 

C-.W = J W q) d L-t{q) d A c . 


Hence, by (6.16.2) and (6.16.5), 


(6.16.27) 


d mip) — J [Q{q,$)) d’in^iiq) dA t , 

HR 

CW = J #)4-.(f) Al e - 
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But then by (6.16.18) and (6.16.19), 

N M ^ «*„(£_,). 

N m (d' 2m ) ^ a 
N w( d L-i) ^ 

m 

N*&) ^ A« T , 

where A is a number independent of m. If m < n we have 

m+1 

{ N <m(Vm~ V,)}* ^ £ (A^ to «)} 4 ^ A* i 

v-m+l v = m + l 1 Ot* 

so Wn) tends to zero as m, n approach infinity. It follows 

from (6.16.23) that p) converges to a limit Y^p) in dl 2 and from 
(6.16.24) that v4m-i (P) converges to a limit ^[(p) in $R 1# Since these 
sequences have a common limit ^'(p) in 9ft, we conclude that 

(P) = ^(P) 9ft, and ^ 2 (P) the analytic continuation of 

(P) into ft 2 — 9ft. We have therefore established the existence of 
an analytic function V P(p ) over the union of 9^ and ft 2 . Since ^(p) 
has a simple pole at the point r of 9h> — 9ft, it cannot be constant over 
% U ffi 2 . 

Let cp be any function regular in the union of and 9t 2 with 
(6.16.31) N(<p f ) < oo. 

Here the integration in N(cp') is over the union of 9^ and ft 2 . Then 
by (4.10.8) 

(YV <f') = (YV <P ')ftt = °- 

Further, 

(V^2 n» 9 ?/ ) = (Win— V *P ) Wj—2R J j ^P>^)( ( p (P)) 

+ r)fr’{p))-dA M 

m a 

= (,V*2n —1 • m + (V* 2n —1» 9 ?/ ){R 1 = [Vtn—i» 9 )» 


(6.16.28) 

Therefore 

(6.16.29) 

Thus 

(6.16.30) 
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by (4.10.8) and (4.10.8)'. Similarly 

(VW-1* <P') = (Vtn-i. ¥)■ 

Thus 

(6.16.32) (vC,, ?>') — (y>o. ?>') = 0. m=\, 2, • • •. 

It follows that also for the limit function P 

(6.16.33) (!f" )? >') = 0 

for every 9 / regular in the union of and SR 2 which satisfies (6.16.31). 

Let &[p,r) be the bilinear differential of the union of SR, and SR, 
Then 2 ‘ 


(6.16.33) ' (if, <p’) = 0. 

Subtracting (6.16.33)' from (6.16.33), we obtain 

(6.16.34) (!P'—if,?') = o. 

Taking, in particular, <p' = P' —if, we see that P’ = if; that is, 
(6.!6.35) ¥"(/>) = if ( P , r). 

We have thus proved the theorem: 

Theorem 6.16.2. The recursive procedure (6.16.20)—(6.16.22) 
converges uniformly in each closed subdomain of the union SR, U SR 

1° a re Presentation of the ^-function of this union in terms 
Of the functions of the constituent domains 9? x and $ 2 . 

Since the union of SR t and SR 2 is simply-connected, the function 
belonging to the differential 


P‘ = J?(p, r) 

° nt ° the eXteri ° r ° f a Circle ' the P oint ' g oil >g into 

mity. We have therefore proved the “combination theorem” of 

’ , „ arz 411(1 C ' Neumann : if two domains, each of which can be 
conformally mapped onto a circle, have a connected (and therefore 

a simpl y . conn ted) intersection, the union of the two domains can 

theorem”^ 156 ?- °n ? ^ ^ ^ pr °° f ° f the “niformization 
heorem essentially turns on the combination theorem (see Ul) 
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7. Variations of Surfaces and of their 

F unctionals 


7.1. Boundary Variations 

The theory of Riemann surfaces is mainly concerned with the 
study of the functionals on a given surface or on a given class of 
surfaces, and the dependence of the functionals on the surface itself 
in the sense of the functional calculus has never been investigated 
systematically. In this chapter we investigate the way in which 
the functionals change if the surface is altered. 

So far as topological properties are concerned, every finite surface 
may be obtained from the sphere by performing, a finite number of 
times, one or more of the following three types of operations: (i) 
cutting out holes; (ii) attaching handles; (iii) attaching cross-caps. 

owever, the conformal type of a Riemann surface may be altered 
by the topologically insignificant operation of “attaching a cell”. 
To attach a cell, we first form a hole by removing a 2-cell from the 
surface, then we fill the hole with a new 2-cell which is attached by 
identifying its boundary with the boundary of the hole. We therefore 
add a fourth operation: (iv) interior deformation by cutting out a 
hole and attaching a cell. We shall compute the variation of the 
Ureen s function under these four operations. By differentiation we 
then obtain the variation of the bilinear differential L M (fi, q) and by 

Pen ° dS ar ° Und thC baSiS CydeS * We 0btain the staticn 
ot the differentials of the first kind 

wav he since er t \ ti0nS f ]> and (iU) Wl1 be P erformed a special 
way since their main function is to change the topology, and the 

resulting variations therefore will involve a minimal number of free 

ST*"- Th ' M. »» other hand, ZXSjZ 

missing parameters and will provide the necessary generality for 

£,rt,‘2 1 r' 0 ™ 31 °< “» i> preee™? 

fact that conformal type can be preserved has an important 

[273] 
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application in constructing variations of conformal maps of a given 
surface W onto subdomains of a given surface 9t. In Chapter 5 we 
derived necessary and sufficient conditions for such a mapping; in 
the present chapter we give the variational procedure by means 
of which a given mapping from 9? onto a subdomain 9ft of 9? can be 
varied to produce a mapping from 9? onto a neighboring subdomain 
9ft* of 9?. This provides a powerful tool in the investigation of 
extremal problems relating to one-one mappings of 9 ? into 91. 

Every orientable finite Riemann surface with boundary is properly 
imbedded in its double, and may therefore be varied by shifting the 
position of its boundary on the double, the double being held fixed. 
This type of variation is called a “boundary variation”, and is 
historically the oldest variation in conformal mapping. We therefore 
begin by discussing boundary variations, and we show that such 
variations arise automatically from the considerations of Chapters 5 
and 6 by taking the domain 9ft to be such a large part of the domain 
91 in which it is imbedded that the lesidual domain 91—9ft is a 
thin strip. 

In the case of plane domains bounded by analytic curves the 
variation of the Green’s function can be expressed by Hadamard’s 
classical formula [3]. Let 9ft be a domain of the plane bounded by 
analytic curves C v , v = 1, 2 , • • •, n, and let every point of the 
boundary be expressed by a parameter s which measures the lengths 
of the curves successively. A neighboring domain 9ft* may be defined 
by displacing each boundary point of 9ft along the normal, thus 
defining new curves C*, v = 1 , 2, • • *, n, which bound 9ft*. Let 
dn(s) = ev(s) be a continuously differentiable function of s which 
determines the normal displacement of the boundary point r = r(s) 
of the domain 9ft. We suppose that <5n(s) is positive if the displacement 
is in the direction of the inner normal with respect to 9ft. If G(p, q) 
is the Green’s function of 9ft, £*(/>, q) that of 9ft*, Hadamard s 
formula states that 

e CdG(r, p) dG(r, ?) 

(7.1.1) G*(p,q)=G(p,q )--J g/ dn - v(s)ds + o[t). 

c 

Using the notation of the functional calculus, we may write (7.1.1) 
in the form 
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(7.1.2) 6G(p, q) =_i f^lll d ^pll dnds _ 

*n J on dn 
c 

If m is an abstractly given Riemann surface with m boundary 

components C„ v = 1, 2, • • •, m, we define a surface S[Fi* in the 
following manner. Let 

C 7 - 1 * 3 ) G(p, q) -{- iH(p, q) 

be the analytic completion of the Green’s function G(p a) of 90? 
If h is the genus of SR, we have 


(7.1.4) Im Z 


2 


(f| -sJ 


dG(P. ?) 

dn 


ds -& \ dH (P, g) > o. 


c. 


For a fixed q 0 in the interior of SOI, the function 


(7.1.5) 


= exp | 


G (P< 9o) + *H(p, q 0 ) 

^2A+v(?o) 


is single-valued on C v and maps it onto the circumference I ; I = 1 
m the plane of f, and it may therefore be regarded as a boundary 
umformizer m the large. Each boundary component C, of 9)1 is 
mapped onto a unit circumference in this manner, and we define the 
arc-length parameter S ,Og S g 2™, in terms of these circum¬ 
ferences. A normal displacement <5*(s) in the planes of these circum- 
forences may be defined as before and, as s runs over If, I = 1 
6n(s) determines a neighboring curve y„ 

Let -q be a small positive number, and add to 9R the set of points 
orresponding to the m annular neighborhoods 1 < | f; I < \ + „ 

n this way we define a finite Riemann surface SR containing i i n 

he f nU° r R 15 dear ^ at ^ Sati3fies a11 the conditions imposed on 
the finite Riemann surfaces heretofore considered, and we caU SR 
an enlargement of 3R. The curves v v - l 9 , . Jt 

iZl ?«* ^ Gree "’ S ^ Hades' 

Since formula (7.1.2) has a form which is conformally invariant 

T-T+i m 'hTK° f “ y l0Cd b ° Undary 

z v)> z — x 4 - ty, and it becomes 
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(7.1.6) 




The proof of formula (7.1.6) in the general case does not differ essen¬ 
tially from that for plane domains. 

Since G(p, q) does not change its value along C, we have 


p) = Q dG(r, p) = _ dG(r, p) = _ dG(r,p) 

dx dz dz 2 dy 

Hence, we may put (7.1.6) into the equivalent form 

, 2 C dG ( r >P)dG(r,q) c y 


dx 


= 0 


dG(r, p) 
dz 


dG(r, p) 
dz 


(7.1.6)' 


6G(fi, q) =-if 


dydx 


or, invariantly, 


(7.1.6) 


6G(p,q) = --f 


dG(r, p) dG(r, q) 
dr dr 


dnds. 


Differentiating this formula with respect to p , q and q we find, 
by (4.10.1) and (4.10.2), 


(7.1.7) 


(7.1.8) 


(7.1.8)' 


6L M (p,q) = — f L M {r, p) L M {q, f)6nds\ 

c 

6L M (p, q) = — J L M (r, p) (L M (r, q))~8nds\ 

c 

6L M (p, q) = — fL M (r, p) L M (r, q)dnds. 


Taking in both sides of (7.1.7) the periods as q describes the cycle 
K r , we obtain by means of (4.10.15) 

(7.1.9) dZ’ r (p) = — J L M {r, p)Z',(r)dnds = — J L M (r, p)Z',{r)8nds. 

c c 

If we take now the periods with respect to a cycle K „ on both 
sides of (7.1.9), we derive by (4.3.10) 


( 7 . 1 . 10 ) 


6r„ = f Z’tfZUr) finds. 
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From these variational formulas one can then readily derive 

(7.1.11) SLp(q, p) = — jLp(r, p) Lp(q, r) finds, 

c 

(7.1.12) fiLp(q, p) = j Lp(r, p) ( Lp(r, q)}~ fin ds. 

c 

These formulas express the first variations of the functionals L P , 

Z v and r'iiv in their dependence on the domain. In the case of plane 

domains these formulas have been derived from Hadamard’s formula 
in [ 6 a]. 


7.2. Variation of Functionals as First Terms of Series 

Developments 

Instead of deriving the formulas (7.1.7)—(7.1.12) from Hadamard’s 

variation formula for the Green’s function, we now proceed differently. 

Let 2ft be a subdomain of 31 whose boundary is obtained from that 

of 31 by an analytic deformation (defined below) depending on a 

parameter e. For a fixed point q interior to 2ft we show that, under 
these circumstances, 


l *(P- ?) = 0(e), h(fi, q) = 0(e), 

uniformly for p in the closure of 2R. Formulas (7.1.7) and (7.1.8) 
or a positive bn then follow at once from formulas (5.3.27) and 
( -3.27)', and (7.1.9), (7.1.10) are obtained by computing periods 

7 \1 1 ’] ] . - By subtraction of the variation formulas for two domains 
embedded in 31 we eliminate the condition that bn is positive 

hmaUy, by applying the results of Section 6.15 we obtain formulas 

which enab e us to compute the variations of the domain functionals 

arbitrarily high orders, that is to say, to arbitrarily high powers 

tLn7 Paramete u- e ' ° Ur meth ° d therefore ^elds more information 
turn the one which is based on Hadamard’s formula alone 

31 ilT ! 11 ?'T that ® iS given and define a domain embedded in 

1 The e finctiT g manner ' Let thC " th b ° Undary curve of « be 

go) + «•■*» , g.) I 
Im ^ + .(?o) J 


(L2.1) 
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maps B, onto the circumference | f | = 1 . Moreover, it maps a boun- 

^7;. %7b , near \ ° n 7 a rin S 1 — 8 * < | f | < I, <5, > 0 . 

Let A„(f) be regular in the closed ring 1 — 26, :£ | f | g j with 
(7.2.2) Re^’^ 


1 


there, and suppose that 


(7.2.3) 


(C2) 

Cl — c 2 


M 


for 1 _ 26, ^ | f x | ^ 1 , 1 — 24 S | f, 
small positive number, the function 


^ 1 . If e is a sufficiently 


(7.2.4) 


C* = C + «*»(C) = f l + ®—1 


maps | 11 — I onto an analytic Jordan curve /„ lying in the ring 

1 ^<KI < I- In fact, for any two distinct points C v f 2 of 
the ring 1 — 26, ^ | f | ^ 1 , we have by ( 7 . 2 . 3 ) 


£i - C. + - *(«] = (Cl — C.) fl + 


Ci - c, 


# 0 , 


provided that 0 < £ < 1/Af. It follows that f* is a schlicht function 
of f in 1 26 v ^ | f | ^ 1 and, in particular, that the image of 

I C | = 1 is a Jordan curve. The curve /„ may be mapped back into 
by the inverse of the mapping (7.2.1), thus defining a curve C v 
in 9$. We suppose that functions A*(£), v = 1 , 2, • • •, m, satisfying 
(7.2.2) and (7.2.3) are given. Then there is an e 0 such that for 0<£<£ 0 
the curves C p defined in the above manner bound a subdomain SOI 
of 9h 

Our first concern will be to obtain an estimate for the difference 
of the Green’s functions of and 91 which will be valid uniformly 
in the closure of 9 Jl. 

If £ 0 is sufficiently small, then for 0 ^ e ^ e 0 the circumferences 
| f | = 1 — d v , | £ | = 1 — 2d r correspond by (7.2.1) to curves 
C«, C { v 2) on 9t which bound subdomains SKj, 9fl 2 °f ^ satisfying 


$m 2 c m 1 c 

Given a point p in the boundary strip 91 — 9ft 2 , let f be its image 
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in one of the rings 1 — 2<5, g | f | g 1. The value f is transformed 

by (7.2.4) into a value £* which will lie in 1 — < | f | < 1 if 

e 0 is small enough. The image of f* in $ defined by (7.2.1) will be 

denoted by />*(£). It is clear that p*(p) lies in 2R and that £*(/>) 

is a boundary point of 3ft whenever p is a boundary point of 9T 

Let G(p, q) be the Green's function of 9ft. Since the mapping defined 

by p*(p) is conformal, the function G(p*,q*) = G(p*(p) t q*(q)) is 

a harmonic function of p* or of q* in 9? — 3ft 2 , with a singularity 
at p* — q*. 

Let e 0 be chosen so small that each curve /„ lies in 1 — — <5, < £ < i 
v = 1, 2 , • • •, m. Consider the difference 4 

9<fi. q)~G(p, q) 

where p e C (1, f ? e SR. If C„ then The 

remaining term ^(p,q) may be estimated by a series development 
about the point q e C. Suppose that q lies on the boundary com¬ 
ponent C v of 9ft, in which case its image f by the mapping (7.2.1) 
lies on the curve /,. Let be the point on | f | = l such that arg f. = 

argt, and let ^ be the point on B 9 which corresponds to by 
(7.2.1). Then 1 J 


0 = <S{q x , P) = 9[q, p) + 2 Re ( tl 


so 


l at 


(ti 



• ♦ 


&(P.g) = 0(e), PeO», q e C. 


(7.2.5) 

Thus 

( 7 - 2 - 6 ) &(p, q) — G(p, q) = 0(e) 

C h W ’ q e C \ Hence b y the maximum principle the estimate 
[LZ.b) holds uniformly for p € 2R lf q 6 9ft 

Next, 

( 7 -2.7) 9(P, q) - G0* 9 *) = Sfy,*, q * } _ G( ^* 

+ &(P.q)~&(p*, q*). 

If P * c« q £ n - m 2 , then *>* £ 2^, q* e SR. Hence, by (7.2.6) 
(7.2.8) »(**, ? ,j = 0(e)> 

uniformly f or p eC u, The ^ f) _ 
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is regular harmonic for p and q in — 9ft 2 since the 
logarithmic singularities cancel. Let p e C (1 >. For q c C (2 > the dif 

ference S (p, q) — 9(p* t q*) is clearly 0(e) and the same is true 
for q e B. It therefore follows from the maximum principle that 

( 7 -2.9) <&(p t q) — <&(p* t q*) = 0(e) 

for p e C (1) , qeft— 9ft 2 . From (7.2.7), (7.2.8) and (7.2.9) we have 

&(P.q) —G(P*,q*) = 0(e), p e C {1) , q € — 9ft 2 . 


Since &(p, q) — G(p*, q*) vanishes for peB, we conclude that 


(7.2.10) <g(p t q )—G(p*,q*) = 0(e) 

uniformly for p € ft — 9ft x , q e ft — 9ft 2 , therefore uniformly for 

q e ft — 9ft x . 



Since the difference (7.2.10) is zero for p or q on the boundary 
of ft, it may be continued into some enlargement of ft, say ft x , and 
the estimate (7.2.10) will be valid in fti— 9ft x . This remark shows 
that the partial derivatives of the difference (7.2.10) are also 0(e ); 
in particular, 


(7.2.11) 


2 d 2 [&(p,q)—G(p*,q*)\ 

7i dpdq 



uniformly for p, q e ft — 9ft x . The constant implicit in the term 
0(e) occurring in (7.2.11) depends on the uniformizers used in forming 
the derivatives but is otherwise independent of p, q. Thus 


(7.2.12) 


dz* dt* 

&m(P, q) — L M (p *, q*) — — 


0(e), 


where z and f are uniformizers at p and q respectively. Since 

dz* di* 

q) — (p*. = °( E )■ 

we have 

&M(fi\q*) — L M (fi*, q*) = 0(e); 

that is, 

(7.2.13) lu(P,q) = 0(e) 

uniformly for p , q in the closure of 9ft. 

Let q be in a fixed subdomain of 9ft and calculate the period of 
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♦ 

Lyiij), q) — &M{p,q) around the cycle K„ We have 
(7.2.14) P(Lm(P, q)—&uQ, q), K.) = Z'jq) - <&',{q). 

Hence, by (7.2.13), 

(7-2.15) Z'M) -<(?) = 0(b), 

uniformly for q in the closure of 2R. It foUows from (7.2.15) that 

(7.2.16) r„ — 77„„ = 0( £ ). 

From (7.2.13), (7.2.15) and (7.2.16) we conclude that 

(7.2.17) ^(tq) = 0(e), 

uniformly for p.qeW, where F denotes an arbitrary class of differen- 
tials. 

If A,, v = 1, 2, • • •, are the eigen-values of the integral equation 
(6.7.1), we have from (6.7.27) and (7.2.13) 

(7.2.18) Z^ — = J J| h(p, q) | 2 dA z dA c = 0(e 2 ). 

” Sf SI 

Thus A 1( the smallest eigen-value, is of the order of magnitude -. 

£ 

If Fis a symmetric class, we may apply the formulas of Section 6 15 
By (6.15.6), 


Lv(P,q)-J?v(fi,q) 


(7.2.19) 


where 

(7.2.20) 

Thus 


~ ~ J* SfF < r > 9))~*A n + Z fg<?’> (r, q)I*(p, f)dA 


OF (r. q) = 0 (e 2 *) 


Lp{p, q) 


(7.2.21) 


f 


+ 


J QP ( 


«—aw 




TWs formula enables us to compute q) _ q) to 
desired degree of accuracy. H) 


any 
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In the case of the general class F, which need not be symmetric, 

we go back to the formulas (5.3.27), (5.3.27)'. Using (7.2.17) we 
obtain: 


(7.2.22) (q, p) — L F (q, p) = J Se F {r, p)(^ F (r, q))~dA r] -f 0(e 2 ), 

m-wi 

(7.2.23) SC F (q, p) — L F (q, p) = J Sf F (r, p){Se F (r, q))~dA tl + 0(e 2 ). 
Writing S&f( q,p) for the principal term of the difference 


( 7 - 2 - 24 ) Lf( q, p) — F (q, p), 


we see that 

(7.2.25) dSf F (q, p) = — J J? F (r, p)(& F (r, q))-6nds, 

B 

(7.2.26) b£e F {q, p) = — J 2> F (r, p)(^ F (r, q))Snds. 

B 


Here bn expresses the normal displacement from the original boun¬ 
dary curves, and it is positive since the domain whose boundary 
results from the displacement lies inside the original domain. 

We remark that the functions A r (f) which define the displacement 
may depend on e provided that the conditions (7.2.2) and (7.2.3) 
are satisfied uniformly in e. 

Thus we have derived the Hadamard variational formulas (7.1.11) 
and (7.1.12) from the comparison formulas of Chapter 5. We want 
now to remove the restriction that only interior boundary shifts bn 
are admitted. We proceed as follows. 

Let SOI be a given domain, an enlargement of it. In the plane 
of Cv we assume that | f r | = 1 corresponds to the v-th boundary 
of 91, while | f, | = 1 — Are, A r a constant, corresponds to the v-th 
boundary of SDL As C* traverses | tr | = 1, let the boundary of the 
varied domain 3JI* be defined by 

(7.2.27) (* = t, + eXr(U *), 

where A,(f,;£) satisfies (7.2.2) and (7.2.3). Then 
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(7.2.28) L F (q, p) - <? F (q, p) = _ J £> F ( r , p){<e F (r, q))~ 6^ ds, 

B 

(7.2.29) L F (q,p) — £C F (q,p) =—■ J* _§? F (r, p)(S?r(r, q))~dn 2 ds, 

B 

where Sn 1 and Sn 2 , both positive, define the normal displacement 
of B into the boundaries of 2)1, ‘HR* respectively. Subtracting (7.2.28) 
from (7.2.29), we obtain 

(7.2.30) Lp(q, p) — Lr{q, p) = — Ji? P (r, p)(SP F {r, q))~dnds, 

B 

where 8n = bn 2 — 6n 1 is the normal displacement of the boundary 
C of 2K into the boundary C* of 9D1*. With an error 0(e 2 ) we may 
replace the boundary B of SR in the integral on the right of (7.2.30) 
by the boundary C of 2)1, and then with a further error 0(e 2 ) we may 
replace £e v by L F . We thus obtain formula (7.1.7). Formula (7.1.8) 
is obtained in a similar way, and formulas (7.1.9), (7.1.10) are ob¬ 
tained by computing periods in the usual manner. 


7.3. Variation by Cutting a Hole 

Hadamard's formula gives the variation of the Green’s function 
under a small displacement of the boundary of the domain. In this 
type of variation the original domain 2 Jl and the varied one SOI* 
are of the same topological type but not necessarily of the same 
conformal type. If, instead of displacing the m boundary curves of 

d °r n We rem ° Ve fr ° m m a SmaU hole - we ob tain a domain 
M with m + 1 boundary curves and therefore of different topo- 

iogmal type. We now discuss a special variation of this kind.This 

type of variation will be applicable even to closed Riemann surfaces 

In this section we shall assume that the surface SOI is orientable and 

Tn aS ,. a b .° andary ' and ther efore possesses a proper Green’s function. 
In the mowing section we shall consider closed orientable surfaces 
Given the surface 0 R with Green’s function G(p, q), let a, be an 
inmor point of 2J1. If e is a sufficiently small positive number, the 


(7.3.1) 


G (P- ?i) = log — 

€ 


4 
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IS a Jordan curve C m+1 which bounds a subdomain $ of 9ft containing 
q x . We remove the domain 5) from 9ft and obtain a surface 9ft*. Let 
T (p, q) be the analytic function of p whose real part is the Green's 
function G(p, q), and let f be a uniformizer at q 1 which is valid in a 
neighborhood of q x containing $. We assume that this uniformizer 
has been chosen once for all. We have 

exp {— T(p, q x )} = a x C + a 2 ? + • -| a x | ^ 0, 
for p near q v Hence, if p is a point of C m+1 , 

(7.3.2) | C(P) | = ~ + 0(e 2 ). 

a i I 

Thus, the image of C m+1 in the uniformizer plane is approximately 
a circle. 

Let G*(p,q) be the Green’s function of 9ft*, and let 

(7.3.3) h,(p, q, qi ) = G*(p, q) - G(p, q) + G{P ‘ 9l)G ^ ?l) . 

log — 

£ 

The function h e (p, q, q x ) vanishes for p or q on the boundary C of 9ft. 
Hold q fixed, and take p to be a point of C m+1 . We see that 

K(P> <h) = — G{P,q) + G(q v q) 

= Re {T'(q lt q)e} + 0(*), 

where the ' in T'(p, q) denotes differentiation with respect to p, the 
differentiation being expressed in terms of f. 

Let p and q be two arbitrary points near q x corresponding to the 
values f and f 0 of the uniformizing variable. Then 

G(q, p) = log l ~ - + regular terms 

I C | 

and hence, by differentiation with respect to f 0 , 

(7.3.3) ' 2 d ° [f* = T’(q, p) = 1 + regular terms. 

dCo C Co 

In particular, we have 

T(q v p) = —■ -f bounded terms. 
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Thus, by (7.3.2), for p € C m+1 , 


K(P> ?i) = — Re 




+ 0,(e*) 


= — Re 


By (7.3.3)', 


a 


T'(q. 


q)(T'(qr, i>))A 


+ 0(e *). 


T'(qv P) = 2 


dG(?. ft) 

9C„ 




Hence T'fo, £) vanishes when p is on the boundary C of 3R, and 
therefore 


(7.3.4) 


K(P, q, y,) + Re{|-£pr( ?i ; g))T’(q v ft))- j 


We observe that 


_ f 0, p aC ft v = 1, 2, • • •, m, 

W). p*c m+1 . 


(7.3.5) e* m+1 (ft) = ^ = 


log 


7i_) = | °, 

I U 


0. P e C,, v = 1, 2, ■ • •, m, 

P £ c m+i , 


so w m+i(ft) is just the harmonic measure of C m+1 with respect to the 
point p of 3 11*. By the harmonic measure of a boundary component 
C, at a point p we mean the value at p of the everywhere regular 
single-valued harmonic function which is 1 on C, and 0 on the 
remaining boundary components. Since the left side of (7.3.4) is a 
harmonic function of p for fixed q t 2K, we conclude that 

(7-3.6) A.^ ? , ?1 )+Re{ r ^ J _r( ?1 , ? )(r( ? ^))-} = 0( e > M+1 (ft), 

for ft Here we have used the well-known and obvious fact 
hat he absolute value of a harmonic function is sub-harmonic. 
It follows from (7.3.3),(7.3.5) and (7.3.6) that 

_ G (P> qi)G(q, gi) 

log — 


G*(p, q) = G (p, q) 


Re 


{j^ji T’[q v q)[T[q v p))-\ 


+ o(e*) 


(7.3.7) 
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in any fixed subdomain of SCR whose closure does not contain a neigh¬ 
borhood of q v 

Let K lt * • •, K 2h+m _ 1 be a homology basis for 9R. A basis for 9R* 
is then obtained by adding the cycle K 2h+m = C m+1 . As in Section 4.3, 
we define the integrals Z* of by the formulas 

dG(p, q) 


s 


dn. 


ds p , v = 1, 2, • • •, 2h + m — 1; 


(7.3.9) ImZfte) =1J 


dG*(p, q) 

dn„ 


ds p , v = 1, 2, • • •, 2 h + m 


Clearly 

(7.3.10) 




Z 2h + m (P) — W m+lW — 


G (P> ?l) 


For v = 1, 2, • • *, 2h -f- m — 1, 


log 


1 


Im Z*(q) - Im Z,(q) = ~ J *s v 

n x. n " 

= _^!ll m 4 (?l) + 0({!)i 

log — 

£ 

by (7.3.7); 

= — Im Zu+ m {q) Im z,( qi ) + 0(£ 2 ). 

Computing periods in (7.3.7) around the v-th cycle, we obtain 

Im Z*(p) = Im Z,(p) — Im Z* h+m (p) Im Z,{q x ) 

(7.3.H) f e 2 1 

- Im (j—p Z;( ft ) ( T(q v p)) - J + o(«•), 

in any fixed subdomain of SCR whose closure does not contain a neigh¬ 
borhood of q x 

By the definition of complex differentiation, 


?) 

dp 


= Y T{p > ?)• 


The formulas (7.3.7) and (7.3.11) may therefore be written in the 
form 
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(7.3.12) 


G*(p, q) = G(p , q)— log— Im Z* +m (£) Im Z 

& 


2A + m (*?) 


4 Re 


£ 2 dG(q lt q) dG(q 


a 


d<h 


s#r I + ”'* »■ 


Im Z*(£) = Im Z v (p) — Im Z^ +m (p) Im Z v (q x ) 


(7.3.13) 


2Im lnf r ^ w?£ t r }+»<•■>• 


We observe from (7.3.10) that the second term on the right in 
(7.3.12) has the correct order of magnitude ^log—j . Different¬ 
iating (7.3.12) with respect to p and q, (7.3.13) with respect to p, 
we find by (4.10.1) and (4.10.2) that 


(7.3.14) 


Avi (P> %) — L M (p, q) 


log — 
e 

27 1 


^2h+m te) 


716' 


a 


{Avite. 7 i) + Avite> 7 i)£m (p> 7i)} + o(e 2 ). 


(7.3.15) 


Z*\p) = Z\(j>) — Z* +m (p) Im Z,(f x ) 

7l£^ 

a1 12 i Z M,)L M {P, q x ) + Z'iqJLnifi, q x )} o(e 2 ) 


By (4.3.10) 


(7.3.16) 


r * — - = - P(ZZ +m . K,) = — P (t 


2A+m, f 


log 


2tc 


log 
2 tc 


— Im Z,(qj), v = 1,2, •••, 2h + m~ 1 


log 


1 


, v = 2A + m. 


Formula (7.3.15) is also obtained immediately from (7.3.14) by 


com- 
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puting the periods around K„ 1 ^ v ^ 2h + m — 1. Finally, taking 
periods in (7.3.15), we obtain the formula 


(7.3.17) 



+ 



2 71 

-- Im Z M (g t ) Im Z 9 (q x ) 

log — 

E 

27re 2 

V1T Re { Z Mi)Z.{<h)} + o(e>), 

U 1 | 

fj.,v = \, 2, • • •, 2 h + m — 



In particular, we observe that dr M9 is real. 

The reality of <5 r MP is, of course, an obvious consequence of our 
normalization of the period matrix. 

Let 

A * =T* +r* +m> ,ImZ, < ( 9l ) 


(7.3.18) 



!m Zpfa) Im Z 9 (q x ) t 


H,v = 1, 2, • • •, 2 h + m — 1. 


For e sufficiently small, 0 < e ^ £ 0 , the matrix || A* v \\ is clearly 
non-singular. Now let F = F^, t 2 , • • *, i n ) be the class of differentials 
/' on such that 


P(f', = °, v = 1, 2, • • *, n, 

and suppose that the integer 2 h + m is contained among the set 
i v i 2 , • * •, i n . In other words, suppose that 

(7.3.19) P(f\K 2h+m ) = 0, f e F. 

Then, assuming that i n = 2h + m, we have 

1 

log — 

LUfi, q) =L* l {p,q)+-^- Z% +m (P)Z* +m (q) 

-f £ (p) + Im (Z { (q 1 )}Z£ l+m (P) ] 

• [Z?; fe) + Im {Z i9 ( qi )}Z* +m (q)l 


(7.3.20) 
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where 

(7.3.21) 


“-IMKdhHUTJI- 1 . 


In fact, computing the period of L%(p, q) around the cycle we 

have by (7.3.16), 


P(Lt(P, q), 

^2 h+m ) ^2h+m (?) 


Z£ +m (?) 


»—i 


2 71 


h+m H- J Im Ztfo l)] 


t*. 


log 


‘ [2%(9) + Im {Z i9 ( qi )}Z* +m (q)] = 0. 

Computing the period around the cycle K { , 1 ^ q < n, we see that 

P(L*AP, q).K ie ) = Z*'(?) + Im Z, c ( ?1 )Z*' +m (?) 

~ + Im { z <S<h)} z Z+m(q)] = o. 

Now formulas (7.3.14), (7.3.15), (7.3.17), (7.3.20) and (7.3.21) 
show that 

(7.3.22) Z*{p, q) = L F (p, q) -f 0(e 2 ), 

for any class F satisfying (7.3.19), while nothing better than 

(7.3.23) L$(P, q) =L v (J>,q) + 0 (log-i) 


holds for any class F which does not satisfy (7.3.19). In Section 6.5 
we were forced to make the assumption that any cycle C, of 2J1 
which bounds on 3f must bound on TO (essential imbedding), and we 
remarked at the time that this assumption could be replaced by the 
condition that a cycle which is bounding on 9} but not on 2)1 be a 
cycle around which all functions of the class F on 2)1 are single 
valued. Here 2)1* is imbedded in 2)1 and the cycle C , = R § 

bounds on 2 R but not on 2)1*; the effect of the alternate hypothSS 
* he f eiTOr term j ln the vanation is striking. The difference in the 

-jot satisfied, then the eigen . values ^ not bounde a d t ;^ y 7 -^ 
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On the basis of this observation we would expect the error term 
in the variation to be small for every class F provided that we form 
TO* by removing a hole from a closed surface TO. For in this case 
the boundary of the hole, which bounds on TO, also bounds on TO* 
In this case the estimate L M (p, q) = £*(/,, q) + 0(e*) is in fact true, 
as we shall show in the next section. 

We summarise the results of this section in the following two 
theorems: 

Theorem 7.3.1. Let SOI be an orientable surface with boundary whose 
Greens function is G(p,q). If we remove from 9ft the subdomain 

G (P><h) , we obtain a surface 9ft* whose Green's function 

G* (p, q) has the form 

G*(p, q) = G(p, q) - - fo gl)C fo 9l) 

(7.3.7)' 

— Re 

where y = y (q x ) is defined by the series development 

(7.3.24) G(p, qi ) = log -h + y(9l ) + 0(| f|). 

Theorem 7.3.2. Under the hypotheses of the preceding theorem, we 
have 


log 




dG(q, q x ) dG(p, q x ) 1 


dq x 


dq x 


• + o(e 2 ). 


(7.3.22)" L*(p,q) = Lr(p,q) + 0(e*) 

for all classes F whose differentials have vanishing periods with respect 


to the cycle G{p, q x ) = log—. For any other class F we have 

e 

log T 

C /-Tlk/ / « \ 

2A + m 


(7.3.23)' L*(p, q) = Lw[p, q) 


2n 


Zl +m (P) z, 


(?) + 0 (« 2 ). 


7 . 4 . Variation by Cutting a Hole in a Closed Surface 

If TO is a closed surface, the method of Section 7.3 must be modified 
somewhat. However, we can readily compute the variation formulas 
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for L M {p, q), Z' 9 (p) and 7^, when we cut a small hole from the closed 
surface 9ft. Let V(p,p 0 ; q,q 0 ) be the function defined by (4.2.23). 
For sufficiently small e, e > 0, the level curve 


(7.4.1) 


v (P> Po> <h> 7o) = 


1 


will be a Jordan curve C x = C x ( p 0 , q 0 , q lt e) which bounds a domain 
55) of 9J7 containing q x in its interior. Here p 0 , q 0 are fixed points of 
5ft distinct from q v Let p, q be two points lying in a neighborhood 
of q v and let the coordinates of p and q, expressed in terms of the 
same uniforming variable, be f and rj respectively. Then 


(7 4 2) eX P ®Qffl(Po)} 

~ a i(£ — V) + «2(f — V) 2 + * * *, \a x \ ^ 0, 

where a x = a x (q), a 2 = a 2 (q), etc. We suppose that f and r\ vanish 

at q v and by appropriate choice of the uniformizing variable we may 

suppose that a k (q 1 ) = 0 for k ^ 2. Taking logarithms of both sides 
of (7.4.2), we obtain 


(7.4.3) ^a 0 <j(A)) — l°g (C— *?) + + *x(C— *?} 

where b 0 = loga 1( b 1 = a 2 /a 1 , b 2 = «§)/a*, etc. Differentiating 

the real part of (7.4.3) twice with respect to q and then taking 
? ~ c i> we obtain, since = 0 for v > 0, 


(7.4.4) 


8V (ft. ?o; j>. Po) 

d<h 


1 

7 


dRe 6 0 


+ 0(c), 


(7.4.5) 


2 g r(gi.go;aa,) = i 


Taking q = q v p e C 1# in (7.4.2) we find that 


( 7 . 4 . 6 ) 


^ = ^ exp {fi Vl W-fl Vi ( W }, 
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Thus for p e C x we have 


(7.4.8) 


(7.4.9) 


_ 2e2 Ip. 

dq x 


Po) dRe b 0 

— +-3T-° + 0« 
°<h 


)■ 


n = 2g4 d 2 F(fa, gpi P> Po) n 

K| 4 1 + ( 


Let 9ft* be the surface 9ft — G*(/>, ?) the Green's function of 

9ft*, and consider the function 


(7.4.10) k ‘ {P ’ P° ; q ’ q °'' qi) =sG *&>1)—G*(P>9o) 

— V (P> Pol q. 7o) + v(q lt p 0 ; q, q 0 ). 

As a function of p, h € is regular harmonic in 9ft*. For pcC lt q a fixed 
interior point of 9ft*, the first two terms on the right side of (7.4.10) 
vanish, and we have by Taylor’s Theorem 

K = — v {p> Po> q> <?o) + v (7i. Pol q> qo) 

= - 2Re dV{g '■ K - g ■ g ° ] f +1 ^Po-.g.go) ... 

dq\ J +U(£) 


h.= 


dq i 


4t ' 2 Rc / 517 (?i. Po'. q. go) r ^(9i.9o;^>. 
«i1 2 1 dq 1 L a?! 


Po) , dRebp 
dq. 


2e 4 


Re | 9 a ^(?i. Po'.q.qo) d 2 V(q 1 , q 0 ; p, p 0 ) 


a? 


a?? 


+ 0(« 3 ). 


Let 

g' = K + 


4f2 ■ 3Re6 ° 


0 ; q> go) ^ 


\ a i\ 2 l fyi L dq x ' a& JJ 

2 f 4 a 2 F(ft, /> 0 ; ft ft) a 2 K(ft, ft; p t p 0 ) 

+ i-r. Fe -- — - . 

hi I 4 dql d gl 

As a function of p, g e is regular harmonic throughout 9ft* and it is 
0(e 3 ) on the boundary C x of 9ft*. From the maximum principle we 
conclude that g 6 = 0(e 3 ) throughout 9ft*. In any compact sub- 
domain of 9ft* we therefore have 


2f4 T. 

+ i-r. R e 


f , 4 £ 2 „ [ dV (ft, p 0 ; q , q 0 ) [dV (ft, q 0 ; p, 
.4.11) * + '^ I * 


Po) a Re ip 

a?i 


= 0(e»). 
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Thus 


G*(p, q) - G*(P, q 0 ) + V(p, p 0 \ q, q 0 ) —V(q v p 0 ; q, q 0 ) 


(7.4.12) 


4e 2 ^ 

-Rg ■ 

p a ;q,q 0 ) 

~ dV (?l q 0 ;P. Pa) 

3 Re b 0 -]\ 

Kl 2 

1 fyi 


+ *, Jl 


+ 0( £ 3) 

in any compact subdomain of SDt*. 

Differentiating (7.4.12) with respect to p and q, we have 

L m(P- q)= L Hl(P. ?) — -^-p|l.M(?, ?i)Dm(^,? 1 )+Z.m(?, ?!)| 

(7.4.13) + o(e*). 

This formula should be compared with the corresponding formula 

(7.3.14) which holds for a domain 311 with boundary. On computing 
periods in (7.4.13) we find that 


Z t'(P) = <(P) 


Tie 2 f , 

TT -\ z ^ 


)Lm( p, qi) + Z^qJLMip, ?i) 


0 7 - 4 ' 14 ) + 0(£ 2 ). 

Finally, computing periods in (7.4.14), we obtain 


(7.4.15) r* = r + 


2 7ZE 2 

~aT 2 


^r(?i)} + o(e 2 ), 


(fi, v = 1, 2, • • *, 2 h). 

The variation formula for L M (p, q) is obtained on replacing q bv 
q in (7.4.13). 5 * y 

7.5. Attaching a Handle to a Closed Surface 

We have constructed variations which arise when holes are cut 
out of surfaces. Every finite orientable surface with or without 
boundary can be obtained from the sphere by cutting holes and 
attaching handles, and it is therefore desirable to study the variations 
which arise by attaching handles. The handles attached will like 
the holes, have a special form, but we shall later indicate a method 
whereby a surface can be varied without changing its topological 
type. By combining our variations it will then be possible to pass 
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from the sphere to any other finite orientable Riemann surface of 
given conformal type. 

We consider a closed surface 9ft. Given two fixed points q lt q 2 
in 9ft and using an unessential parameter point p 0 , we define two 
Jordan curves q and c 2 surrounding q x and q 2 by 

(7.5.1) V(p,p 0 ;q v q 2 ) = log-, V(p, p o ; q lt q 2 ) = log e, 

£ 

respectively. Let v(p, p 0 \ q lt q 2 ) be an analytic function of p in 9ft 
whose real part is V(p, p Q \ q v q 2 ). We choose two arbitrary points 
p[ 0) and p l 2 0) on q and c 2 and have by (7.5.1) 

(7.5.2) v(p"\ p 0 ; q„ q 2 ) = v(p^\ p 0 ; q v q 2 ) + 2 log — — 

£ 

where a is real. Starting from p[ 0) , p { 2 0) we identify points p x on q and 
p 2 on c 2 if they satisfy the equation 


(7.5.3) v(p v p 0 ; q v q 2 ) = v(p 2 , p 0 ; q v q 2 ) + 2 log — — m. 

e 

We can easily see that as p l moves around q in the clockwise sense 
with respect to q v the identified point p 2 moves around c 2 in the 
counterclockwise sense with respect to q 2 . The surface formed by 
removing the hole at q x bounded by q and the hole at q 2 bounded 
by c 2 and then identifying points of q, c 2 according to the rule 

(7.5.3) will be denoted by 9ft*. It is clear that 9ft* is formed from 9 R 
by attaching a handle. We denote by &* Qq (P) and V*(p, p 0 ; q, q 0 ) 
the Abelian integral of the third kind and the Green's function of 
the surface 9ft*. 

We state now a general theorem which is useful in all variational 
problems to be considered. 

Theorem 7.5.1. Let 9ft and 9ft* be two closed Riemann surfaces 
which have the domain 9ft 0 in common. Suppose that there exists a set 
K of cycles K v in 9ft 0 which is canonical with respect to 9ft and can 
be coynpleted to a canonical set with respect to 9ft*. Then, for every 
quadruple p, p 0 , q, q Q in 9fto, we have 

<4 0 (W*„(o}- 


(7.5.4) V*(p, p 0 ; q, q 0 ) — V(p, p 0 \ q, q 0 )= Re J 
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Here V, V* and Q, Q* are the Green’s functions and integrals of the 
third kind with respect to 9ft and 9ft*. 

We prove this theorem by Riemann’s classical method of contour 
integration. We select two fixed points q and in 9ft 0 and connect 
them by a smooth curve y e 9ft 0 . Let Q be the domain obtained from 
by introducing cuts along K and y. Obviously, Q QQq (P) will be 
single-valued in Q. Thus, we may apply the residue theorem as 
follows: 

(7-5.5) L J Q mo ( t )dO* VVo (t) = - + Q^(p 0 ). 

On the other hand, d% = 39ft 0 + K + y so some of the integrations 
indicated in (7.5.5) can be carried out by introducing the known 
periods of the integrand. We observe first that the determinations 
of 0 QQo (t) on the two edges of y differ by the amount 2 ni so that the 
integration over both edges yields the contribution 

The integration over K can be carried out by the general method 
of Section 3.4. We obtain 

i J -! ,'< K » *•> ■ i ■ J “.V 

K * K, 

We need not calculate this expression; it is sufficient to observe 
that Q and Q* have single-valued real parts in 9ft 0 by their definition. 
Hence their periods will be imaginary and the whole preceding term 
has the real part zero. Thus, using (4.2.23), we may put (7.5.5) 
into the form 

(7-5,6) dQ *»M = V *U- ?») -V(P,P 0 ;q, *,). 

anno 

This proves the theorem. 

Another elegant formula may be derived by the same considerations 
for the Abelian integral <o qQQ (p) which is characterized by the property 
that its periods with respect to the cycles K Ztt _ x are zero. This integral 
satisfies by (3.4.7)' the symmetry law 

(7.5.7) W(p, p 0 ; q, q 0 ) = aV o (£) — co OTo (£ 0 ) = co„^(q) — c o„ o (q 0 ). 
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We find the following formula for W, analogous to ( 7 . 5 . 4 ): 

W *(P> Po‘> q> qo)-W(p,Po-,q, q 0 ) 


(7.5.8) 



*o'>q> qo)dW*(t, t 0 ;p, p 0 ). 


Let us apply Theorem 7.5.1 in order to calculate the Green’s function 
V* of the surface 9J1* obtained by handle attachment. In this case, 
the domain consists of SOI minus the interiors of the curves c 1 
and c 2 . Thus, we have: 

(7.5.9) V*(p, p 0 : q, q 0 ) V(p, p a l q, 9o ) = Re|_L J Q m Jt)d.0*^(1) 

C l+ C t 

where the integration along the curves c 1 and c 2 is to be understood 
in the positive sense with respect to 9)? 0 . In order to calculate the 
integrals we introduce the local uniformizers 


(7.5.10) 


| Ci = exp { — v(p, p 0 ) q x , q 2 )}, for p near q x , 
\ C 2 = exp { v(p, p 0 i q x , q 2 )}, for p near q 2 . 


Then the identification formula (7.5.3) establishes the following 
relation between the local uniformizers: 


77£ 2 

(7.5.11) Ci = 7 -, 

where 

(7512) rj = e ia , | rj | = 1. 

Conversely, we may prescribe the parameter a in (7.5.3) or (7.5.12) 
arbitrarily and determine by this choice two particular points 
p { ° ] and p 2 ] on and c 2 which correspond under the identification. 

In integrating in (7.5.9) over the curve c ± we have to use the 
uniformizer fj in Q but can use f 2 in Q* since Q* is an analytic 
function on the surface SOI*. We may write, however, 


1 


(7.5.13) Q m U) = DM + i?; o (?i)Ci + T ^; o (?>)Ci + • • • 
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and replace £ x by f 2 , using (7.5.11). We find 


(7.5.14) 








-f- terms containing e 4 at least. 


The integration over c x is to be carried out in the positive sense with 
respect to 9ft 0 , i.e. clockwise. Hence, the integrations over c 2 are to 
be taken in the counterclockwise sense. The integrations need not 
be carried out over the curve c 2 but may be taken over any homo¬ 
logous curve so long as neither p nor p 0 lies in the domain bounded 
by these two curves. This shows that the second righthand term in 
(7.5.14) is 0(e 2 ) and the remainder term is 0(e 4 ) so long as p and 
p 0 stay in a closed subdomain of 9ft 0 . 

Let us consider, first, the term 



J_ C W'V.tolp. Po) 
2?r J dn t 

C i 


This expression is a real-valued harmonic function of p on 9ft*. If 
we approach c x from 9ft 0 and cross this cycle, the value of the har¬ 
monic function will jump by unity. The function V(p,p 0 ; q> q Q ) is 
also harmonic but discontinuous in 9ft* and jumps by the amount 

2 log e. Let us assume that the original surface 9ft has h handles. 
Then, we may write 


(7.5.15) Im{Z* +lW } = 


A 


2 ni 


dQ* = 

vv 0 


v ro> Vi) 

2 log— 


We recognize that the integral (7.5.14) is o(l) and that the analogous 
integral over c 2 converges to zero as e -> 0. Thus, by (7.5.9), we have 
(7.5.16) p 0 ; q, q Q ) _ V (p, p t ; q, q Q ) = 0 (i) 

m each closed subdomain of SR* If in (7.5.14) we replace the curve 

i y , a P®™ lsslble homologous path of integration y 2 in some fixed 
ed subdomain of SRb. we may replace dQ* in the integral by dQ 
without affecting the result up to an order s >, since Q* p 'J t) = 

dV (*. to\ q. q B )/dt. Now, we may apply the residue theorem and 
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we find that 

, 7 . 17 , 2 hS D ^ t)dD *^ ] = - Im i z *+M 

+ + °( £4 )' 

In a similar way, we may calculate the contribution of the integration 
over c 2 . We observe that 

Cj C t 

if both integrals are taken in the clockwise sense. Hence (7.5.9), 
(7.5.15) and (7.5.17) lead to the result 


v *(P>Po><!> ?o) = V(p, p 0 :q,q 0 ) 

(7.5.18) 


v (9> goift. ViWiP. Po\qvq 2 ) 

1 

2 log — 

£ 


+ Re {e^[ fi M 0 (?i) fi « 0 (? 2 ) + ^'„ 0 (7 2 )^p Co (?i)]} + o(e 2 ). 

Since (q x ) can also be written as 2dV(q v q 2 \ q, q 0 )/dq lt we may 
express the variation of V in terms of V itself and of its derivatives: 


v*(p.Po;q.q<>) = V (P. Po.q.q*) 




v(p.Po.qi,qi) v (q.qo'.q\, q») 

i 

2 log — 
e 


(7.5.18)' 


+ Re 


4e 2 ^ j~ gQgii ggi ?. go) ^(? 1 - fo: P‘ Po ) 


+ 


37(? 1 , ? 2 ; ?. ?o) 37(?!, ? 2 ; p, Po) 


dg. 


3?i 


+ o(« 2 ) 


Differentiating (7.5.18)'with respect to£ and q and using definitions 
(4.2.25) and (4.10.1) we obtain the formula 


P-m(P’ q) ~ g) -log— ^t,+i(P)^ 2 h+i(q) 

(7.5.19) — 7ie 2 qx)Lm(q, ^ 2 ) + Lm(P> qz)LM.[q, gi)] 

+ fj [Lm(P, ?i)Im to, ft) + £m(/>, ? 2 )£m(< 7, ft)] } + o(6 2 ) 
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where 


(7.5.20) 


Z* 


2A+1 


(fi) = 


2 log — 
£ 


| [^< 7 , (P ) 




By formula (3.4.4) 

(7.5.21) P(Q' iQt> K v ) = 2m Im {Z,(q 2 ) - 
so (7.5.20) gives: 

(7.5.22) P(Z* +V K.) — —Im {Z,(q x) - Z.( ?2 )}, 


log 


that is 


(7-5-23) T* +1 ,.= 


7T 


log — 
£ 


- Im (Z,( ?1 ) — Z y (q 2 )}, v = 1, 2, • • •, 2A 


It is interesting that the new periods r^+i ,. are independent 

of jj, that is, of the particular way in which the curves c, and c. are 
identified. 2 

We can also derive formulas for the change in the other integrals 

of the first kind by computing from (7.5.18) the periods of the 

analytic completions of the ^-functions. The new period matrix 

r h , can then be obtained by considering the periods in the variational 

equations for the integrals of the first kind. We do not enter into 
these obvious calculations. 

7.6. Attaching a Handle to a Surface with Boundary 

We derived in the last section a formula for the change of the 

Crreen’s function of a closed surface if a handle is attached to this 

surface. It is evident that this result enables us to derive an analogous 

formula for the case of a surface 2R with boundary. In fact, we may 

imbed such a domain 2)1 into the closed surface 55 = 2)1 + W? ob- 

tamed by doubling 2)1. If p and g are two points of 2K, the Green’s 
function G(p, q) has by (4.2.1) the form 

(7-6.1) G(*, ? ) = I Fj) 
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where V is the Green’s function of the double g. Instead of considering 
the change of 2ft obtained by identifying points along two curves 
G and c 2 in 2ft, we may ask for the change of if we identify not 
only the points of these two curves but also the points of their 
images c x and c 2 in 9ft by the corresponding law. Such a variation 
will transform g into a new closed surface g* and we will be able 
to compute the variation V* — V by the results of the last section. 
We choose two points q x , q 2 in 9ft and consider the function 

(7 6 2) U ^’ 9l ' ^ = 4 9l ’ ^ ?2 ' 

= G(p,q 1 )~G(p, q t ). 

We consider the loci on g where 

(7 6.3) U(p; q v q t ) = log —, U(p\ q v q 2 ) = log e. 

e 

They consist of the curves c x and c 2 in 2ft and, since U(p\ q v q 2 ) = 
— U(P> <7i> ^ 2 )» of the image curves c 2 and c x in 2ft. Let u(p; q x , q 2 ) 
be that analytic function on which has U(p; q x , q 2 ) as real part. 
We identify points on c x , c 2 and c x , c 2 as in the last section by the 
relation 

(7.6.3) ' u(p 1 ;q J ,q 2 ) = u(p 2 ;q v q 2 )+ 2l°g — — t*, p x *c x , p 2 €C 2 , 

£ 

where rj = e ia , 

(7.6.3) " u(p x ) q x , q 2 )=u($ 2 ; q x , q 2 )-2\og- + i*. $ x ec x , $ 2 cc 2 . 

E 

In the last section, we studied the effect of the attachment of 
one handle to a closed Riemann surface. If we had attached 
simultaneously several handles we should have been able to carry 
out the same considerations, integrating over several systems of 
identified curves instead of one. One can easily verify that, up to 
the order e 2 , the result of the attachment of several handles at the 
same time is obtained by adding the effects of each individual handle 
attachment. Thus, under the change (7.6.3)', (7.6.3)" of g Lito 
its Green’s function will change according to the formula 
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V *{p> Po> q> ft) = V(P, fi 0 ; q, q 0 ) 

V (P> Pol <h> ft Wig, fti ft> ft) ^(A Pol ft, g 2 )V(q, q 0 ; ft, q 2 ) 


2 log — 
£ 


2 log — 
£ 


+ Re 


| ieb] 


(7.6.4) 


+ 


+ 


+ 


dV (?v ft: ft ft) W(qi,q 2 ,p, Pq) 
d 9i dg t 

3V(<h. q 2 \ ?■ ?o) au (?i, ? 2 : P, Po) 

dq 2 dq 1 

dv (ft> 9, 7o) dVfa, gt, fi, fa) 

3?i a? 2 

WjSiJ**. ?o) 37(? 


3q 


i. &: A A.) ~| I 

9 ?i J J 


+ o(«*). 

This lengthy formula reduces considerably if we put p a =} and 
?o = ?■ We use the following simple identities: 

(7.6.5) V(q, q-q v qj =-V(q, q; q y , q 2 ) 
and 

(7.6.6) V(q, q; q v q 2 ) = G (q, ft) - G(q, q 2 ) = C/(^; q v q 2 ). 

The first identity follows from the reality and antisymmetry of 7, 
and the second identity becomes obvious if we observe that V ( q , q\ q lt q ) 
is a harmonic function of q which vanishes on the boundary of 2K 

? 2 - (7.6.6) may be con¬ 
sidered as a generalization of (7.6.1). If we differentiate (7.6 6) 
with respect to q y and y 2 , we obtain: 

?2i ?»_£) = 9G (?i> ?) 9K (?i. 7) _ dG(q 2 , q) 

3 ?i 


(7.6.7) 


9 ?i ’ 3? 2 

Using all these relations, we obtain from (7.6.4) 

U (P; ?!■ ? 2 )U(?; ft, ft) 


3?. 


G *^?) = G(^, 9 ) 


(7.6.8) 
— Re 


2 log— 
£ 


J 4shj P) dG(q 2 , q) dG(q s , p) 3G( ?1 , y) "| ] 

1 L 9?i 3q 2 + 5 q 2 ~djr~JI + 0 ( e ‘)- 
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This formula gives the change of the Green’s function of a domain 
with boundary if a handle attachments is performed by means of the 
identification (7.6.3)'. 

Differentiating (7.6.8) with respect to p and q, we find that 

lUp. q) = l m (p, q)-- log - z*' +1 (*)z*' +1 ( ? ) 

TL S 

( 7 - 6 - 9 ) _ ne 2 {r][L M (p, q 1 )L M (q, q 2 ) + L M (p, q 2 )L M {q, ft)] 

+ v[Lm[P. q 2 ) + Lm(P, q 2 )LM{q, ft)]} + o(e 2 ). 

Here we write 

( 7 - 6 - 10 ) Zm+ilP) =-—Y U (P- ?1. ? 2 ) 

2 log — 

£ 

which is indeed the new integral of the first kind added by the 
attachment of the new handle. Its real part is a single-valued har¬ 
monic function on 9ft* but has a jump of amount 1 if we cross the 
cycle c v which equals c 2 after the identification. 

We have by definition (7.6.2) and by (4.3.1)' 

(7.6.11) P{Z*' +V K V ) =—[Im Z„(ft) — Im Z 9 {q 2 )], 

v = 1, 2, • • *, 2/t -f m — 1. 

That is, 

(7.6.12) r* h+1> =—P(Z^ +1 ,K v ) = -[Im Z,(ft)—Im Z 9 (q 2 )], 

v=l, 2 , • • •, 2h+m — 1 . 

Therefore, computing periods in (7.6.9), we have 

Z? (?) = Z'M) - Z* +1 (q) Im (Z,( 9l ) - Z,(q 2 )j 

(7.6.13) — 7ie 2 {t) [2)(}i)Im(?, £ 2 ) + Z„(q 2 )LM{q, ?i)] 

+ V [ZUMLute. 1,) + Z',(q 2 )L M (q, 9l )]} + o(e 2 ). 

% 

Finally, taking periods again in (7.6.13), we obtain 
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r *. — r „. j- Im {^(?i)~■2' ( i(? 2 )} -Im(<?,(?i) —Z„(g 2 )} 

(7.6.14) l0 «7 

— Re {»? [ z 'Mi) Z 'Mt) + z 'M) Z 'Mi)]} + o(e 2 ). 

Thus, we have obtained the variational formulas for the differentials 
of 3J}. 


7.7. Attaching a Cross-cap 


For the sake of completeness, we now construct a variation which 

arises by attaching a cross-cap to the surface Wl. Means are then 

provided for passing, by infinitesimal steps, from the sphere to any 

finite Riemann surface, orientable or non-orientable. We recall that 

a non-orientable surface has a single-valued Green’s function defined 
by (4.2.31). 

Let 31} be a surface (orientable or non-orientable) which has a 
single-valued Green's function G(p,q). If 2J? i s dosed and non- 
orientable, it has no single-valued Green’s function and we exclude 
this case, for the sake of simplicity. However, the treatment of the 
excluded case is the same, apart from the fact that care must be 
taken to specify the branches of the Green’s function. 

The method for the cross-cap attachment is closely related to the 
preceding method based on Theorem 7.5.1. However, instead of 
working with the analytic functions Q^(t) we shall now work with 
the single-valued Green's function on the surface and instead of 
Cauchy’s theorem we shall use Green’s formula. We shall also make 
use of the Green’s function in order to determine, in an invariant 
way, curves on 31} to which the cross-cap is to be applied For 
sufficiently small g, g > 0, the level curve 


C 7 - 7 - 1 ) G(p,q ,) = logi 

£ 

is a Jordan curve c which bounds a subdomain of 2ft 
For p in a neighborhood of q lt let 


containing 



( 7 - 7 - 2 ) C = exp { — Tip, 9l )} 

T{P 'l l) is the anal y tic Unction whose real part is the Green’s 
tunction. The curve c appears in the f-plane as the circle | f | = s . 
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We remove the interior of c from the surface 9ft and identify the 
point C of c with the point — £ 2 /f, in this manner forming a new 
surface 9ft* with a cross-cap. We observe that the identification is 
established by means of an anti-conformal (or indirect conformal) 
mapping. If f lf f 2 are a pair of identified points on c, we have 

( 7 . 7 . 3 ) Ci = -£. ? 2 = 

C2 

The pair of identified points f lf f 2 gives rise a single point of the 
surface 9ft*. In order to define a uniformizer at this point, let N 1 
and N 2 be half-neighborhoods at and f 2 respectively which lie 
exterior to c and set 

tcN v 
C € IV 2 . 

In the plane of t, the half-neighborhoods fit together to form a 
complete neighborhood, so t is the desired uniformizer. 

Let d/dn denote differentiation with respect to the normal which 
points into the exterior of the circle c. If r lt r 2 are a pair of iden¬ 
tified points on c with coordinates C 2 respectively, we have 


(7.7.4) 


t = \ 


c. 



(7.7.5) 

a a / 

r — e 2 \ a 

k c, / d$1 dn {il)dSl 

and 



(7.7.6) 

dG{r '- q) ds 2 

a« 9 

_ dG[r " q) ds v 
dn r 


Suppose first that 9ft is a non-orientable surface with boundary 
and let G*(p, q) be the single-valued Green’s function of 9ft* which 
is defined by means of the quadruple (Section 4.2). Then 


(7.7.7) G*(r 2 , p) = G*(r v p), 


dG*(r 2 , p) 
dn 2 



dG*(r v p) 




Hence, writing c = c 1 + c 2 , where c 1 is the upper semi-circle, c 2 
the lower semi-circle belonging to c, we have 
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dG*(r 2 , p) 


r77 ox f dG*(r t p) _ f _ 

(7 - 7 ' 8) J dn dS ~J ~d Kl dSl + J dn 2 dSi = °* 

C * 2 

by (7.7.7). By Green’s formula applied to the surface 9ft* cut along 
the cycle c, we have 


G *(P> q) — G(p, q) 


(7.7.9) 




dn Y 

dG(r 1: q) 




by (7.7.6) and (7.7.7). We may develop G(r, q) into a series about 
the point q v obtaining 


(7.7.10) G (r, q)=G (q v q) + 2 Re j f + 1 


l 3 ?i 




£ 2 + 


♦ • • 


We take f — = —£ 2 /?2 * n (7.7.10) and substitute into (7.7.9). 

Dropping the subscript 2, we obtain 


(7.7.11) 


G*(p> q)-G(P, q) 


+ -}) 


3G*(r, p) 


^(-iTT-iTe + -})]*■ 

c 

The second term on the right is zero by (7.7.8). To estimate the first 
term, let c ' be the circle | f | = a, where a is a positive number 
independent of E , « > e . By (7.7.11) and Green's formula 
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G*(P. q)—G{p, q ) 




dG*(r 






dn 



2 Re 


3G(q 


(gi. g) e 2 1 \ 

9?I C J/ 



2 Re 




+ 0(e *) 




1\ Wr.fi) 

dn 


= Refill ilJ. 

I 9?1 a?, 



] is j + 0 («*) 


4f 2 

2tt 


J [ G ^l°g 


dw 


= — Re i 4e 2 


dG(q 1 ,p)dG(q 


3?i 


108 (m) 

fi. g) | 

1 


t 


3G(r, *>) 


dn 


] & J + 0(e«) 


+ 0(«*). 


that is, 


(7.7.12) G*(p, q) — G(p, q) = — Re| 4g 2 


dG{q v p) dG(q 


dq 1 


|^l + 0(e 4 ). 

9 q i J 


In formula (7.7.12), we have obtained an asymptotic expression 
for the new Green’s function G*(j>, q) in terms of the original Green’s 
function G{p, q) and its derivatives. In all variational formulas the 
end result is of this form; but it is, in general obtained by first 
deriving an exact integro-differential equation between the new and 
the old Green's functions and by replacing G* by G in some places, 
introducing a small error but making the result more easily appli¬ 
cable. We want now to replace the asymptotic formula (7.7.12) by 
an exact integral equation for G*(p,q). 
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To obtain such a formula, we go back to (7.7.9). By (7.7.8) we have 

G*(P> q)~G(p, q) 
d 




(7.7.13) 


dG*(r, p) 


dn. 


Tn\[ G * [r ’ P) 


(G(r, q) G(q 1 , ?))J(fc r , 


(r. q ) 

dn. 


* ('. q) 


o'-i, pn 

sH*- 


where 

(7.7.14) 

Let 

(7.7.15) 
Then 


A(r,q) = G(r, q) — G(q 1 , q). 


T*(r,p) = G*(r, p) + iH*(r, p)\ 

Q(r. q) = T{r, q) — T(q lt q) = A(r, q) + ij(r,q ) 


G*(p, q) - G(p, ?) = — L J [G*(r, p)dj(r, q)—4{r, q)dH*{r, p)]. 
(7.7.16) 

In this formula the integration around c is in the clockwise sense 
By (7.7.8), 


(7.7.17) 

so, integrating by parts, 


jdH*(r,p) = 0. 


G *^' ?)-G(*>, ?) J [G*(r,^)i/(r, ? )+/f*(r,^)^( y , ? )] 


(7.7.18) =Re| — 

(2^ 


J [G*(r. P)dQ{r, q) + iH*(r, p)dQ(r, ? )]j 


= —Re! 

(2m 

That is. 


l ~. J T*(r, p)dQ (r, q) } = Re j JL J Q(r, q)dT* (r, p )}. 


(7.7.19) G*(p,q)—G(p,q) = R e |-L J Q(r, q)dT*(r, p) j. 
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Suppose, however, that G*(p,q) is the Green's function of 2ft* 
defined by means of the double. In this case, 2ft may be either 
closed or with boundary. Instead of (7.7.7), we have 

(7.7.7)' G*(r 2 ,p) = -G*(r 1 ,p); = d ^h^l d s 1 , 


dn 


2 d«i 


where r lt r 2 are identified points of c. The function G*(p, q ) is not 
single-valued on 2ft*, but it will be single-valued on 2ft* cut along c. 
Writing 

(7.7.20) I( P ) = 1 f- * (r ' P) 

2 n J dn r 


ds. 


we do not have I(p) = 0, but, instead, 


(7.7.8)' 



G (?i. p) 

log — 


In fact, if p is a point of c, the function G*(r, p) has a logarithmic 
pole not only at the point p but also at the point ft of c. Let c be 
oriented in the sense in which exterior area lies to the left, and let 
/>', p” be points on opposite edges of c, p' on the left edge, p" on 
the right. Then ft\ ft" lie respectively on the right and left edges 
of c. We have 


(7.7.21) I{p')=I(p") + 



dG*(r, p) 



ds r + 


1 fdG*(r,p<) 

Tn\-^r dSr ’ 


* k 

where k is a small circle surrounding the point p = p' = p" and k 
is a small circle surrounding the point ft. In the integral over k the 
normal derivative is in the direction exterior to k while in the integral 


over k it is in the opposite direction. Hence 
(7.7.22) I(ft f ) = Itf") - 2. 

Now let p approach the point r x of c from the exterior of c. Then 
the point ft approaches the identified point r 2 c ^ rom the interior 
and we have 


I{r x ) + I(r 2 ) = 


If, however, the value /(r 2 ) is obtained by approaching r 2 from the 
exterior of c, then by (7.7.22) 


(7.7.23) H r i) +H r 2) = 2 - 
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By (7.7.1) and (7.7.2) 

(7.7.24) G(q lP r s ) = G(q v r,); = ^^ds t . 


dn, 


Hence, writing 
(7.7.25) 


dn x 


u(p) = I(P) 


G(ql, p) 

log — 

£ 


we have 

(7.7.26) «K) + u(r 2 ) = 0, dU p± ds 2 = ^ ds v 

dn 2 dn x 

Applying Green’s formula to the surface 9ft* cut along c and observing 
that both u{p) and q) vanish for *p on the boundary of 9ft*, 
we have 


/[■ 


by (7.7.7)' and (7.7.26). This is equivalent to (7.7.8)'. 
By Green’s formula 

G*(p, q) — G(j>, q) 

dG K ?) . SG*(r lP p) 


(7.7.28) 




/[ 


3G Kg) 

dn* 


G Kg) 


sg*k p) 


dn 


2 


^2* 


by (7.7.6) and (7.7.7)'. Substituting from (7.7.10) with f = f 1 = —e 2 /f a , 
and dropping the subscript 2, we find by (7.7.8)' that 


G*(P, q)—G(p, q) 




dG *KP) L Rc f SGfa, q ) £ 2 1 d*G(q lt q) (e*\ . 1 \“| 


G (?i. £) G (?i. ?) 


log 


1 
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If the sign of G*(p, q) is chosen properly, then by the same reasoning 
that led to (7.7.12) we obtain the formula 


(7.7.29) 


G (<h>P)G(<h,q) 


log 


1 

£ 


G *(P. q) — 

+ Re | 4e 2 


G (P. q) 

9G (?i. P) 3G(?„ q) 


dqi 




■+ 0 (£«) 


7.8. Interior Deformation by Attaching a Cell. 

First Method 

To compensate for the special nature of the preceding variations, 
we now make a general interior deformation which results from 
“attaching a cell" to the surface 991. In the remainder of this chapter 
we suppose, for simplicity, that 591 is orientable. Let y be an analytic 
Jordan curve in 591. Although the hypothesis is not essential, we 
suppose for simplicity of notation that y lies in the domain of a local 
uniformizer z. Let r(z) be a function which is regular analytic in a 
complete neighborhood of y. If £ is a sufficiently small positive 
number, the point defined by z -j- er(z) will trace a neighboring 
Jordan curve y e as 2 traces y. Let 591' denote the subdomain of 591 
exterior to y, 591" the subdomain of 591 interior to y e . In general, 
591' and 591" will not be disjoint but will overlap. We attach the 
surface 591" to 591' by identifying the point 2 on the exterior edge 
of y with the point 2 + er(z) on the interior edge of y e . The resulting 
surface 591* is thus obtained by removing from 591 the interior of y 
and then filling up the hole so formed by attaching the piece of 
surface which consists of the interior of y e . 

This construction of the surface 591* is expressed in terms of a 
particular uniformizer 2 . If we change to another uniformizer r, 

we have 

(7.8.1) r (2 + £'(z)) = * + eg, (r), r = r(z). 

The arcs y, y e appear in the plane of t as arcs y, y 9 , and the point r 
of y is identified with the point r + £&(r) of y e . We observe that 

Qe( T ) = 0o( T ) + 0( e ) 


(7.8.2) 

where 
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(7.8.3) 


Q o(t) = r(z) 



Thus, in the limit, as e tends to zero, the function r(z) transforms 
like a reciprocal differential. 

Let us assume first that 9ft is a closed surface. In this case, 9ft* will 
also be closed and both surfaces have the domain 9ft', exterior to 
y, in common. If we again denote the integrals of the third kind for 
9ft and 9ft* by G QQq (P) and (p) and the corresponding Green’s 
functions by V(p, p 0 ; q, q 0 ) and V*(p, p 0 ; q, q 0 ) we may determine 
the variation of the Green’s function under the deformation con¬ 
sidered in Theorem 7.5.1. Let p, p Qt q, q 0 be a quadruple of points 
lying in a fixed closed subdomain of 9ft'; then 


(7.8.4) V*(p, fi 0 - q, 9o ) - V(p, p a - q, q 0 ) = Rej-i-; j 0^(1) dQ* VVo (t)}. 

Y 

Consider next the interior W of y e ; here both functions Q m ( t) 
and (0 are regular analytic since their poles are, for e small 
enough, outside SOI". Hence, by Cauchy's theorem 

(7 ' 8 ' 5) 0 = M 

Because of the identification between y, and y on W*, we have 
for I, e y, and t <= y, t x = t + er(t), 

dQ t,Sh) = 

Replacing the variable of integration t x in (7.8.5) by t and sub¬ 
tracting (7.8.5) from (7.8.4), we obtain 


(7.8.6) 


V *(P. Po.q.q 0 )—V(p, p 0 ; ?,?„) 

-■ J IQ*. (0 - a„ 0 (< + »•(<))] 


Since all functions under the integral sign are analytic, we may 

replace the integration over y by an integration over any fixed 

rve y 0 m W which does not enclose any of the points p, p 0 q q n 
On y 0 , we clearly have V Va ?0- 

+ er(t)) = — er(<)/3', o (<) + 0^). 
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(7.8.7) 


Thus,, V* V will be 0(e) for p, p Q , q , q Q in the closed subdomain 
of 9ft'. We have, moreover, 

°:> 0 (t) = 2^ v *(t, t 0 ; p,p 0 ); 

hence, Q*' — Q' is 0(e) in that subregion of 9ft', and we obtain 
from (7.8.6) 

V *(P> Po‘>q> ?o )—V{p> Pol q> 7o) 

(7.8.8) ^ f e r , 1 

"55j rWfl ^ w + W 


= Re 


Using (7.8.7), we may bring this result into the final form: 
( 7 - 8 - 9 ) V *(P> Po> q> Vo) — V(p , p 0 ; q, q 0 ) 

ni\ Y ^~dt^* 0 ’ 


= Re 


+ 0 ( 8 2 ). 


This formula is our main result in the variation arising from cell 
attachment. The variational formulas for all other functions and 
differentials on 9ft are easily derived from it. Differentiating (7.8.9) 
with respect to p and q, we find that 


L*m(P, q) — Lm(P, q) =Tij Lm ^’ ft ft dt 


(7.8.10) 


+ 


(■— J r(t)L M (t, p)L M (t, q)dtj + 0(e 2 ). 


By computing periods in the usual way, we obtain the formulas: 



Z?(q) 

(7.8.11) 



+ 1 

and 



r* 

(7.8.12) 



Z'„(q) = j. J rWZ'^LviQ, q)dt 



r(t)Z 


r 

q)dt) 


+ 0(e 2 ) 


r;.-r„ = -SJr( t) z'jt)z: 


(t)dt 



r(t)Z 


r 

;w z:m) 


+ 0(**). 
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We may avoid the integrals in the variational formulas if we 
choose r(t) to be analytic inside y except at the single point q 0 where 
it has a simple pole with residue ajn. In this case, all integrals may 
be evaluated by the residue theorem and yield: 

(7 8 13) 9 ^ = Lm ^‘ ^ ~ E [ aLM &’ 9o) 

q 0 )L M (q, ?„)] + 0(£ 2 ), 


(7.8.14) 


<(?) = z'M) - «( ?0 ) l m (?, ?„) 

+ aZ'^L^q, 9 ' 0 )] + 0(e 2 ), 


(7.8.15) r* = r„ + 2e Re {aZ'^Z'M,)} + 0( £ 2 ). 

In these formulas, r(z) is to be considered as a reciprocal differen- 
tial. In particular, under a change of uniformizer the value a trans¬ 
forms in such a way that a/dz% is invariant. 

Let us now consider the case of a domain 9ft with boundary. We 
may imbed 9ft in the closed surface g = 9ft -f ^ and extend the 
deformation of 9ft by cell-attachment to a deformation of g by at¬ 
taching an analogous cell at the double y of the Jordan curve y. 
We use there the function ( r(t))~ instead of r(t) so that the defor¬ 
mation transforms 9ft and 9ft into two domains 9ft* and 9 ft* which 
are related to each other by the ^-operation. We easily calculate 
the variation of the Green's function G of 9ft under the variation 
considered. We use (7.6.1) and (7.6.6) and observe that the inte¬ 
grations over y and over y yield the same contributions in the 
variational formula (7.8.9). We thus obtain: 


q) = G(fi, q) 

(7.8.16) 


Re 


{- 

t ni 


j' w 


dG(t, q) dG(t, p) 


dt 


dt 


dt + 0(® 2 ). 


From this formula, we may again derive variational formulas for 
the Z^ and the r„. An easy calculation shows that we obtain the 
formulas (7.8.10)—(7.8.15), just as in the case of a closed surface. 
We considered in Section 7.5 the function W{p, p a - q , q) whi ch 

plays a central role in the theory of those Abelian integrals on a 
surface which satisfy the Riemann normalization, that is, which 
have vanishing periods with respect to the cycles K In (7 5 8) 
we gave a formula comparing W* and W and now apply this result 
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in the case of a closed surface 9ft which is subjected to a cell-attachment 
of the above form. An easy calculation leads to the result: 

W *(P■ A>: ?. 7o) — W(p, p 0 ; q, q ) 


(7.8.17) 


2m 


J 


+ 0(e*). 


where the prime on W indicates differentiation with respect to t. 

If we use the particular choice of r(t) which makes r(l) regular 
analytic inside y except for the pole at r with residue a, we obtain 
the particularly elegant formula: 

W *(P> Po'. <1> Vo) = W(p, p 0 : q , q 0 ) 

+ eaW'(r, r 0 ; p, p 0 )W'(r , r 0 ; q, q 0 ) + 0{e 2 ) 

where r 0 is an arbitrary (unessential) point. This simple variational 
behavior makes the function W(p, p 0 \ q, q 0 ) a useful tool in the study 
of closed Riemann surfaces and of the inter-relations between their 
various differentials and periods. 


(7.8.18) 


7.9. Interior Deformation by Attaching a Cell. 

Second Method 


A somewhat different variation is obtained if, instead of taking 
y to be a Jordan curve, we take it to be an analytic arc joining the 
points a, of 9ft. We assume that y lies in the domain of a local 
uniformizer 2 , and we impose the condition that r(z) is regular 
analytic in a complete neighborhood of y with r(oc) = r(p) = 0. If 
£ is a sufficiently small positive number, the point defined by 
2 - -j- er(z) will trace a neighboring arc y e joining a with /?. Let the 
arcs y and y e be oriented in the direction from a to /?, and let 9ft' 
be the domain “lying over" 9ft which is bounded by the boundary 
of 9ft (if there is any), the left edge of y and the right edge of y e . 
In general, 9ft' will not be a subdomain of 9ft since two points of 9ft' 
may lie over a point of 9ft in the neighborhood of y. By identifying 
the point z on the left edge of y with the point z -j- et[z) on the 
right edge of y e , we obtain a surface 9ft* which is topologically 

equivalent to 9ft. 

Let p\ p" be a pair of identified points where p' is an interior 
point of y lying on its left edge, p" a point on the right edge of y„ 
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and let N', N" be half-neighborhoods at p’, p ", N' lying on the left 
of y, N " on the right of y s . Define 

(z + er(z), zeN', 

U zeN”. 

In the plane of t the half-neighborhoods fit together to form a 
complete neighborhood, so the variable t acts as a uniformizer at 
pairs of identified points which correspond to interior points of the 
arcs y, y a . A complete neighborhood of the point a on the surface 
3)1* can be mapped conformally onto the interior of a circle; this 
follows from the uniformization theorem. The fact that a maps 
into a point, and not into a proper continuum, follows readily (a 
proof is to be found in [5]). Therefore 3)1* is a Riemann surface which 
is topologically equivalent to 3J1. 

Suppose first that 3J1 is a closed surface. Using Theorem 7.5.1, 
we have the equation 

(7.9.1) V*(p,p o ;q,q 0 ) — V(p,p o ]q,q 0 ) = R e J-i-J (<)} 

Vo 

where p , p 0 , q, q 0 are a quadruple of points lying in a closed sub- 
domain of 3)1 which does not contain the curves y and y e , and where 
y 0 is a curve surrounding y and y t . Both Q q% (t) and* Q* vv (t) are 
regular analytic in that part of SR' which lies inside y 0 . Hence, we 
may deform the path of integration in (7.9.1) and take instead of 

y» boundary of 911', i.e. the curve system y — y t . By the iden- 
tification in 3)1*, we have 


(7.9.2) — dD* Po (t), t € y, t x — t + er(t). 

Hence, (7.9.1) may be brought into the form 


(7.9.3) 


v *iP> P*>q;qo)— V[p, p 0 ; q , qo ) 

= Re { L J + «■(<))] dQ^t )}. 

y 


This corresponds exactly to formula (7.8.6). Integration is along the 
left edge of the curve y and we may deform the path of integration 
y mto another curve y x which also connects a with /? but otherwise 
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lies^to the left of y. It can be shown [5] that, in the new integration 

d^vv 0 can be replaced by dQ vv ^ with an error o( 1). Therefore, (7.9.3) 
has the form, 


(7.9.4) 


V *(P> Po‘,q, qo) — V(p, p 0 \ q, q 0 ) 



Thus, we arrive at a formula which is formally the same as that given 
in the previous section for a Jordan curve y. All other results of the 
last section can now obtained be by reasoning entirely analogous 
to that of Section 7.8 and formulas (7.8.9)—(7.8.15) remain valid 
for the case in which y is an arc. 


7 . 10 . The Variation Kernel 


In order to construct certain further variations, it will be necessary 
to introduce a surface functional n(p,q) which transforms like a 
reciprocal differential with respect to the point p, like a quadratic 
differential with respect to q, and which has a simple pole for p 
near q (see [7a]). Because of its fundamental role in the variational 
theory, we shall call this functional the variation kernel. 

We first define the variation kernel for the four orientable surfaces 
whose algebraic genus G is either 0 or 1; namely the sphere, the cell, 
the ring domain, and the torus. The first three domains are of genus 
zero, and can therefore be mapped onto plane canonical domains, 
namely, the whole plane, the unit disc, and the circular ring. 

There is a six-parameter group of mappings of the closed w-plane 
onto itself, given by all transformations of the form 


(7.10.1) 



aw 1 + b 
cw x -f d' 


ad — be 0. 


Let w(p ) give the conformal map of the abstract sphere onto the 
closed complex plane. We construct the variation kernel n(p, q) in 
terms of the complex function w(p) defined on the abstract sphere. 
Let q Q be an arbitrary but fixed point of the abstract sphere, and 


define 

,, , [» w -“'(?»)] 3 [>'(?)] 2 

(7.10.2) »(?.?)- [ w( ^ ) _ w ( y) ]|; a ,( ? )_ w ( ?0 )]i w'(j>) 
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We note that n(p , q) so defined is a reciprocal differential in p and 
a quadratic differential in q. It also has a simple pole at p = q, 
where the residue is -f- 1 if p and q are expressed in terms of the same 
local co-ordinate system. 

The right side of (7.10.2) remains formally invariant under the 
transformations (7.10.1). Thus n(p, q) is independent of the particular 
choice of the mapping function w(p) and depends only on the para¬ 
meter q 0 . If we choose q 0 such that w(q 0 ) = oo, the formula (7.10.2) 
takes the particularly simple form 


(7.10.2)' 


n(p, q) = 



w'(p)[w{p) —w(q)]’ 


Let us next consider the case of the cell. There exists a function 
w(p) which maps the abstract cell onto the unit circle in the complex 
plane. Every function w x (p) of the form 


(7.10.3) Wl (p) = ^—^1, A real, I » 0 <1, 

1 - WqW 1 

also maps the cell onto the same domain. In order to fix the map 
uniquely, we choose an arbitrary fixed point q 0 on the abstract cell 
and require that w(q 0 ) = 0. If a function w(q) is known which per¬ 
forms the map of the abstract cell onto the unit circle, but for which 
w{q 0 ) = w 0 ^0, then each linear transformation (7.10.3) will lead 
to another map function with the required normalization w(q 0 ) = 0. 
For map functions w(q) normalized in this way let us define 

(7.10.4) nip, g) = - ”(*> + »(?) M?)] 2 

2 [w{q)¥w{p) — w{q) w’{p) 

We observe that n(p, q) is real if both p and q lie on the boundary 
of the disc and if boundary uniformizers are used as the coordinates 
of p and q. The distinguished role of the arbitrarily chosen point 
?o m the analytic character of the variation kernel is obvious. 

Given an abstract ring domain, there exists a function w(p) which 
maps the ring onto the circular ring domain ju<|w|<i,«>o 
where fi 1 is the modulus of the ring. There are infinitely many map 
functions of this type, but they are all interrelated by the transform¬ 
ation formulas w, = e“w (A real) and w, = ^ We proceed to the 
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construction of the variation kernel as follows. Let ((w) denote the 

Weierstrass C-function corresponding to the periods 2eo v 2w 2 , where 

"i is real and co 2 pure imaginary. Let the cu’s be related to the modulus 
(J- 1 by the formula 

(7.10.5) = 

In this way co, and a> 2 are determined up to a constant real factor. 
In the usual notation we set 


( 7 - 10 - 6 ) *7i = CM, rj 2 = i(w 2 ). 

We define the variation kernel as follows: 


(7.10.7) 



ttio g »W w (P) [>'(?)] 2 

ni w(q)\[w(q )] 2 w'(p) 


Then n(p, q) has a simple pole for p = q and, if we use the same 
uniformizer for p and q in the neighborhood of the point q, then the 
residue is -f- 1. li p and q lie on the same boundary component of 
the ring, log [w(p)/w(q)] is pure imaginary and hence the bracketed 
expression in (7.10.7) is real. If boundary uniformizers are used, 
then the whole expression is real as well. Suppose next that p and 
q lie on different boundary components and that | w(p)lw(q) | = /u. 
Using (7.10.5) we can therefore write 


log 

ni w(q) 


= a> 2 + R(p, q). 


where R(p, q) is a real number depending on p and q. It should be 
observed that co 2 is a pure imaginary, and that the bracketed term 
in (7.10.7) is not real. We use the theorem of elliptic function theory 
that 

(7.10.8) C(z ± co 2 ) = Cz( z ) i r ) 2 > 


(see [8], formula XII 5 ), where f 2 (z) is real for real values of its 
argument. Hence the bracketed terms in (7.10.7) may be transformed 
into 


(7.10.9) C(R+co 2 ) 




CO 


Vl^2 


(JO 


= CAR) 


+ 1120)1 


7 ) 1^2 


CO 


CO 
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Using the Legendre relation 

— ni 

r) 2 (o 1 Vi ^2 = g ' 

we find that the imaginary part of (7.10.9) is a constant, namely 
— n12(o v Thus, using boundary uniformizers chosen so that w'/w — i 
on the boundary, we see that the imaginary part of n(p , q) is constant 
if p and q lie on different boundary components. 

In the case of the unit circle and the circular ring, n(p , q) is essen¬ 
tially the complex Poisson kernel. For simplicity let w(p) = z and 
let w(t) be a real continuous function on the boundary C of the 
unit circle; then the analytic function Q(z) in | z | < I whose real 
part assumes the values u(x) on | z | = 1 is given by the formula 

(7.10.10) Q(z) =- r [ u(x)n(z, x)xdx + iK, 

mz J 
c 

where K is an arbitrary real constant. In the case of the circular 
ring let u(x) be a real-valued function defined on the boundary C 
of the ring which satisfies the condition 


(7-10.11) = 0. 

c 

Then the single-valued analytic function Q(z) in the ring p <\z \ < 1 

whose real part assumes the given boundary values is given by the 
formula (Villat’s formula) 


(7.10.12) Q (z) = — _L J„ ( T ) n ( 2> T ) rdz _ _L J u ( T ) d l + iKi K reaL 

c 

Finally, we take up the variation kernel for the torus. Since the 
torus has genus 1, it cannot be mapped onto a subdomain of the 
sphere. However its universal covering surface, which is simply- 
connected, can be mapped conformally onto the complex plane 
punctured at infinity. Let w(p) give the conformal map of the univer¬ 
sal covering surface onto the i*-plane. The single valued functions on 
the torus go over into elliptic functions of w whose periods we shall 
denote by 2 Wl and 2a> s . However, in the case of the general unsym- 
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metrical torus, we can no longer assume that the period ratio is 

pure imaginary. Let p 0 and q 0 be arbitrary but fixed points of the 
torus, and define 


(7.10.13) 


n(p, q) = [Z{w(p) — w{q)) — £(w(p) — w(q 0 )) 

— t(w(p 0 ) — w(q)) +i(w(Po)—w(q„))] • 

w (p) 


We note that the bracketed expression is single-valued on the torus. 
We also observe that n(p, q) has a simple pole at p = q, with a 
residue -f- 1 if the same uniformizer is used to express p and q. In 
addition, this function has fixed poles at p = q 0 and q = p 0 . 

In the general case in which the algebraic genus G exceeds 1, we 
have at least two linearly independent everywhere finite differentials 
Z[(p), Z'(p) (linear independence being understood in the complex 
sense). Let 


(7.10.14) 


A iP> <l) 


Z[(P) Z[(q) 

Z' 2 (P) Z'(q) 


This expression is an everywhere finite bilinear differential of 
which vanishes when p = q. 

Next, let 


(7.10.15) 



dZ,(p) 

dZ 2 (p) 


Since Z(p) =Z(p), this is a function of in the sense of Section 2.2. 
Differentiating this function, we obtain 


(7.10.16) 

where 


(7.10.17) 



A(p)dz* 

[dZ 2 (p )] 2 

dZ x 

dz 

dZ 2 

dz 


and 2 is a uniformizer at p. Since dZ(p), [ dZ 2 (p)] 2 are invariant, 
Adz 3 is also invariant and is therefore an everywhere finite cubic 
differential of 2ft (differential of dimension 3). 
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For a surface of algebraic genus greater than 1 we define 

A{p, q) 


(7.10.18) 


n(p, q) = 7iL M {p, q) 


m 


If 2ft has a boundary, we observe that 

n(p,q)dx 2 (n(j>,q)dr 2 \ 


(7.10.19) 


dz 



dz 


1 


n{p, q)dr 2 
dz 


where z and r are uniformizers at p and q, respectively. In this 
sense n(p, q)dx 2 jdz is a differential of 2ft, reciprocal with respect 
to p , quadratic with respect to q. Let p and q be close together, and 
let t be a uniformizer in a neighborhood containing both p and q. 
Regarding p as variable, we have 

n(t>. q)dt\ 1 dtl 

(7.10.2°) -—-= y—° + regular terms, t = t(p), t 0 = t(q) = 0. 


The principal part is invariant if p and q are represented by the 
same uniformizer. 

In addition to the singularity at p = q, there are poles at the 
points where A(p) vanishes. Let p k be such a point. If p k is a simple 
zero of A(p), we have 


(7.10.21) 


n(p, q) = 


*Lu{pk> q) Mp k > q) 

*&*) * 


+ 


4 • 


where z = z(p) and z(p k ) = 0. The important point is that the coef¬ 
ficient of l/z is a quadratic differential in its dependence on q . Let 

(7.10.22) Qkip) — tiLm[ p k , p)A(p ki p ). 

Since 


(7.10.23) A(p ki p k ) = 0; 


*A{fi k , P) 
dp 


= -A(p k ) = 0, 




we see that Q k is everywhere finite. More generally, y 
(symbolically) 

d n 


3 3\" d 

ap + Tql q) 


(7.10.24) (■ 

W a?/ dp “'"'U d P 

Assume now that A {p) has a zero of order X at the point p k of 
W, and let z be a uniformizer at p k , z(p k ) = 0. Then 
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7iLm(P,q) , , 1 ® 

«(A 9) = — - ■ A(p, q)=— ■ £ A,(q)z\ 

Z v = 0 


A(p) 


If q does not lie near p k , we have by the residue theorem 


'M?) = —. J n(p, q)z i ~"~ 1 dz 


where c is a small circle around the point p k . This shows that A.(q) 
is a quadratic differential in q, just as n(j>, q) is, in its dependence 
on its second variable. We have to determine the behavior of A v (q) 
at the point p k . Suppose that q lies in the neighborhood of p k , and 
let r = z(q). If K is a contour lying in the domain of the uniformizer 
2 which encloses in its interior both p k and q, but no other pole of 
n (P> <?)» we have for 0 ^ v ^ X — 1, 

(7.10.25) A,(q) = T*- - + n(p, q)z l —'dz. 

K 

Letting q tend to p k , we see that A,(q) remains finite and, since 

= o, 

(7.10.26) A,(p k ) = -b I n(p, p k )z x -'~ x dz , 0 ^ v ^ A — 1. 

2m J 

K 

Thus at a point p k of 9ft where A(p) has a zero of order X, X ^ 1, 
we have 

AJq) AAq) 

(7.10.27) n{p, q) = —^ -f -\ -b regular terms 

z z 

where A 0 (q), A 1 (q), • • •, A x _ x (q) are everywhere finite quadratic 
differentials on the surface 9ft. 

The sum of the multiplicities of the zeros of A(p) on the double 
g of 9ft is given by formula (3.5.1)': 

(7.10.28) ord (Adz*) = 6(G — R°) = 2(6 h + 3 m — 6), m > 0. 

Here G is the algebraic genus. In the case m = 0, the double consists 
of two components, on each of which 

ord (A dz 3 ) = 6h — 6. 

If G > 1, then by (3.7.1) and (3.7.2), 
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(7.10.29) a= 6h + 3m — 6 

where a denotes the dimension of the space of all classes of con¬ 
formally equivalent finite Riemann surfaces. Thus 

(7.10.30) ord (A dz 3 ) = 2o, G > 1, 
or, by (3.8.5) 

(7.10.31) ord (A dz 3 ) = 2 dim ( dZ 2 ), G > 1. 

The number of coefficients in the principal parts of n(p, q) at the 
zeros of A(p) is equal to ord (A dz 3 ), and these coefficients are 
quadratic differentials. By formula (7.10.31) only half of these 
quadratic differentials can be linearly independent in the complex 
sense. 

If we consider n(p, q) as a function of p, it has One pole at p = q 
and the remaining poles are at points p k , where the p k are independent 
of q. The latter poles will be called />-poles for simplicity. As a func¬ 
tion of q, n{p, q) has a pole at q = p and, in the case where G = 0 
or 1, it may have an additional pole at a point q 0 , q 0 independent 
of P‘ In (7.10.2)', q 0 is the point at co, in (7.10.4) it is the point at 
the origin, while in (7.10.13) it is the arbitrary point q 0 . This 
pole of n(p, q), if it exists, will be called a ?-pole. It should be remarked 
that the coefficient of \jz — r 0 at the £-pole in (7.10.13) is an every¬ 
where finite quadratic differential in q. Hence in all cases the coefficients 
occurring in the principal parts at the ^>-poles are everywhere finite 
quadratic differentials. 

7.11. Identities Satisfied by the Variation Kernel 

We now establish some useful identities involving integrals of 

n{p, q). Let y be the Jordan curve considered in Section 7.8 and let 

r(p) be a local reciprocal differential which is regular analytic in 

a complete neighborhood of y. Let Q lt • • •, Q a be a basis for the 

everywhere finite quadratic differentials of where a is the number 
of real moduli of 

( 7 * 11J ) <r = Q + Qh + 3c + 3m — 6. 

We impose upon r(p) the orthogonality conditions 
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(7.11.2) 



Let us consider first the case m > 0. We then have a Green’s 
function G(p, q) and we denote by T(p, q) the analytic function of 
p whose real part is this Green’s function. By (4.2.1), we have 


(7.11.3) T'(p, q) = 


*T(P>q) dG(p,q) 


dp 


= 2 


dp 


= a*(p)- 


Let the Jordan curve y on 9ft consist of the conjugate points 
of y. We define the conjugate r(p) of the reciprocal differential r(p). 
by the formula (compare (2.2.3) and (2.2.3)'): 


(7.11.4) f(p)dz 1 = ( r(p)dz ~ 1 )~ 


Let 


(7.11.5) h(p) = — J r(p x ) n(p, p l )dz 1 ~ ^ J r(f> x )n(p, p x )dz x . 

y m ; 

By (7.11.2) and (7.10.27) we see that h(p) is regular analytic at 
the />-poles of n(p, q). It is, therefore, a reciprocal differential which 
is regular analytic in 9ft — y. If p lies on the boundary of 9ft and if 
we use boundary uniformizers h(p) is real. 

We state now the following theorem: 

Theorem 7.11.1. If r(p) is a reciprocal differential near y which 
satisfies the conditions (7.11.2) and h(p) is the reciprocal differential 

(7.11.5) , we have the identity 

Re 

(7.11.6) 

= Re {h(p)T'{p, q) + h(q)T'{q, p)}. 

This identity has many applications in the variational calculus of 
Riemann surfaces and serves to transform and simplify formulas 
involving reciprocal differentials and derivatives of Green’s functions. 

In order to prove the identity (7.11.6), we denote the left-hand 
side of (7.11.6) by U t (p,q) and the right-hand side by U r (p,q ). 
Both functions are harmonic in both variables, except on the curve y. 
One readily verifies that U r (p, q) is also regular harmonic for p = q 
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since the singularities of its elements cancel for p = q. Let us choose 
a fixed point q in the interior of 2ft — y and study the dependence 
of these functions upon p. Since G(p lt p) is identically zero in p x 
for p on the boundary of 9ft, we have: 

T'(p x , p) = 0 for p on the boundary of 9ft. 

Hence U l (p,q) will vanish on the boundary of 9ft. But the same 
will also be true for the function U r (p, q). In fact, using boundary 
uniformizers we have 


h(p) = real, T'(p, q) — imaginary, for p on the boundary of 9ft. 

Since, moreover, T'(q,p) also vanishes on the boundary, we find 
U r (p, q) = 0 if p lies on the boundary of 9ft. 

It remains to investigate the discontinuity behaviour of U x and 
U r across the Jordan curve y. Since r(p) is analytic in the neighborhood 
of y and since the singularities of T'(p x ,p) and n(p,p x ) on the 
curve have the same expression l/(z{p) — z{p x )) in the uniformizer 
on y, we derive easily from Cauchy’s theorem that the expressions 


2m 


/ 


[r(p)T'(p, q)]d 


and 


HP)T'{p,q)-[r(p)T’(p,q)]5, 

where (5=1 for p inside y and <5 = 0 for p outside, are regular 
analytic in a complete neighborhood of y. This proves that the har¬ 
monic function U r (p, q) — U^p, q) is regular harmonic in 9ft and, 
since this function vanishes on the boundary of 9ft, it is identically 
zero. Thus, Theorem 7.11.1 is proved. 

Let us proceed to the case m = 0. Now the Green’s function is 
replaced by the function V(p, p 0 ; q, q 0 ) defined in (4.2.23). We have: 

(7.H.7) 2 ^V(p. A>; ?. ?o) = G'^iP). 

We choose a fixed point q 0 c 2ft which lies outside a neighborhood 
of the Jordan curve y. We define the reciprocal differential 


(7.11.8) 
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and again subject the (local) reciprocal differential r(p) to the or¬ 
thogonality conditions (7.11.2). We then have the theorem: 

Theorem 7.11.2. Let 2ft be a closed surface and r(p) a reciprocal 
differential which is defined near the Jordan curve y and which satisfies 
(7.11.2). If the reciprocal differential h(p) is defined by (7.11.8), we 
have the identity : 

Y 

(7.11.9) = 0(q o ) + Re { fi^(*)Atf) + ^(q)h(q) 

+ 2h(q 0 ) L Re {Q^ { p) + Q^ iq) } , 

Here <P(q 0 ) is a real number which depends on h(p) and the choice 
of q 0 but is independent of p and q. 

In order to prove this identity let us observe that both sides of 

(7.11.9) represent harmonic functions of p and q in 2ft — y. The 
right-hand side is easily seen to be regular harmonic even if p ap¬ 
proaches q or if either p or q converge to q Q . 

We verify as before that the difference of the two sides of (7.11.9) 
is regular harmonic across the Jordan curve y. Hence, the two sides 
can differ only by a constant, i.e. a number which cannot depend 
on p or q. This proves the theorem. 

The constant $(< 7 0 ) * s obtained in the easiest way by the following 
remark. In view of (3.4.7), we have 

(7.11.10) Q'^p) =2 ^ Re {£„„(?) - £„„(?<»)} 
and, letting q -> q Q , we find 

(7.11.11) lim & QQo (p) =0. 

Q->Q o 

This remark shows that the left side of (7.11.9) vanishes for q = q 0 
or p = q„. Thus — 0(q o ) is the limit of the real part on the right as 

P ?o or 1 ?o- J . . .. 

From the identities (7.11.6) and (7.11.9) we may derive further 
identities. We take on both sides the normal derivatives of the 
harmonic functions and integrate them around the basis cycle K„. 
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Comparison of the results leads to the new identities. We make use 
of the formula 

(7.11.12) J ~T'(q, p)ds v = - ini Z' u (q) 


dn 


K 


and correspondingly, for the case of (7.11.9), 

j^-^Mds r = -2niZ' u (q), 


(7.11.13) 


K 


dn -*> 


and derive from (7.11.6) the identity 

(7.H.14) Imj^L jr(pMp 1 )T'{p 1 ,q)dz 1 ^=lm{h(q)Z' lt (q)} 

Y 

for the case of a surface with boundary. 

We can make an analogous calculation in (7.11.9). We observe that 

(7.11.15) Re | J^~ Q° 0 (P) ds v j= 27tlm| J dZ» j, 

Q 

since the real part of Q„(p) is single-valued. Further by (3.4.7) 


Re 



3 D v<,M) ds * ~\^~ Q vAq 


dn 


dn 


(7.11.15)' 


K. 


K 


i )*,} 


HI 

K.. 




From (7.11.15) and (7.11.15)' we deduce easily that 


(7 ' n i6) 2 ^ Re | (?)]*: 


K 


f = a (?o) 


is a complex number which is independent of q . Hence, we derive 
from (7.11.9) the equation 


(7 - 1U7) 

Y * 


The constant 0(q o ) can be determined by means of (7.11.11). We 


see 
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that the left side of (7.11.17) vanishes for q = q 0 . Hence p{q 0 ) = 
— Z^qoMqo), and we obtain the final identity 


(7.11.18) 


J 


= Im {z'MV'ti) — (?•)* (?„)}• 


Formulas (7.11.14) and (7.11.18) will be used in the sequel. Their 
significance is obvious; the left side of each formula is a harmonic 
function of q and the right side indicates the simple form of its analytic 
completion. 

From these integral identities we can derive formulas connecting 
the variation kernel n(p,q) with the complex completion of the 
Green’s function G(p, q) and with the differentials of the first kind 
Z^{p). These formulas are given for completeness, but may be 
omitted by the reader if he is so inclined. 

The formula (7.11.14) may be written in the form 


(7.11.19) 


= Im 





y 

Here we have used the fact that 


y 


(7.11.20) 

[z'M T, J rtfjnlq, pjd^y = - z: (?) T J ripMi. Pi)d* 1. 

- Y 

Y 

by (7.10.19). If r(p) satisfies the conditions (7.11.2), so does ar[p) 
where a is any complex factor, and it follows from (7.11.14) that 


(7.11.21) 

= Z' h [q) 


1 

2 jii 


^-.\r(p 1 )Z' li (p 1 )T'(p 1 ,q)dz 1 

2m J 
y 

rtf x)n(?. Pi)d z i Z'Jyq) T J rtf 1 )n(?, Pr)dz v 
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Formula (7.11.21) is valid provided that r(p) is regular analytic in 
a neighborhood of y and that (7.11.2) is satisfied. 

In the same way, we derive from (7.11.18) 


(7.11.22) 




= Z 'M ) J r tPi)"(l• Pi)**! — Z'Mo) d-. J r{pi)n{q 0 . Pi)** 1- 


It is now easy to derive from the integral identities (7.11.21) and 

(7.11.22) new equations connecting the functionals themselves. For 
this purpose we choose a function r(z) of the uniformizer 2 which 
is regular analytic inside the whole Jordan curve y except for N 
points p Q , where it has simple poles with residues <x e . We are not quite 
free in our selection of the function r(z). We must satisfy the con¬ 
ditions (7.11.2) which have now, by virtue of the residue theorem, 
the form 

(7.11.23) 27 a Q Qr(p Q ) = 0, v = 1 , 2, • • •, < 7 . 

e=i 

On the other hand every function r(z) satisfying (7.11.23) will be a 
permissible choice. 

We introduce r(z) into (7.11.21) and by means of the residue theorem 
we obtain 


(7.11.24) 27 a c [Z M {p Q )T{p 8 , q) — 2'(^)»(^, p e ) -f- Z^(?)n(£, p Q )] = 0. 
Similarly, we obtain from (7.11.22) 

(7.11.25) [Zr(p Q )G' QQo {p Q )--Z' M (q)n(q, p Q ) + Z' M (q 0 )n(q 0 , p Q )] = 0. 

Since we can choose the poles p 6 and their residues a. c arbitrarily 
except for the linear conditions (7.11.23), we derive from (7.11.24) 

(7.11.26) Z'y$)T'[p, q)=Z' ll (q)n(q, p )—Z;(£)»(£ p)+ S a„,(q)Q,(p). 

To evaluate the coefficients a„,{q), we first take q on the boundary 
of 2J? and we obtain 
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(7.11.27) E a ltv (q)Q v (p) — 0, fj. = 1, 2, • • •. 

v = l 

Since this equation holds for arbitrary p e we conclude from the 
linear independence of the Q v (p) that all a„ v (q) vanish on the boundary 
of 9fl. As q approaches a </-pole of n(p,q), the sum 

E a» v (q)Q v {p) 

V = 1 

must tend to infinity. Let the (/-poles of n(q,p) which lie in the 
interior of 9ft be q Q , q = 1, 2, • • *, M, M ^ o — k. For simplicity, 
assume that all these ^-poles are simple; if this assumption is not 
satisfied, the calculation is similar. For q near q Q , let £ be a uniformizer 

at <1q> C(?) = t, C(q Q ) = 0. 

By (7.10.21) we have 


(7.11.28) 



+ regular terms 


where P Q (p ) is a quadratic differential. We readily conclude that 

a M 

(7.11.29) (q)Q v (p) =-ZZ^q Q )T(q Qt q)P Q (p). 

V = 1 G> = 1 

Thus, formula (7.11.26) becomes finally 


(7.11.30) 


Z'„(P)T'(p, q ) = Z'^qMq, p) - Z' M (q)n(q, p) 

-1 Z'^T(q e , q)P t (P). 

<?=i 


If not all (/-poles of n(p, q) are simple, higher derivatives of T(q e , q) 
with respect to q Q will occur in the sum on the right side of (7.11.30). 
From (7.11.25), similar considerations lead to 

a 

(7.11.31) Z' II (p)Q'^(p)=Z' ll (q)n(q,p)^Z' li {q 0 )n{q 0 ,p) + Zb^(q)Q,{p). 


We observe that b hv (q) vanishes for q — q 0 ', for q near a 9 -pole of 
n(p, q), the last sum must again counteract the increase of the first 
right side term. Assuming that all 9 -poles of n(p, 9 ) are simple, we 
readily verify that 
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Z^P^P) = Z'^q)n[q, p) — Z;(? 0 )«(? 0 , p) 

(7.11.32) at 

-ZZ^q Q )Q^{q Q )P Q (p). 

e =i 

The identities (7.11.30) and (7.11.32) between the various types 
of differentials on a surface 9ft are due to the fact that the product 
of a differential and a reciprocal differential is a function on the 
surface and can, therefore, be expressed in terms of the fundamental 
functions on 9ft. 

7.12. Conditions for Conformal Equivalence under a 

Deformation 

Let y be the Jordan curve described in Section 7.8 and let z be a 
uniformizer which is valid in a complete neighborhood of y. Let 
r 0 (z) be a function of z which is regular analytic in this neighborhood 
of y and which satisfies the orthogonality conditions (7.11.2). We 
then show (under certain mild restrictions) that we can find a 
function g e ( 2 ) such that, if 

(7.12.1) r(z) = r 0 (z) + eg e {z), 

then the surface 9ft* formed from 9ft by attaching a cell in the 
manner of Section 7.8 is conformally equivalent to 9ft. Moreover, 

(7.12.2) | Qe (z) | 

where M is independent of e, 0 e !g e 0 . 

We show first that an everywhere finite differential Z'(p) of 9ft 
may always be found which has only simple zeros. Moreover, if 9ft 
has a boundary, all zeros of Z’(p) lie interior to 9ft. 

If 9ft has a boundary and if 2h < n ^ G = 2h + w — 1, Im 
is single-valued on 9ft and constant on each boundary component. 
It follows readily from the maximum principle that Z'^p) is non¬ 
vanishing on the boundary of 9ft. 

Let Z' (p) be a basis differential of 9ft, where 2h < ^ ^ 2h -f- m —1 
if 9ft has a boundary, and let Z' M (p) have a zero of order A, A > 1, 
at the point p k . Suppose that there is another basis differential Z' v {p) 
which does not vanish at p k and consider the combination 

(7.12.3) Z» + V Zl(p) = Z'(fi), 
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where rj > 0. If z is a uniformizer at p k , z(p k ) = 0, we have 
Z'(p) = n(a 0 H- a x z H-b a*** -1 + •••) + V* H-, 

where a 0 0, b x ^ 0. For sufficiently small 77 , it is clear that Z'(p) 
has X simple zeros in a neighborhood of p k . Moreover, if 9ft has a 
boundary, then by choosing r\ still smaller if necessary, all zeros of 
Z (p) will be in the interior of 9ft. Hence an everywhere finite 
differential Z' (p) of 9ft having the desired properties exists provided 
that there is no point of 9ft where all basis differentials vanish 
simultaneously. 

Suppose that p 0 is a point of 9ft where all basis differentials vanish. 
Then every differential has a zero at p 0 . Let t 9o (p) be the elementary 
integral of the second kind on the double ^ of 9ft which is normalized 
by the condition that its periods around one of the two dual sets of 
cycles vanish. From (3.4.3)' we conclude that t v Jj)) is single-valued 
on g, and hence 9ft is either the sphere or a simply-connected domain 
in which cases all differentials of the first kind vanish identically. 
We have therefore proved that, if there are any non-trivial different¬ 
ials of 9ft, there is at least one, say 

(7.12.4) Z'(P)= 

which has only simple zeros and which does not vanish on the boun¬ 
dary of 9ft (if 9ft has a boundary). Our proof shows that the numbers 
c { M , /x = 1 , 2 , • • •, G, occurring in (7.12.4) may be taken real (even 
in the case where 9ft is closed and G = h). We therefore suppose 
that the numbers c^ in (7.12.4) are real and, once chosen, we shall 
assume that they are fixed. 

Let Z'(p) be the differential (7.12.4) for 9ft. Then 

(7.12.5) Z*'(p) = 1 c M Z*;(p), 

t*= 1 

where Z*'(p) is given by (7.8.11), is a corresponding differential for 
Ul* which, if e is small enough, has only simple zeros interior to 9J1. 

Let pi, p 2 , • • *, Pn be the zeros of Z in 9)1, and p\,pi> *» Pn 
the zeros of Z*' in 9)1*. From (3.6.3) we have 

(7.12.6) N = G — R°. 

We formulate now the following theorem: 
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Theorem 7.12.1. Let 9ft be a Riemann surface, with boundary, of 
algebraic genus G > 1 and let Z'(p ) be an everywhere finite differential 
on 9ft which has only simple zeros in 9ft and no zero on the boundary 
of 9ft. Let 9ft* be obtained from 9ft by a variation and let Z*'(p) be the 
differential on 9ft* obtained from Z’(p) by this variation. If p v , 
v — 1, 2, • • *, N, and p*, v = 1, 2, * * *, N, are the zeros of Z’(p) and 
Z*'{p), respectively, and if Z'(p) is expressed in the form (7.12.4) 
we have the following necessary and sufficient conditions for the con¬ 
formal equivalence of 9ft and 9ft*: 


(a) 

(b) 


Im Z(p 9 ) = Im Z*(p*), v=l, 2, 


iV; 


Re 


*V 


dZ 



dZ 


J, v = 2, 3, •••, 


AT; 


*1 

(c) Re {P(dZ, K „)} = Re {P[dZ*, K,)}, y = 1 , 2. • • •, G. 

We remark in connection with (b) and (c) that TO* should be 
regarded as lying over TO. Points of TO* and TO may then be denoted 
by the same symbol, the point of TO* over the point p of TO also 
being denoted by p. This convention enables us to use the same 
symbol K„ in the left and right sides of (c). So far as ( b) is concerned, 
we suppose that the path of integration on the right lies over the 
path on the left except for small neighborhoods of p, and p„ 

In order to prove the theorem we define the following relation 
between points p e TO and p* e TO*: 


(7.12.8) 


dZ 


dZ *. 




V 


If the conditions (a), (b) and (c) are fulfilled this correspondence 
can be extended in a unique way over TO so as to give an every¬ 
where conformal mapping of TO onto TO*. Thus, the conditions are 
clearly sufficient for equivalence. They are also necessary, since the 
harmonic functions Im Z M (p), y= 1 , 2 , • • •, G, are uniquely deter- 

Zm t m °i V SInCe f ° r Sma11 6n0Ugh Variation there « no 
room tor the discrete increments which Im Z*(p) might possibly 

ave with respect to Im Z„{p). Thus, conditions (a), (b) and (c) ex¬ 
press just the conformal invariance of the differential Z'{p) and are 
therefore, necessary. ^ * 
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If 1 R is closed we have a very similar situation. However in this 
case Im Z, t (p) is not uniquely determined. We define therefore 


with 


Im Z ti (q) 


J_ C *V(P> Po\q, q 0 ) 
2 J dn v 


v (P> Po'> q, q 0 ) = Re {Q QQq (P) — g QOo (Po)}, 


that is, we require Im Z fi (q 0 ) = 0 (mod 1). We may choose q 0 to 
be one of the zeros of the differential Z'(q) on SCR and of Z*'(q) 
on SCR*. Thus, one equation in condition (a) can be satisfied by ar¬ 
bitrary normalization. The remaining set of conditions will again 
lead to a necessary and sufficient condition for conformal equivalence. 

If 9R has a boundary, there are G — 1 conditions (a), G — 2 
conditions (b), and G conditions (c), giving 3 G — 3 = 6 h + 3 m — 6 
conditions in all. If SCR is closed and if one of the conditions (a) is 
eliminated as above, there are G — 3 conditions (a), G — 3 con¬ 
ditions (b) and G conditions (c), giving 3G — 6 = 6 h — 6 con¬ 
ditions in all. In both cases the number of conditions to be satisfied 
therefore agrees with (3.7.1). 

If G = 1, there is a single basis differential Z\ and it nowhere 
vanishes. In this case, the condition (c) is necessary and sufficient 
for conformal equivalence. 


7.13. Construction of the Variation which Preserves 

Conformal Type 

In the foregoing section we have formulated a set of necessary 
and sufficient conditions for the conformal equivalence of the sur¬ 
face 9R and the surface 9R* which arises from it by the interior deform¬ 
ation. We come now to the proof that a function g e (z) satisfying 
the conditions stated at the beginning of Section 7.12. actually 

exists. 

In order to give this existence proof it will not be sufficient to 
work with the asymptotic formulas derived in Section 7.8; we shall 
have to use exact integral equations connecting the differentials 
of the surfaces considered. We go back to the equation (7.8.6) for 
the variation of the Green’s function of a closed Riemann surface. 
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We assume that 9ft is a surface with boundary and apply (7.8.6) 
to the function V of the closed surface 9ft + 9ft. Putting p Q = p 
and q 0 = q, we obtain from (7.8.6) by use of (7.6.1), 


(7.13.1) 

where 


q) 



T{p> q) = QfiiP), T*{p, q) = Q\(P) 


are analytic functions of p whose real parts are G (p, q) and 
G* (j>, q) respectively, and where 


(7.13.1)' Q(z, q) = T(z + er(z), q) — T(z, q). 

In obtaining (7.13.1), we have used (7.8.6) for cell attachments 
along y and y, and these cell attachments give equal contributions. 
This is an exact relation between G* and G and we now derive from 
it corresponding relations between Z* and Z M . Keeping q (and 
therefore q*) fixed, we compute the integrals of the normal derivatives 
of both sides of (7.13.1) around one of the basis cycles K M . Using the 
formulas 



dG*{p t q) 


dn. 


■ds p = Im Z*(q); 



dG(A q) 

dn_ 


ds 9 = \mZn{q) t 


we find that 



T*'(q,p) = dT *^ P) , 

dq 


(7.13.3) Im Z*(q) = Im Z„(q) — Im j ~ j Q( z , q) d Z*{z) J . 

Y 

Since the coefficients c„ in (7.12.4) and (7.12.5) are real, we obtain 

(on multiplying both sides of (7.13.3) by e „ and summing from 
ix = 1 to ju, = G ) 

(7.13.4) Im Z*(q) = Im Z(q) — Im j ~ J Q (z, q)dZ* (z) J. 

The conditions (a), (b) and (c), are equivalent to the existence 
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of a conformal map 

(7.13.5) M: p*-+p 

from 9ft* onto 9ft. If the map (7.13.5) exists, we have (modulo the 
numbers c lt c 2 , • • •, c G ) 

(7.13.6) Im Z(p) = Im Z*(p*). 

Replacing q by />* and then Im Z*(p*) by Im Z(p) in (7.13.4), 
we have 

(7.13.7) Im Z(p) = Im Z(p*) — Im j j Q(z, p*) dZ*(z) . 

y 

We assume that y does not contain any zero point p v of Z'(p). Taking 
p — p v in (7.13.7), we obtain 

(7.13.8) Im Z(p v ) = Im Z(p*) — Imj^-. J Q(z, p*)dZ*(z) j . 

y 

The equations (7.13.8) for v = 1, 2, • • *, A 7 are seen to be equivalent 
to the conditions (a). 

We observe that 


(7.13.9) 



Im Z(q)ds Q = ^(Re Z(q)). 


Hence, integrating the normal derivatives of both sides of (7.13.4) 
from p x to p v , we obtain 


(7.13.10) Re 


where 

(7.13.11) 



L{z) = J 


dQ(z, p) 

dn„ 




We use again the fact that under a map (7.13.5) 



(7.13.12) J P dZ*(p*) = J dZ(p). 

Pi* *i 

Hence, we may put (7.13.10) into the form 
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(7.13.13) Re 


dZ* = 


-r 


dZ*l — Im 


V 


|i ('■ 


(z) dZ* [z) 


The equations (7.13.13) for v = 2 , 3, • • *, N express the conditions 
(b) of the last section and are equivalent to them. 

Finally, integrating the normal derivatives of both sides of (7.13.4) 
around a basis cycle K p and writing 

(7.13.14) r, = P{dZ, K m ), r* = P(dZ*, K^), 

we obtain 


(7.13.15) Re r* = Re Pa — Im 


5i J /,(.) iZ-(.)} 


where 

(7.13.16) 


JA*) = J 


dQjz.P) 

dn„ 


ds v . 


The conditions (c) are therefore equivalent to the equations 

(7.13.17) = 0, /i =1,2, 

y 

Thus, the surfaces 2ft and 9 ft* will be conformally equivalent if the 
following conditions are fulfilled: 

(7.13.18) Im Z(p,) = Im Z(p*) — Im j — J Q( z , p+) dZ* (z) |, 

y v= 1 , 2 ,- -',N; 


(7.13.19) Re{j\z*J=Rej J** 




Im 


V 


fi/'- 


W^W 


V = 2, 3, • • - IV; 

( 7' 13 - 20) Im {i J /,(*)«*(*)} =0, A, = 1, 2,.... G. 

y 

Let r 0 (z) be a function, assumed given, which is regular analytic 

m a complete neighborhood of y. and which satisfies the orthogonality 
conditions (7.11.2). We set y 
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( 7 -13.2i) r (z) = r 0 (z) + e Qe (z) 

and we seek the conditions imposed on g,(z) by (7.13.18), (7.13.19) 
and (7.13.20). 

By (7.13.1)' and (7.13.21), 


(7.13.22) 


Q(z, p*) = T{z +e r(z), p*) — T(z, p*) 
= er o(z)T'(z, p*) + 0( £ 2 ). 


Substituting from (7.13.22) into (7.13.7), we find by (7.8 14) that 


(7.13.23) 


Im Z(p ) = Im Z(p*) 



+ o(e). 


Using the identity (7.11.14) and assuming that r Q (z) transforms like 
a reciprocal differential, we may write (7.13.23) in the form 

(7.13.24) Im Z(p) = Im Z(p*) — elm {Z'(p*)h(p*)} + o(e). 

Since the coefficient of e in (7.13.24) is the imaginary part of an 
analytic function, we have 


(7.13.25) Z(p) = Z(p*) — eZ' (p*)h(p*) + C + o(e), 

where C is a real constant. We now evaluate C. 

Suppose first that G = 2h + m — 1, m > 1. Then, by (7.12.6), 
N ^ 1. Differentiating both sides of (7.13.25) with respect to p* 
and then choosing p* such that the image p in the mapping (7.13.5) 
is a point p v , we obtain, since Z'(p v ) = 0, 

(7.13.26) 0= Z'(p*)[\— eti(p*)]— eZ" (p*)h{p* v ) + o(e). 


Thus 


(7.13.27) Z'(p*) = 0(e). 

Let the local coordinates of p v and p*, expressed in terms of the same 
uniformizer, be z 9 and z* respectively. Since Z'(p) has a simple 
zero at the point p Vi we conclude from (7.13.27) that 


(7.13.28) 2, = 2* + 0(e). 

We develop Z(p) around the point p v into a power senes of the local 
uniformizer 2 . Since Z'(p v ) = 0 , we have by (7.13.28) 

(7.13.29) Z(p v ) = Z(p*) + 0(e 2 ). 
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On the other hand, for p* = p*, formula (7.13.25) gives 

(7.13.30) *CM«Z(tf) + C + o(e). 

Comparing (7.13.29) and (7.13.30), we conclude that C = o(e) and 
formula (7.13.25) may be written 

(7.13.31) Z(p) = Z(p*) - eZ'(p*)h(p*) + o(e). 

Therefore, if the local coordinates of p and p* are expressed in terms 
of the same uniformizer, we have the formula 

(7.13.32) z — z* — eh(p*) o(e). 

In the case G = 1 (doubly-connected domain) the constant C 
occurring in (7.13.25) is not necessarily o(*). For in this case there 
is a one-parameter group of conformal mappings of 3ft onto itself. 
Each element of the group transforms a point p of 9ft into a point 
Pi* where to Z{p) = Im Z(p 1 ). However, we are still at liberty to 
normalize the mapping (7.13.25) by requiring that a given point 
p* goes into a point p 0 , where 

to Z(to) = to Z (p*) ; Re Z(p 0 ) = Re Z(p*) + K. 

For this normalization we have 


C = K + e Re + o(e) 


Choosing, in particular, 


K = 


Re {Z'(pZ) h (fiZ)}, 


we see that C = o(e). 

In the case G ~ 0 (simply-connected domain) the problem of 
conformal equivalence is vacuous. However, if 9 Jt is represented as 
a domam of fh e ^sphere and if the mapping ^ is suitably 
normalized, !t may be shown that formula (7.13.32) is valid. Since a 
P oof of this case is to be found in [5], we omit details here, 
we summanze the results obtained so far. 

Theorem 7.13.1. Let W. be an orimtable surface with boundary If 
Mean be transformed into a conformally equivalent surface JR*' by 

aijjerential r(f>) defined m a neighborhood of y, then the conformal 
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mapping can be realized in terms of a local uniformizer of 9ft by means 
of the correspondence 

z* = z + eh(z) -f o(e). 


where h is defined by (7.11.5). This relation holds uniformly in each 
closed subdomain of 9ft which does not contain the curve y. 

In deriving formula (7.13.32), in which z and z* are local coor¬ 
dinates of p and p* expressed in terms of the same uniformizer, we 
have assumed that r(z) is of the form (7.13.21), where g e (z) is bounded 
independently of e, and we have made use of formula (7.13.7) which 
in turn depends on (7.13.6). Moreover, in (7.13.26), we have im¬ 
plicitly assumed that p* -> p v under the mapping (7.13.5). Hence, 
essentially, the proof of (7.13.32) is based on the validity of con¬ 
ditions (7.13.18)—(7.13.20). We have also made certain normalizing 
assumptions in the cases G = 0 and G = 1. 

Suppose now that the conditions (7.13.18)—(7.12.20) are fulfilled 
and that r(z) is of the form (7.13.21). We are then justified in as¬ 
suming that there is a mapping which, expressed in local coordinates, 
has the form (7.13.32). The relation (7.13.32) was derived from 
(7.13.18) by comparing terms of order e on both sides of the equation. 
We shall now return to the same equation but work with a higher 
order of precision in e and will find conditions on g c (z) in order that 
9ft and 9ft* be conformally equivalent. 

By (7.13.1)' and (7.13.32), 


Q{z, P*) = er(z)T'(z, py) 


(7.13.33) 


+ ±lr(z)]*T"(z,p,)\+ o(e*), 


and, by (7.13.31), 

(7.13.34) Im Z(pt) = Im Z(p,) + y Im {£"(*>,)[*(/>,)?} + 

(7.13.35) Z*(p) = Z(p)—eZ’(p)h(p) + o(e). 
Substituting these relations in (7.13.18), we find that 
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Im EJ r{z)T'(z, p v )Z'{z)dz 


2 + — jr(z)T'(z, p,)d(Z'(z)h(z)) 


(7.13.36) 


tiS r(z i 


~Tp~ h(p ’ ) + ^pT h{p 


h($ v )^Z' (z)dz 


jl(r(z)] 2 T"(z, p,)Z'(g)dx ]J + *(«•) = 0. 


Dividing this equation by e and letting £ tend to 0, we obtain 


(7.13.37) 


Im 


r o ( z ) T'(z, p 9 )Z'(z)dz 


}=°. 


Since Z’(p,) = 0, the expression iT'(q,p,)Z’{q) is an everywhere 
finite quadratic differential on W and (7.13.37) is a consequence 
of (7.11.2). Thus no new condition is imposed on r 0 (z) by the 
e-term. On the other hand, consideration of the higher order terms 
will lead to conditions on q,{z) and we shall show that these con¬ 
ditions can be satisfied for any r a (z) which satisfies (7.11.2). 

However, before entering into these consideration, we want to 

investigate in an analogous way the conditions imposed upon rJz) 

by the equations (7.13.19) and (7.13.20). We have by (7.13.1)' and 
(7.13.11) 


I,(z) = er(z) j 
(7.13.38) *i 


”dr(z,p) £ a 

ds r + ~ 


W *)) 2 f p 


~d^~ ds ’ + 


where 


= - er(z)2mW' Vi ,'(z) - -(f(z))* 2 *,W" (,) +..., 


’’ dT‘[q, p) 


dn. 


ds„ — 


2 L C dG ^> P) 


dq 


dn. 


ds„ — 


Im 2 
dq 


(?) 


(7.13.39) 


= ~ 2 ^U(?) 
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The expression W^ Vv (q) is a differential with simple poles at p 1 
and p v . Moreover 


Re 



»Vv 

J iz, ~ 

■ “n 


(7.13.40) 


pi 


+ o(e 2 ). 


Substituting from (7.13.38) and (7.13.40) into (7.13.19), we have 


Im. 


ie 2 




J r(z)W' ViVf (z)d(Z'(z)h(z)) + jj {r{z)YW'; iV '{z)Z'[z)dz\ 


(7.13.41) 


+ o(e 2 ) = 0. 


Dividing by e and letting e tend to zero, we obtain 


(7.13.42) 


lm^r 0 (z)W' ViVy (z)Z'(z)dz^=0. 


Since Z’(p Y ) = 0, Z’(p v ) = 0, the quadratic differential W 9iVv (q)Z’(q ) 
is everywhere finite and (7.13.42) is a consequence of (7.11.2). 
Finally 

(7.13.43) Jv(z) = —er(z)2mZ' fl {z)—^(r(z)) 2 2mZ”(z) + o(e 2 ). 
Substituting into (7.13.20) we obtain 

Im J ejr(z) Z» Z’(z)dz - r(z) Z» d{Z'(z) h[z)) 

v y 

jj(r(z))°Z;(z)Z'(z)dz 


(7.13.44) 2 1 

+ - I (r(z)YZ'Hz) Z'(z)dz \ + o(s 2 ) = 0. 


J 


On dividing by e and letting £ tend to zero. 


(7.13.45) 


ImJ|r 0 ( 2 )Z;WZ'(^zJ=0 


and this again is a consequence of (7.11.2). 
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The conditions (7.13.18)—(7.13.20) may therefore be written in 
the form 


(7.13.46) 

(7.13.47) 


Im j J e.(z)ir(z. PA Z'(z)dz + F n (r 0 + efo ) 

y 

Im j Je e (z) W' riVv (z)Z'(z)dz + G v ,(r 0 + e e .) 



(7.13.48) 



&(*) Z'„(z) Z’{z)dz + + r e ,) 



where F vt , G n and H^ are functionals of r 0 4- eg = r. For e — 0 
we have by (7.13.36), (7.13.41) and (7.13.44),' 


(7.13.49) + 


^o('o) - nZ "(PA(HPA) z — ijr 0 (z)T’(z, pAd(Z'(z)h(z)) 

y 

:[ dT '(z.PA,,. . . dT'(z,pA 


S’** 


h{py) + 


dp 


h(PA]z' 


(z)dz 


+ 


J j('oW)**T"(, t p,)Z'(z)dz, 


(7.13.50) 


G ’o( r o) - jl Z "(PA(h(PA) z — Z "(Pi)(h{Pi)) 2 ] 

j^)W'^(z)d(Z-(z)h(z))+ij (r 0 (z)YW'; i ^z)Z'{z)dz, 


(7.13.51) 


H uo(r 0 ) jr 0 (z) Z' M (z)d(Z'(z)h(z)) + j f (r 0 (*))*Z» Z'(z)dz. 

r y 

If G > l, the number a = 3G — 3 = 6/i 4 - .u 

o. £ rnodM ol the surface »(which has A^d ~ byCST 

« zzs • of -—*■ uxrs 
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iT'(q,p v )Z'(q), v = 1, 2, • • •, G — 1, 

(7.13.52) W' PiPv (q)Z'(q), v = 2, 3, • • *, G — l, 

Z’M) z '(q), fi= 1,2, . ..,G, 

form a basis for the quadratic differentials of 90?. For they are o in 
number, and each is real on the boundary of when expressed in 
terms of a boundary uniformizer. The real linear independence of 
the differentials (7.13.52) is a consequence of the real independence 
of the linear differentials 


(a) iT'(q,p v ) v= 1,2, •••,£ — 1, 

(7.13.53) (b) W' ViVy (q) t v = 2, 3, • • G - 1, 

i (c) Z’^q), fM= 1,2,...,G. 

The independence of these differentials follows from the fact that 
the residue of iT'(q, p v ) at p v is — i, while the residues of W v ^ Vv (q) 
at p lt p v are ± T If a linear combination of the differentials (7.13.53) 
with real coefficients vanishes identically, the residues vanish and 
therefore no differential (a) or (b) can have a coefficient different 
from zero. Since the Z ' are independent, all coefficients vanish. The 
basis (7.13.52) will be denoted by Q v Q 2 , • • *, Q g . 

The term g e (q) behaves near y like a reciprocal differential. We 
will try to represent it, therefore, as a linear combination of reciprocal 
differentials n(p, q). We assume without loss of generality that the 
Jordan curve y does not enclose any p -pole of n(p, q). We then select 
a points q v inside y for which the determinant 


| Im Q,{q,) |., v =i,2. „#<>• 

There are always such points q Vt for otherwise we would have an 
identity 

(7.13.54) Im { Z *iQM)} = 0, real, for all q € 9B, 

»=i 

which is impossible because of the linear independence of the Q { . 
We then set 

a 

(7.13.55) e.(P) = 1 a >(e)n(P' ?»). a.(e) real, 

V = 1 


and try to choose the functions a v (e) in such a way that the o equations 
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(7.13.46)—(7.13.48) are fulfilled. Using the residue theorem, we may 
bring these equations into the form: 

a 

(7.13.56) S a,(e) Im Q t (q,) — s0 i (a v ■ ■ a„\ e) = F,(r 0 ). 

V=1 

Here the functions — F t (r„) are the set F, 0 (r 0 ), G, 0 (r 0 ), H^(r a ) con¬ 
sidered above. We can calculate from (7.13.56) the values of a,(0). 

We observe next that the functions $,.(«,, • • •, e ) are con¬ 
tinuously differentiable functions of all their arguments. This 
depends ultimately on the existence of continuous derivatives of 
arbitrary order of the Green's function G*(p, q) with respect to its 
variables and with respect to the parameter e. Indeed one sees 
from (7.13.1) that one can develop G*(p, q ) — G [p, q) into powers 
of e up to an arbitrary order e“ with an error term 0(e“+ l ). We 
obtain in this way more precise variational formulas; but we have 
confined ourselves to the first order term for simplicity. 

We now apply the following theorem on implicit functions IT 
page 9 ]: L ’ 

Consider the system of equations 

(7.13.57) /.fa, * 2 , •••,*„; t) = 0, v = 1, 2 , • • •, a. 

Let a set x\, • • •, xj be given such that 


/.(*;, x\, • • •, *«); 0) = 0, v = 1, 2, • • a. 

Let all a (a + 1) functions df./dx,. df./dt be continuous in their 
a + 1 variables and let the determinant | df./dx, | be different from 
zero at the point (*» • • •, a* 0). There exists a uniquely determined 
set of continuous functions g t {t) defined for sufficiently small values 


and that 


gp(0) — Xq, q — 1, 2, • • • (j. 


Msi(0» &W. • • •» go(t); t) == o 

exisfff idCntiC ! Jly in L M ^eover, the first derivatives dg,(t)/dt 
exist and are continuous in the interval considered. 

Applying this result to our special problem we recognize that we 

for the 6 cr^M^T We d ?r^ T ^ 

rn which ,s J y 
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differential of p such that all conditions (7.13.18)—(7.13.20) are 
fulfilled identically for sufficiently small e. 

We have assumed in this section that 9ft has a boundary; the same 
reasoning can be applied in the case of a closed surface. In this case 
the role of the boundary is taken over by a point q 0 of the surface 
with respect to which we normalize the Z M by the condition 
Im Z lt (q 0 ) = 0 (mod 1). It is convenient in this case to require of 
r oiP) addition to (7.11.2) also the condition: 


(7.13.58) h(q 0 ) =^r J r o{Pi)n(q 0 , p 1 )dz 1 = 0. 

y 

This simplifies several formulas and by (7.13.32) also leads to the 
result that q Q and q* have the same coordinate in any local unifor- 
mizer. 

We summarize the results proved in this section in the form of a 
theorem. 

Theorem 7.13.2. Let y be a Jordan curve lying in the domain of a 
local unijormizer z on the surface 9ft. Let r 0 (z) be a function which is 
regular analytic in a complete neighborhood of y and which satisfies 
the orthogonality conditions 


(7.13.59) J r^(z) Q v {z)dz = 0, v = 1, 2, • • *, a, 

y 

where Q v Q 2 , * * •, Qa are a basis for the everywhere finite quadratic 
differentials of 9K. In its dependence on the unijormizer, r 0 (z) trans¬ 
forms like a reciprocal differential. Let m denote the number of boundary 
components of 9J7 and write 


(7.13.60) 

h(P) = - 



i y 

If 9ft is closed, we impose on r 0 (P) the further condition 

(7.13.61) h(q Q ) = 0 

where q Q is the point for which Im Z h (q 0 ) = 0 (mod 1), 
fj, = 1 , 2 , • • •, 2 G, G = Ji. 


m > 0, 



§ 7.14] VARIATIONAL FORMULAS FOR CONFORMAL MAPPING 347 


Under these assumptions there exists, for all sufficiently small e, a 
function g e (z) which is hounded independently of e such that the attach¬ 
ment of a cell to 9ft along y by means of the reciprocal differential 

( 7 - 13 - 62 ) r(z) = r 0 {z) + eg e (z) 

in the manner described in Section 7.8, leads to a domain 3ft* which is 

conformally equivalent to 3ft. That is, there exists a one-one conformal 

mapping in which the point p* of 3ft* goes into the point p of 3ft. 

If the local coordinates of p * and p are expressed in terms of the 

same uniformizer z of 3ft, 2 * = z(p*), z = z(p), we have by Theorem 
7.13.1 the relation 

(7.13.62) z* = z + eh[j>) -J- o(e). 

Theorem 7.13.2 justifies the statement, made at the end of Section 

3.8, that the quadratic differentials are connected with the moduli 
of the Riemann surface SCR. 


7.14. Variational Formulas for Conformal Mapping 

In Chapter 6 we developed a theory of the mappings of a given 
surface 3? into another surface 91. We obtained necessary and suf¬ 
ficient conditions for such mappings, given locally by certain power 
senes. These conditions are expressed in terms of the coefficients 
of the power series considered; but they soon become so complicated 
that it is difficult to answer even relatively simple questions by 
means of them. In the case that 9} is the unit circle and 91 the 
complex plane the above conditions should, for example, solve the 
coefficient problem for schlicht functions. It has been impossible, 
however, to deduce from them bounds even for the third coefficient 
ot the power senes for a schlicht function. 

It is therefore, useful to apply variational methods and we shall 

Sfr m,ps . w, ; ich extremaii ” * 

g ral formula for the construction of nearby mapping functions 
meth^f Section 0 7““ ^ ““ by generalizing the 

of^The 6 a f V “ surface whic h is mapped into a subdomain 3)1 
of fL The surface 91 may have a boundary or may be closed. If * 
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is closed, 92 is necessarily closed and is itself the image of 9?, that is 
9ft = 92. An interesting problem arises if, for example, 9* is a multiply- 
connected domain and 92 is the sphere. This leads to the theory of 
schlicht functions in multiply-connected domains and will be treated 
in the next chapter. 

We shall perform on 9? an interior deformation of the type described 
in Section 7.13. The given mapping of 9? onto 9)2 then defines an 
interior deformation, by cell attachment, of 9)2 and therefore of 92. 
If we have enough parameters at our disposal, we can find an interior 
deformation which preserves the conformal type of 9? and 9? simul¬ 
taneously. The mapping from the domain 92 into the varied sub- 
domain 9)2* C 92 serves as an infinitesimally near comparison map 
for the original map of 92 onto 9)2. 

Let N be a mapping from 92 onto an arbitrary subdomain 9)2 of 
the given surface 92. Let Q x (p), Q 2 (p), • • *, Q ai (p) and ^ x (q), 
-^ 2 ( 9 )> * ’ *> *^a a (?) be rea ^ bases for the everywhere finite quadratic 
differentials of 92 and 92 respectively; a 1 is the number of real moduli 
of 92 and a 2 the number of real moduli of 92. We suppose that the 
point p of 92 corresponds to the point q of 92 under the mapping N. 
We consider the linear combination 

2 a 2 

Z C v £y(q), 

V=1 

where 2 is a uniformizer at the point p of 92, f a uniformizer at the 
point q of 92. If there exist o x -f a 2 real numbers c v • • • c 0i , C v • • •, C a% , 
not all zero, such that the linear combination vanishes identically, 
we say that the o 1 + a 2 differentials are real linearly dependent 
with respect to N. 

Suppose first that the differentials are independent with respect 
to N. Let y be a Jordan curve in the domain of a local uniformizer 
z on the surface 92, and let r 0 (p) be a reciprocal differential which is 
regular analytic in a neighborhood of y. Let q be the image point 
of p in the mapping N, f a uniformizer at q, and write 

dz 

(7.14.2) r 0 {p) = R o(9)^ 

The Jordan curve y represented in the plane of f will be denoted 
by r. We suppose that 


*1 (dQ\ 

(7.14.1) Z c,Q v (p)+ - 

\(IZ J 
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(7.14.3) 


J r o(P)Q*(P)dz = 0 , v = 1 , 2, • • •, a lt 


(7.14.4) jr 0 (p)Mq){^)dz = J R 0 (q)&{q)d£= 0, v=l, 2, - • •, <r 2 . 

y r 

Let w lf w 2 be the numbers of boundaries, and let n(p v p 2 ), N(q v q 2 ) 
be the ^-functionals of 97, 97 respectivley. We write 

(7.14.5) ' 


h(p) = 


and 

(7.14.6) 

H(q) = 


1 

f y Am (/A \/7-r 

1 j 

P 

2 m * 
> 

i 

* 

-s 

H 

pH 

3 

* 

2m J 
* 

y 

r o 

1 j 

{% 

r o(Pi)n{p, Pi)dz lt 



2 ni J 

m 1 = 

o. 

y 

1 j 

• 

R o(qiW(q, q 1 )dC l - 

1 


2 ni J 

2ni i 

f* 

T 

t 

r 

i r 

2ni J 

R o{q)N[q, qjd^, 

m 2 = 

0. 


m 2 >0, 


If either 97 or 97 is closed, we suppose that the corresponding con¬ 
ation (7.13.58) is satisfied. In other words, we impose upon rJp) 

the requirements of Theorem 7.13.2 with respect to both surfaces 
37 and 3L 

To the ffl conditions (7.13.46)-(7.13.48) for the function p 
imposed by the surface 9? we add the <t 2 corresponding conditions 
tor p. imposed by SR, giving <r, + cr 2 conditions in all for the function 
Since the quadratic differentials involved are independent in the 
real sense, the reasoning of Section 7.13 shows that for all sufficiently 
small e there exists a function <?,(z) which is bounded independently 
f e and which has the following properties. Writing 

(7,14 - 7) 'W = M*) + ee.W, 

we identify the point z of y with the point a + er(z) of the neigh¬ 
boring curve y, m the manner described in Section 7 8. Since z acts 

" a umf °"™ *» * ** « for », w. simultaneoosly fonn 2 
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this way surfaces ft* and ft* from ft and ft respectively. The function 
g e (z) has the property that not only ft and ft*, but also ft and ft* 
are of the same conformal type. 

Let the mapping from ft* onto ft, in which the point p * goes 
into the point p, be denoted by N e , and let the mapping from ft* 
onto ft, in which q * goes into q, be denoted by R 6 . In the mapping 
N from ft into ft, the point p with local coordinate z, say, goes into 
the point q with local coordinate f. By inversion of (7.13.32) we have 

(7.14.8) z* = z + eh(p*) + o(e) = z + eh(p) -f o(e) 
and, by the analogue of (7.13.32) for ft, 

(7.14.9) C = C* — eH(q*) + o{e) = f* — eH(q) + o(e). 

The composite mapping N~ 1 NR e is a one-one conformal mapping 

from ft onto a subdomain 9ft A of ft which sends the point p of ft 
into a point q of ft and, expressed in terms of local uniformizers, 
it is of the form 

(7.14.10) C A = f + eh(p)~ — eH(q) + o(e). 

az 

Here h(p) is expressed in terms of the uniformizer z while H(q) is 
expressed in terms of f. 

Thus, given a mapping N from ft onto a subdomain 5ft of ft, it 
is possible to construct a varied mapping (7.14.10) in which ft is 

carried onto a subdomain 9ft A of ft where 9ft A is an e -variation of 9ft. 
The possibility of varying conformal maps in this fashion enables 
us to apply the calculus of variations to extremal problems in con¬ 
formal mapping. 

We have to make sure, however, that the mapping (7.14.10) does 
not reduce to the identity f A = f or even to a mapping 0 (e), that is 
f A = f + o(e). We must, therefore, investigate the possibility that 
for each permissible choice of r 0 (p) we have identically 

j r o(Pl) n (P> Pl) dz i J 'o(Pl) n (P>Pl) dZ l 

(7.14.11) y v 

- % [ ^ J *.(«.)»(»■ «■)«. - i /*•«■>"<»• ?.«■]• 
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For the sake of simplicity we restrict ourselves to the case that 
m l > 0 and m 2 > 0; the same reasoning would also be valid in all 
other cases. We may assume without loss of generality that SR 
coincides with 9ft, i.e. is already imbedded in SR. Thus, we may put 

2 = C, p = q, y = r, r Q (q) = R 0 (q). Hence (7.14.11) has the sim¬ 
pler form: 


(7.14.11)' 


5^ ?i) 

V 

~jr, ofojpVfe. ft) 

y 


— *(7. 7i)Ki 




This equation is assumed to hold for arbitrary choice of r^(q) so long 

as (7.14.3) and (7.14.4) are fulfilled. One derives easily that this 
condition can be fulfilled only if 


N ( q> qi )-n(q, qi) = z* v (q)Q»(qi) + £Mq)&(qi) 


and 


v = l 


V=1 


N (l, 9 i) 


*(*■ ?i) = £*(?)&($i) + Z6,(q)Mqx) 

V = 1 


identically in q x for arbitrary choice of q. However, the last equation 
is clearly impossible in the case where q is a boundary point of 9R 
which is neither a ?-pole of n(q, q x ) nor a boundary point of SR. 
In this case, n(q, q x ) would become infinite as q x approaches q 

whereas N(q, q x ) remains finite since q is not a boundary point of SR. 

Thus, we have proved: 

Theorem 7.14.1. If a domain 9? can be mapped into a subdomain 
vJt of jR and if there is no real linear dependence between the basic 
quadratic differentials of 50} and of then there exists an infinity of 
mappings of 9? into SR of the form (7.14.10). 

We have assumed, however, that the a, + a 2 quadratic different¬ 
ials arising from the surfaces 9} and 9} are linearly independent in 
the real sense. Suppose now that this hypothesis is not fulfilled. Then 
there exist real numbers q, ■ • •, C<v C x , • • -, C not all zero, such that 


£ CyQ v (p) -j- 
'**1 


/dCV 

Xdz) ^ C*&v{q) = 0. 


(7.14.1)' 
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It is clear, because of the linear independence of the Q Vt that 
not all coefficients c v are zero. Similarly, not all C v are zero. Writing 

(7.14.12) Q(p) = 2? c v Q v (p), J 2(q) = —ZC v 2 v (q), 

V =1 V=1 

we have the equation 
(’.H.iS) 

where the subscript denotes the uniformizer in terms of which the 
corresponding differential is expressed. This equation shows that 
the surface 9? is mapped onto a subdomain 9ft of 9? whose boundary 
consists of finitely many analytic arcs on each of which we have 

(7.14.14) ^ c (q)dC 2 > 0 or 2 c (q)d? < 0. 

A proof of this statement depends only on the local behavior near the 
boundary and is therefore the same as the argument given in [5], 
Chapter VI, where Q, Q are quadratic differentials of special type. 
For this reason a proof is omitted here. We may also interpret 
equation (7.14.13) as stating that £ : (q)d£ 2 is a quadratic different¬ 
ial of 9ft as well as of 91, in which case (7.14.13), written in the form 

(7.14.13) ' ^ c (q)dC 2 = Q x {p)dz 2 , 

expresses the invariance of the quadratic differential under a change 
of uniformizer. 

In the case that the domain 9ft C 91 possesses a quadratic differen¬ 
tial which is finite everywhere in Landis also a quadratic differential 
for 91, it might well happen that 9ft cannot be varied within 91 under 
preservation of conformal type. In this case we say the domain 9ft 
is rigidly imbedded in 91. 

Consider the following example of a rigid imbedding. Let 91 be a 
triply-connected domain in the complex plane bounded by three 
curves B v> v = 1, 2, 3; we suppose that B x encloses the two other 
curves B 2 and B z . If we connect B 2 with B z by a continuum in 91 
we obtain a doubly-connected subdomain 9ft of 91. This domain 
can be mapped upon a circular ring in the z£/-plane, \ <\w </z(9ft). 
^(9ft) is called the modulus of the doubly-connected domain 9ft. 
It is now easy to show that there exists a subdomain 9ft C 91 obtained 
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from 9t by removing an arc between B 2 and B 3 such that its modulus 
be the largest possible among all doubly-connected domains im¬ 
bedded in $R by the same method. The domain 2ft is rigidly imbedded 
in in the sense that it cannot be mapped into any neighboring 
domain in 9? of the same conformal type; indeed any other domain 
in $ which lies near enough to 9ft has a lesser modulus and cannot 
be equivalent to 9ft. The only possible conformal mapping in 9ft is a 
mapping of 9ft into itself, which always exists in the case of a doubly- 
connected domain. It is clear from our general theory that 9ft and 9? 
must have a quadratic differential in common. This can easily be 
shown by characterizing the extremum property of 9ft by variational 
methods. We shall now do this, providing at the same time an illus¬ 
tration for the use of our general formulas. 

Let w = f{z) be the schlicht function in 9ft which maps 9ft upon 
the circular ring in the z^-plane. Clearly, the function 


(7.14.14) 



represents the only Abelian integral of the first kind in 9ft; indeed, 
its imaginary part is single-valued in 9ft and has the boundary values 
0 and 1, respectively. The period r n of Z x (z) is obviously 


(7.14.14)' r n =- 

log/* 

Thus, instead of maximizing the modulus of 9ft we may try to 
maximize the period r n of 9ft. 

We draw a Jordan curve y in 9ft and perform a cell attachment 
along y by means of an arbitrary function r 0 (z) which need only 
be orthogonal to all finite quadratic differentials of 9L By (7.8 12) 
we will obtain a new domain 9ft* C <ft with 


(7.14.15) r*^r il ~2RejlJr 0 (/) (Z[ ) + 0 (**). 

The extremum requirement r* =£ P u and the arbitrary value of 
lead necessarily to the conclusion 


e 


(7J4 ' 16 > \ r 0 (t){Z[(t))Ht = 0 

Y 
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if r 0 (t) is orthogonal to all finite quadratic differentials of 9t. But 
this implies by the usual reasoning of the calculus of variations 
that (Z^z)) 2 is itself a finite quadratic differential of 9h 

If the closure of 9ft does not fill 91, a simpler type of variation is 
obtained by choosing the curve r in the interior of 91 and in the 
exterior of 9ft. In this case we assume that the reciprocal differential 
satisfies only the requirements of Theorem 7.13.2 with respect to 91; 
then the mapping NR e is obviously a one-one conformal mapping 

from 91 onto a subdomain 9ft A of 91 which has the form 
(7.14.17) C A = f-ei/ ( y ) + o(e ) . 

7.15. Variations of Boundary Type 

The variations constructed in Section 7.14 are of “interior type”; 
that is to say, they depend only on the character of the mapping 
as defined over the interior of 9ft and not on the behavior of the 
mapping at the boundary. The advantage of this type of variation 
in extremal problems is apparent, since it is not clear a priori that 
an extremal mapping will be well-behaved on the boundary. However, 
variations of “boundary type”, in which it is presupposed that the 
mapping is regular, or at least fairly smooth, on the boundaries, are 
useful in obtaining further information concerning an extremal 
mapping once it has been established by a variation of interior type 
that its behavior on the boundary is sufficiently regular. Variations 
of boundary type are in general much easier to construct than 
variations of interior type. 

We indicate here a simple variation of boundary type for a func¬ 
tion f(p) defined over a Riemann surface 9ft with boundary, and we 
assume for simplicity that / is regular analytic up to and including 
the boundary of 9ft. The variation of boundary type can be obtained 
from the variation of interior type by taking the arc y along the 
boundary of 9ft. Then the term eH(q) in (7.14.10) can be dropped 
since the regularity in the interior of 9ft is no longer disturbed by 
the presence of a singular term. However, since y lies on the boundary 
of 9ft, the conjugate arc y coincides with it and the two integrals 
in h(p) therefore cancel, causing h(p) to vanish identically. For this 
reason we choose, in place of h(p\, the reciprocal differential 
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(7-15.1) X (P) = jr 0 (Pi)*(P. Pi)&v 

y 

Let y lie in the domain of a boundary uniformizer z, and define 


(7-15.2) r 0 (z) = -2iv(z) 

where v(z) is regular analytic in a complete neighborhood of y, real 
on y, and zero at the end points of y. We assume that v(z) is a reciprocal 
differential in its dependence on the uniformizer. Hence, if z x is an 
arbitrary uniformizer valid in a neighborhood of y, we have 

(7.15.2)' Vl ( 2l ) = v(zfe. 

az 

Thus v(z) will be real on y if and only if the uniformizer in terms 
of which it is expressed is a boundary uniformizer. 

If P is a boundary point of 9Ji which is not on y, we see from the 
definition of r a and from (7.10.19) that x(p)/dz is real. Now let p 
approach an interior point of the arc y. In the neighborhood of this 
point we deform the path of integration in (7.15.1) into a semi¬ 
circular arc lying in the exterior of SR on the double g. Letting the 
radius of this circle approach zero, we have 


(7.15.3) 



+ ™(z). 


Y 


where the integral is to be interpreted as a Cauchy principle value. 
Here we assume that the integration along y is in the sense in which 

™ 0r u P °! ntS ° f ^ He t0 the l6ft Thus ’ at P° ints P the boundary 
o 2Ji which do not lie on y, x(P)ldz is real, while at points of y it is 

equal to a real quantity plus an imaginary term iv(z)/dz. 

Now suppose that r 0 satisfies the orthogonality conditions 


(7.15.4) 


J 'o(P)Q,(P)dz = 0 , 

Y 



1 , 2 , 



Then x (p) is regular analytic throughout the interior 
Hence, setting 


of SKby(7.I0.27). 


(7.15.5) 


f*(P)=f(P) + ei’(P)x(fi), 
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we see that / A is regular analytic and single-valued on if / is. 
With the notation 


(7.15.6) 8z = iev(z)-, dw = 6w(p) = f'(p)dz ; d/{p) = f^(p)—f(p) i 
formula (7.15.5) becomes 


(7.15.7) 




6w(p l )dw(p l ) 


y 

where w = j(p), and dw(p) is the normal shift of the boundary in 

the plane of iv. When ev is positive, the shift is in the direction of 
the inner normal. 


The arc y in formula (7.15.7) may be taken to be the whole boun¬ 
dary curve on which it lies, and in this case the restriction concerning 
the vanishing of v(z) may be dropped. 

Formula (7.15.7) is a generalization of Julia’s well-known variational 
formula for the unit circle (see [4]). It may be applied when the 
boundary in the z^-plane is piece-wise analytic or composed partly 
of piece-wise analytic slits provided that v(p) and a suitable number 
of its derivatives vanish at the end points of analytic arcs or slits. 
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8. Applications of the Variational Method 

8.1. Identities for Functionals 

We shall show in this section how the variational formulas may be 
applied in order to investigate the relations among the various 
functions, differentials and their periods on a closed Riemann sur¬ 
face 9ft. It will be sufficient to use for this purpose a particularly 
simple type of variation of 9ft. 

We choose an arbitrary point t € 9ft and introduce a local uniform- 
izer z which vanishes at t. We describe in the z-plane a circle of 
radius q around the origin, lying in the image of the uniformizer 
neighborhood of t. Let y be the curve of 9ft which corresponds to 
the circumference | z | = g; we perform a cell attachment along y, 
of the type described in Section 7.8, and use r(z) = e 2i<p /z, e = q 2 

for the deformation. : Since the point z = ge tlx on the circumference 
is shifted into the point 

(8.1.1) z* = z + 6 2l Y - = Q e i<p [e i{a ^ -f e i( *-«>] = 2ge iv cos (a— <p), 

z 

we may describe the deformation of the surface 2Ji as follows. We 

draw the diameter of the circle \z\ = e which has the direction of the 

complex vector e* and identify points on the circumference of the 

circle which lie on the same normal to this diameter. This procedure 

leads to a new Riemann surface 931* and we may use the coordinates 

f, q for the points of W* as well as for the points of 911 so long as 
we stay outside of y. 

We can now express the various functions and differentials of 
M in terms of functions and differentials of 9J1 by means of the 
vanational formulas of Section 7.8. In order to obtain suitable for¬ 
mulas for our particular purpose it is convenient to study the behavior 
of those Abelian integrals on 9)1 which have their periods normalized 

• , r< : SpeCt to the c y cles K 2 /i-v We consider, in particular, the 

msS t h 6 ki " d W(P - q ’ which has periods with 
respect to the odd cycles and which is symmetric in its two pairs 
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of variables. Let <o w# (£) be the Abelian integral of the third kind 
which has zero periods with respect to the K 2fl _ 1 and which was 
discussed in Section 3.3. Then 


(8.1.2) W(p, p Q \ q, q 0 ) = ^(p) — oj QQ o ( Po ). 

We denote corresponding quantities on 9ft* by the same letter with 

an asterisk. In this notation, we obtain easily the following formula 
(see (7.8.18)): 


(8.1.3) W*(p, p Q] q, q 0 ) = W(p,p o] q,q Q ) + ^V"U o (*)«C o (0 + o(g 2 ). 

Now let p describe a cycle K 2fi and compare the corresponding 
periods on both sides. Using the period relations (3.4.4)', we obtain 

(8.1.4) w*(q) - w*(q 0 ) = w^q) —wfa) + ^V<(*K*(0 + o(g 2 ), 

where w M (q) is the //-th Abelian integral of the first kind defined 
in Section 3.3. Thus we have obtained a variational formula for these 
integrals too. 


We denote the period matrix of the differentials w' M (q) with respect 
to the cycles K 2v by || ||. If q in the identity (8.1.4) describes 

a cycle K 2r , we derive the period variational formula: 


t 8 - 1 - 5 ) 7*r = )V + * 2, V ‘ 2mwl (t)w 9 (t) + o(q 2 ). 

Finally, we can derive from (8.1.3) a particularly elegant variational 
formula for the bilinear differential 


( 8 . 1 . 6 ) 




d 2 W(p, Po\ q, q 0 ) 

dp dq 



which is symmetric in p and q and has a double pole for p = q. 
We obtain from (8.1.3) by differentiation with respect to p and q 


(8.1.7) ?*(p, q) = l(p, q) + p)X(t, q) + o(q 2 ). 

The formulas (8.1.3)—(8.1.7) stand in close analogy to the for¬ 
mulas of Section 7.8. The advantage of the Riemann normalization 
of the differentials lies in the fact that the differentials themselves 
occur in the variational formulas and not the real part of some 

expression constructed from them. 

We now apply these formulas in order to show that the periods 
of the differentials of the first kind depend in a differentiable 
way upon the moduli of the surface 9ft considered in the last chapter. 
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We introduced in Theorem 7.12.1 a set of 6 h — 6 real parameters, 
which we now denote by (x it which depend on the zeros and the 
periods of a differential Z'(p) on 9ft and which characterize the con¬ 
formal type of 9ft in a unique way. We calculated in Section 7.13 
the variation of these numbers under a general cell attachment and 
in the case of our particular variation, we have 

(8.1.8) fx* = N + Re {e 2i YQA*)} + <>(<>*), 

where Qj(t), j = 1, 2, • • *, 6 h — 6, form a linearly independent set 
of quadratic differentials, in the real sense. 

We prove first: 

Theorem 8.1.1. Every quadratic differential w'^w’^t) can be ex¬ 
pressed in terms of the real basis Q f (t) in the form 

Sh —6 

(8.1.9) w h (t)w,(t) = E 

7 = i 

with real coefficients 

In order to prove this theorem let us assume conversely that, 
for a given choice of fx and v, the 6 h — 5 quadratic differentials 
^^{t)w 9 {t), Q}(t) are linearly independent in the real sense. We can 
then determine 12 h — 11 points t a in 9ft and 12 h — 11 real numbers 
c a such that 

lih —n 

Z c«Q*(Q = 0, /= l,2,---,6fc — 6, 

(8.1.10) 12A—U 

E c„w'ttXW ^ °- 

a—1 

We then construct a variation of 9ft which is composed of 12 h — 11 
cell attachments at the points t a with functions r a (z) = c a e tiq, fz, 
e = q 2 on each circle around the corresponding point t a . Using the 
methods of Section 7.13 we may correct this variation by an additional 
term o(g 2 ) in such a way that 9ft goes over into a conformally equi¬ 
valent surface 9ft*; for we can arrange the correction so that the 
moduli fx f do not change under the variation. On the other hand, 
this same variation will lead to a change in y H9 by virtue of (8.1.5) 
aJid (8.1.10). This is obviously a contradiction since the period 

matrix y h9 is a conformal invariant. Thus, the theorem has been 
proved. 
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In a similar way, we prove the formula 


(8.1.9)' 


6A—6 


K(t)w',(t) = Z B„,' t real. 

i = 1 


From (8.1.5), (8.1.8), (8.1.9) and (8.1.9)' we derive finally: 


6 / 1—6 


( 8 . 1 . 10 ) 


Re {y* - y„} = Z 2- ft,) + ofe*). 

• ^ 


6ft—6 


Im {y*,~Y i-y} = <£ 2 —ft,) + o(e 2 ). 

i =l 


These relations, which prove that the y ^ possess partial derivatives 
with respect to the [x jt can be written in the form 

d Re y„, _ d Im y„ v 

(8.1.11) —-=2 nB 


dft, 


dft, 


= 2n A 




Thus, we have proved 

Theorem 8.1.2. The period matrix y p „ depends differentiably upon 
the 6 h — 6 real moduli 

In a similar way it is possible to show that the differentials on 
possess derivatives with respect to the moduli // y . The dependence 
of the differentials of a Riemann surface upon its moduli has been 
studied intensively since the time of B. Riemann and L. Fuchs. The 
principal tool has been the theory of the theta-functions and a 
considerable number of relations and differential equations have been 
derived. The theory of the dependence of the differentials on the 
moduli has, however, always suffered from the great complexity of 
the formulas arising. The variational formulas (8.1.3), (8.1.4), 
(8.1.5) and (8.1.7) contain all these relations in principle and it is 
easy to derive them from the variational formulas. We shall illustrate 

the method by one particular application. 

Let w[(p) be the first differential of the first kind with Riemann 

normalization and let 


( 8 . 1 . 12 ) 


0(p, q) = 


HP, q) 
w'i(P)w'M) 


This expression depends on p and q; we may use the values of w x {j>) 
as local uniformizers and consider &(p, q) as an analytic function 

of w x : 
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(8.1.13) 0(p, q) = F(w, co;^ y ), w = w 1 (p), co = w x (q)\ 

0 also depends, of course, on the moduli of 9ft. In order to study the 
nature of the function F , we perform the special deformation of 9ft 
into 9ft* considered above. Using formulas (8.1.3)—(8.1.7), we find 

(8.1.14) q) = F(w *, co*; tf) = 0(fi, q) 

+ P) 0 (t, q) — &(p, q)( 0 {t, p) + 0 {t, q))]w[{t ) 2 -f o(q 2 ). 

In order to obtain this simple result we had to make the normalization 
that at the fixed point q 0 e 9ft and at the image point q 0 € 9ft* the 
values of w x (q) should be the same, for the determination of this 
integral considered in the choice of uniformizer. By (8.1.4) and our 
normalization, we may use as local uniformizers belonging to the 
points p,q e 9ft* the quantities 

W* = w + + ofe 2 ), 

( °* = " + + o(o 2 ). 

Inserting these into F(w*, <u*\ /i*) and developing into a Taylor’s 
series, we find 

q) + p)<J>(t, q)— 0 (p, g)( 0 (t, p) + 0{t , g))^)* 

(8.1.16) = q) + eS ' v [a^ a, ». (<) + 

6h-t d p 

+ * g- Re + o(e). 

Cancelling the finite terms, dividing by g 1 and passing to the limit 
Q = 0, we obtain 

0(t, P)0(t, g) — 0(P, g){Q(t, P) + <P(t, g)} 

(8.1.17) = 9F ( W ' a>: ^ /“,) %,,„(*) 


(8.1.15) 


w.toj »;(<) 


dw w[(t) 
' h ~* dF(w, oy\fn) 


daj 


w' x (t) 


+ r 

y-i 


2ta> 


1 


" (»;(<))* Re 

Since this identity must hold for arbitrary choice of <p, we find 
the identity 

~ «>,«»- = 0. 


( 8 . 1 . 18 ) 


i-i 


dfi, 
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If we let t tend toward q 0) all terms except the first two on the right 
side of (8.1.17) remain finite. Hence, their singularities must cancel, 
which leads to the condition: 


(8.1.19) 


dF{w, ail/i f ) 
dw 



dF(w, co] Hj) 

dco 



This partial differential equation shows that F is a function of 
w — co. We have proved 

(8.1.20) 0(p, q) = F(w 1 (p) — w^q);?,) 

and the identity 


(8.1.21) 0{t,p)0{t,q)-0{p,q)(0(t,p) + 0{t,q)) 



dFjw—to-.ftf) Qj(t) 

i=i 2 3fi, 


In order to understand this identity better, we simplify the 
notation as follows. We put q = q Q and assume moreover, without 
loss of generality, that ze^o) = 0. We let w 1 (t) = 2 and write 

(8.1.21) in the form 


F(z — w; ft,)F(z; /i,) — F(w, p,)[F(z; p,) + F(z — w;/z,)] 

t 8 - 1 - 22 ) . fV, .. , V 1 3F(w; M i ) Q,(t) 

= F (w, Hj) J F(T-z ;ttl )dr+£- ^ Kw)2 - 


0 


The function F(w; //,) is an even function of w which has at the 
origin (corresponding to q Q e 9ft) a double pole and the series 
development 

1 


(8.1.23) 


F(w\fij) = 


w 


+ a + bw 2 + 


• • 


where the coefficients a, b, • • • depend on the moduli Let w 
tend to 0 on both sides of (8.1.22) and compute the limit equation 
by means of (8.1.23). We obtain 

1 6A -«1 da <2,00 

(8.1.24) F(z; Pi) 2 2aF(z\ /*,) + —F'\z\ /*,) — ^^^2 


This equation may be considered as a second order differential 
equation for the function F{z\ ^,), with coefficients depending in a 
simple way on the quadratic differentials of 9ft. 
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Let us differentiate (8.1.22) with respect to 2; in this way we can 
eliminate the integral on the right-hand side of the identity and 
obtain 


d 


W- n )F(z ; fi t ) — F(w; /q)(F(z; N ) + F(z — w, /*,))] 


(8.1.25) 


F(z 


6 A -—6 


w, N y ] + 2 l (Ml 

1 ,=1 2 d N dz w; (<)- 


* ' 1 \ / 

In order to clarify the meaning of the identities obtained it is 
useful to specialize them to the case of a surface 9)1 of genus 1. In 
this case, our formulas will reduce to well-known relations between 
elliptic functions. We uniformize 9ft by mapping its universal 
covering surface into the «-plane; each copy of 9ft will appear as a 
parallelogram in this plane. Let aij and a> 2 be the periods of the 
parallelogram net; then there exists one integral of the first kind 
on 9ft which, because of the Riemann normalization, has the form 

(8.1.26) w —— 




The integral of the third kind will be 


(8.1.27) 


(UlT)i(w — w 0 )z, 


- w)\ 

where a{z) is the Weierstrass entire function and represents a multi¬ 
plicative integral on 211. By differentiation with respect to z and w 
we obtain by (8.1.6) the expression X(fi, t). We derive easily: 

(8.1.28) \{p, t) = F(z — w;a>) = — <u* ^(^(z _a,)) + 

where o> = w 2 /ai l is the only modulus of the surface 3J1. oj is 1 com- 
p ex modulus whose real and imaginary parts may serve as the real 
moduli ^ and ^ 2 . Equation (8.1.28) states that F depends analytically 
on H + V *2 and hence a = a (co). We easily find 

(8.1.29) a((u ) = - co^, Qx(t) = anfaW) 1 . Q,{t) = 2 nlw'M))*, 

and derive from (8.1.24) ' 

(8U0) £ {7l ^r [? *"« - pm 2 ] + 
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This relation contains on the one hand the differential equation of 
the function fc>(z), 

(8.1.31) 2 <&"(*) = 12 p(z)*-g 2 

and on the other hand the dependence of the expression rj^ on the 
modulus co, 

(8.1.32) 2 ni ~ (j/jto,) = r]\(o\ — ~ca\g t . 

This is a well-known differential equation for the periods of the 
elliptic functions in their dependence on the period-ratio co. 

We might develop a systematic theory of the relations between the 
various differentials on 9ft by the method briefly outlined above. 
This theory will again lead to rather heavy formulas. On the other 
hand, we possess in the variational equations for W, w, y„ v and 
A(/>, q ) a simple parametrization of these relations and these fun¬ 
damental equations are the root of all the other relationships which 
may be established. 


8.2. The Coefficient Problem for Schlicht Functions 


A classical problem in elementary function theory is the following. 
Consider the class of all functions f(z) which are univalent or schlicht 
in the unit circle and have a series development of the normal form 


00 


( 8 . 2 . 1 ) 


f(z) = z + Z a v z' 


The problem is to determine bounds for the values 


a 


it is known 


that a 9 2, 


a 


3 = 


3 and that these estimates are the best 


possible. It is conjectured that | a n | ^ n holds for all integers n 
and this estimate would be the best possible since the function 


z 

(8 2 1 V - = z + Z vz* 

[ > (1 —Z) 2 v = 2 

is schlicht and for this function the sign of equality holds in the 
above estimate. 

Another problem has been considered in this connection also. We 
plot the sets a 2 , a 3 , ■ ■ ■, a n+1 for all schlicht functions (8.2.1) as 
points in a real 2»-dimensional space and obtain a certain subspace, 
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called the coefficient space V„ of the schlicht functions. One may 

investigate the structure of V„ and, in particular, its boundary B n . 

The points of B„ may be considered as defining schlicht functions 

/(z) with certain extremum properties and these functions may be 

studied by variational methods. It is quite possible that the solution 

of the coefficient problem in the strict sense, that is the establishing 

of exact bounds for the | a n |, may be facilitated by the treatment 

of the more general problem of V„ which is, in addition, of interest 
in itself. 

We shall consider instead a more general problem which can be 
treated by the same methods as the problems described above and 
which leads by specialization to several results in complex analysis. 
We consider a Riemann surface 9? with boundary and assume that 
it can be mapped conformally into a subdomain HR of another given 
surface SR. Let zr 0 <r 92 correspond to the point p 0 e SR; we introduce 
local uniformizers at n a and at p 0 such that z(zr 0 ) = 0, z(n) = z 

and w(j> 0 ) = 0, w(p) = w. The mapping p = p( n ) can then be 
expressed in terms of the uniformizers in the form 


(8.2.2) w = f(z) = b 1 z + b 2 z*+--- + b n z " + • • 

and we may consider f(z) as a function on SR which is schlicht relative 

to SR. The problem arises of determining bounds for the coefficients 

b, and, more generally, of studying the coefficient body V„ arising 

rom all possible n-tuples 6„ •••,*„ in the 2re-dimensional Euclidean 

space. The body V n need not be connected and can, in fact, consist 

of disjoint pieces. But we can easily prove that F„ is bounded and 

closed except for the case in which SR is the Riemann sphere of 
complex numbers. 

In fact, if ft is not the sphere then there exists a uniformizer W 
n ft which maps the universal covering surface schlicht on the 
interior of a fixed circle or upon the W -plane punctured at the point 

or T We may assume without loss of generality that W has 
at Po the senes development 

(8.2.3) JF(zei) = w + B 2 w* + B s w 3 _; 

putting w = f( z ), we obtain an analytic function of z, 

(8.2.3) ' F(z) = W[j(z)] = b x z + (b 2 + B 2 b\)z 2 + ... 
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which is regular analytic in a fixed circle \z \ <r and schlicht in the 
strict sense. It follows easily from the theory of schlicht functions 
in a fixed circle that the F(^) form a normal family, that is that 
in each infinite set F v (z), v = 1, 2, • • •, we can find a subset which 
converges uniformly in each circle \z \ <L r 0 < r to a schlicht function 
F(z). We conclude that the functions f(z) themselves form a normal 
family, too. This proves that the coefficient body V n is bounded and 


closed, as asserted. 

In order to study the structure of V n we take an admissible 
function (8.2.2) which can be extended over 92 in order to lead 
to an imbedding of 9? in 91. We try to construct infinitesimally near 

map functions f^(z) by means of the variational method of Section 


7.14. Using (7.14.10), we see that we can find a function 


(8.2.4) f*(z) = f(z) + eh(z)/'(z)- e H(f(z)) + o(e) 


in an ^neighborhood of f(z) which can also be extended to a schlicht 
mapping of 9? into 92. We have to make one assumption, namely 
that the imbedding 92 -> 9ft C 9? does not lead to a subdomain 9J2 
of 91 which is bounded by curves in 92 satisfying the differential 
equation 


(8.2.5) £(p)dp 2 ^ 0, 2,(p) = finite quadratic differential on 92. 


If f(z) leads to a mapping of 92 into 92 of this particular type, we 
cannot vary f(z) freely and it is, in this sense, an extremum function. 
In the general case, however, we may choose 


( 8 . 2 . 6 ) 



and, taking p x = 

l 8 - 2 * 6 )' , „ y / /\ 2\ - 

V 

with an arbitrary Jordan curve y in 92 and a reciprocal differential 
r 0 (n) which has only to satisfy the conditions 
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(8.2.7) 

and 

( 8 . 2 . 8 ) 


v = 1 , 2 , • • •, o lt 


v= 1, 2, • • •, o 2 , 


where the Q,(n) for a real basis for the finite quadratic differentials 

of 91 and the 2.,,{n) an analogous basis for Of. By taking H(f[z)) 

in the form (8.2.6)' we have assumed that Of possesses a boundary 

we do this only for the sake of definiteness but the reasoning will 
hold in every case. 

The variational formula (8.2.4) creates for each schlicht function 
(8.2.2) a whole neighborhood of schlicht functions. If we want them 
to have the same normalization as f(z) we must require 

< 8 ’ 2 ' 9 ) *(0)/'(0) = H{ 0) + o(l), 

which leads to the following condition on r 0 (n): 


2ni 


(8.2.9)' 


-(©TwK 


Let us now compute the coefficient b * of /*(,). For this purpose, 

funct on ° P / Ctl ^ S Nm ‘ P) * N{m ’ & at *- 0 and the 
notions n(z, n), n{z, n) around the same point. We shall have 


( 8 . 2 . 10 ) 


05 

n(z, 7t) = Za e {n)&, n{z, n) = £ a c (rc)z«; 

c=, ° P“0 


(8-2.11) N{f(z),p)=ZA t U> ) * l N(f{z),})=£A e (}y. 

P la y a ce ntr'al role in the theory 
Let , 6 ? ! 0f functlons ia * which are schlicht relative to I 

be undT? m m great6r d6taiI - The coef fi«ents «, (*) are to 
e understood as given with the domain W while the A Ln. a 

function ^ d t ° main T 81 but 1180 upon the coefficients of the 
/( ) m question. It can be easily seen that A„{p) depends 
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on the first g coefficients b v ■ ■-,b e of f(z). Since n{z, n) depends 
on n like a quadratic differential, the coefficients a Q (n) will be 
quadratic differentials on 9?. They will not be finite, however, on the 
whole surface 5K, but will have poles at the point jc 0 . In fact, we 
have by (8.2.10), 

(8.2.10)' 

g! Lar J z= 0 

and since n( 0, n) has a simple pole at n 0> we find that a Q (n) 
has a pole of order g + 1 at 7t 0 . The coefficients a Q (n), on the 
other hand, are everywhere finite quadratic differentials on the 
double of 91. They permit us to define on 91 the everywhere 
regular quadratic differential 

(8.2.12) ajtn) = (a Q (n))~ 

which, when expressed in terms of boundary uniformizers, satisfies 

(8.2.13) a e (n) = ({a Q (n))~ 
on the boundary of 91. 

We can make an analogous statement with respect to the quadratic 
differentials on 91, namely A Q (p) and 

(8-2.14) A e (P) = (A'{$))- 

A e (p) has a pole of order g + 1 at po while A Q (P) is regular every¬ 
where in 91, and on the boundary of 91 we have, using boundary 
uniformizers, 

(8.2.15) A e (p) = (A(P))~. 

From (8.2.4)—(8.2.6) we can now calculate the coefficients 
of f^{z). We easily find: 


(8.2.16) 

with 

(8.2.17) 
and 

(8.2.18) 


b^ = b v -\-£ • ——: [r Q {n)U v (n)dz— £•— \r 0 (7i)(V v (n)) dz+o(e), 

2m J ImJ 


v + l 


U v {n) — Z 9^e a p+ 1 —e^) A 

e=i 


© 


*+i „ . fdp\ 2 

V v {n) = Z g(b Q ) a 9+1 __^(n) A,{p) yj~] • 

0=1 ' 
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We shall call a point (b lt • • •, b n ) an interior point of the coefficient 
body V n if we can choose r 0 (7t) in such a way that each point of a 
sufficiently small sphere around this point in Euclidean 2w-space is 
attained by a variation (8.2.16) of the coefficients. We shall call the 
point a boundary point of V n if we cannot fill a whole sphere around 
it by these variations. We may put (8.2.16) into the form 

Re {6 A — b,} = e Re{-L J , 0 (n)[U.(„) + V,(n)]dz\ + o(e), 
(8.2.19) y 

Im {b A - £ Re J-l J„(*) • I [U,(n) - V.[n)]dz\ + «(«). 

y 

and formulate the condition (8.2.9 )' on r) as follows! 

(8 ' 2,20) ^ j r o(*)U*(*)dz = ±fr 0 (Z)(V 0 (n))~d~z. 

Since r 0 (n) is quite arbitrary except for the conditions (8.2.7), (8.2.8) 
and (8.2.20), it is obvious that we can attain every point in the 
neighborhood of the initial point (&„ b 2 , ■ ■ •, b n ) so long as there is 
no linear dependence, with real coefficients, between the 2n +2 4- a, 4- a 

quantities 12 


(8 2 21 ) + I ~ Vr(7l) ^' ” = °* 1( '' *’ n ’ 

Q,(n), v = 1, —, <r x ; 2^p) (^) , ^ 

Thus, a boundary point of V„ can be characterized by the existence 
01 n + 1 complex numbers X 0 , V • such that 




(8.2.22) ZJ^V,{n) + A,V,(ti)] = Q{ n ) -f 

^ 111(1 are two finite quadratic differentials on SR 
and s Jt, respectively. 

to are * n0W able to characterize the domains SIR C SR which belong 
to I k r mUm functi0ns /W in * whose first » coefficients lead 

^rtue oTS?r nt ° n Fn ' K Let ” be 1 b0Undary P° lnt of % by 

rtue of (8.2.13) we may then write (8.2.22) in the form: 
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(8.2.23) &MP) + AvA v (p)] + £(p)j = real 

if 7i lies on the boundary of fft. But the expression 

(8.2.24) ir(p) = £(p) + E [; \ vAv (p) + JJ v (p)] 

v = 0 

is a quadratic differential on 9? with a pole of order n -J- 1 at most 
at the point p 0 . Thuo, the boundary of the image domain may be 
characterized by the simple differential equation on 91: 

(8.2.25) ar(fi) (g) 2 $ o. 


We conclude, in particular, that the extremum functions f(z) give 
domains 9D2 C 9^ with boundary curves which are composed of analytic 
arcs with respect to uniformizers on 9T 

We may characterize the extremum mappings in the following 
form. We define the quadratic differential on 9? 


(8.2.26) Y(tz) = E \^E gb 

v=0 L e=i 


c a v+i—e 


_ V + l 

(n) + Av Z gh Q a 
e=i 


V + l —Q 


(ti ) 


QW- 


This differential has a pole of order w -f 1 at most at ti 0 and is regular 
on the rest of 9T The condition (8.2.22) may then be expressed in 
the form: 


(8 2.27) Y(7t)d7i 2 =iT(p)dp*. 

Thus we have 

Theorem 8.2.1. The mappings of a domain 9? into a domain 9? which 
lead to boundary points of the coefficient body V n are characterized by 
the differential equation 

Y(7i)d7i 2 =ir(p)dp 2 

where Y(ti) andiT~(p) are quadratic differentials of 9? and 9? respectively 
which are regular on their surfaces except for a pole of order n + * 
at most at the corresponding points tc 0 and p 0 . 

This statement covers also the case that 9? is rigidly imbedded 
in 91. In this case, we must consider the point (b lt • • *, b n ) of the 
V n as a boundary point; on the other hand, we showed in Section 7.14 
that the necessary condition for a rigid imbedding of 92 in 91 is the 



§ 8 . 2 ] THE COEFFICIENT PROBLEM FOR SCHLICHT FUNCTIONS 371 
differential equation 

(8.2.28) Q(n)dn* = &{p)dp* 

where Q(n) and £(p) are two finite quadratic differentials on 91 
and ft, respectively. 

We state next 

Theorem 8.2.2. If 9J2 C 9? is the image of ft by an extremum mapping 
then there are no exterior points of on ft, that is, every extremum 
function maps ft into a slit domain on ft. 

We know already from Theorem 8.2.1 that the boundary slits 

of 9)2 are all composed of analytic arcs with respect to uniformizers 
on SR. 

In order to prove Theorem 8.2.2 let us assume conversely that 
there exists a point p e e SR exterior to the image 9ft of SR. We draw 
a Jordan curve r in the neighborhood of p e which also lies outside 
of 9R and deform ft by a cell attachment along r by means of a 
reciprocal differential R 0 (p) defined in a neighborhood of P. We put 
on R 0 (p) the restrictions 


( 8 - 2 - 29 ) J R Q {p)2 v (p)dw = 0, v = 1, 2, • • <x 2 , 

r 

where the £ p (p) are a basis for all finite quadratic differentials on ft 
Then the deformation of ft leads to a conformally equivalent sur- 

face 91 A .We may map 91 A back into 9? by means of a correspondence 


w — w 0 


(8.2.30) 


=j 

r 


'o(Pi ) N (»V PiW w : 


2 ni J ^ o> Pi) aw i *r 

r 

which is valid for every choice of the uniformizer w. The function 
1(n) maps ft into 9ft; this domain is not affected by the cell at- 
achment at a curve outside of it, but it will change into a domain 

schlirr * he C ™ iVe mapping ( 8 - 2 ' 30 )- ^us, instead of the 

sohlSt m m,PI,ing * in, ° ■ “ «» 
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(8.2.31) 


/ A (*) = /(«) ~~.J Ro{Px)N(f{n), p l )dw 1 

r 


+ J &o@i) N (fW'fJdibj. + o(e) 


which maps 31 into 9ft A . This formula corresponds to (8.2.4) but the 
term h(z) is omitted. We may carry out the same calculations as 
before and find for the v-th coefficient of / a (,t) the formula: 


^ 9 j ^o(P)^ v (p)dw + — f R 0 (P)(A v (p)) dw -f o(e). 

(8.2.32) T 712 ~ 


Reasoning just as before we conclude that (b lt b 2 , • • •, b n ) will be 
an interior point of V n except in the case that there exist n + 1 
complex numbers X 0 , X lt • • *, X n such that 

n 

(8.2.33) E \XvA v (p) + ~X v A v (p)] = £(p), 

v = 0 

where £(p) is a finite quadratic differential on 31. But such an 
equation is impossible since A v (p) has at p 0 a pole of exactly order 
v + 1 and the poles in this equation cannot cancel each other. Thus, 
our assumption of an exterior point p e of the extremum domain 9ft 
leads us to a contradiction. If 9ft belongs to an extremum function 
/(;t) there can be no point p e exterior to it on 31 and the Theorem 
8.2.2 is proved. 

Let us return now to the linear relation (8.2.22) and interpret it 

in geometric terms. We write briefly Sb, = & A — b v — o(f) and may 
then derive from (8.2.22) the equation 

(8.2.34) Re{ Z X 9 db v } = 0 

v = l 

for all variations considered. This means that by our variations we 
can cover only a (2n — l)-dimensional part of V n , namely a surface 
element which is orthogonal to the vector (Re X lt — Im X v 
Re X 2 , • • *, — ImAJ. The reason for this fact lies in the special 
nature of our variation. Since we are at a boundary point of V n , 
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the image domain 9ft on is by Theorem 8.2.2 a slit domain. All 
variations by cell attachment used so far will transform a slit on 
into a slit since they are regular everywhere on 9? except in the 
neighborhood of the curve F. It is clear, however, that there are 
deformations of 2ft which do not change conformal type but destroy 
the slit nature of the domain. Since we know already that the boun¬ 
dary of an extremum domain consists of analytic arcs, we may use 

the Julia variation of the boundary of 2ft which was described in 
Section 7.15. 

Let y be an analytic arc on the boundary of 9? and let r be its 
image on ft; r will, therefore, be an analytic arc on the boundary 
of 9ft. Let £ be a boundary uniformizer on y and co a boundary unifor- 
mizer on F; let <5r(£) be a real-valued analytic function of £ on y 
and let do = *a/(f) dv. We shift every point of r by an amount 
do; this will lead to the boundary r A of a new domain 9ft A which is 
conformally equivalent to 9ft if the following condition is fulfilled: 

( 8 - 2 - 35 ) J Mt) Q(()dt = o 

Y 

for all finite quadratic differentials on 31. By (7.15.7), the function 
f A (n) which maps 31 on 3tt A has the form 

(8.2.36) / a ( 2 ) = /(,) ~/*(*) ~ jn(z, Q6 b-(f)# + o(A-). 

y 

Since 9ft is a slit domain we are forced to choose dv ^ 0, that is, 

we can shift boundary points of 9ft only in the direction of the 
interior normal. 

We again compute the coefficients i„ A of the varied function. Using 
(8.2.10), we find 


(8.2.37) + o(dv). 


If we wish to keep the normalization (8.2.2) for f A (z) also 

restrict 6v(C) further by the condition U 


we must 


(8.2.38) 



MfK(f)# 
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Then, using the notation (8.2.26), we have in view of (8 2 35) and 

(8.2.38) : ’ ' 

(8.2.39) =—i- jY{i)dv(C)dC. 

Y 

We may also consider variations composed of an interior cell 
attachment along a Jordan curve y x in 97 and a Julia variation along 
a boundary arc y of 9?. This type of variation is very convenient 
since the conditions (8.2.35) and (8.2.38) may be difficult to satisfy 
with bv > 0, as necessary under a pure boundary variation. In a 
variation of the mixed type, however, we may choose bv > 0 quite 
arbitrarily on the boundary of 9? and then adapt the interior cell 
attachment in such a way that the moduli are preserved and that the 
point n 0 e 9? is still mapped into p 0 e 9?. The possibility of such 
adjustment can be shown by the same considerations that were used 
in Section 7.13. There are only two cases in which this adjustment 
is impossible, namely the case that 9ft is rigidly imbedded in 91 and 
the case that some expression X 0 U 0 (tz) -f \V 0 (tc) depends linearly 
on the finite quadratic differentials of 9? and 9In this case, the 
boundary of 9J7 satisfies the differential equation 


(8.2.5)' 



where ir x (p) is a quadratic differential on 9? which has a simple 
pole at most at the point p 0 and where t is a real parameter. There 
is, indeed, the possibility that the domain 9ft is rigidly imbedded 
in 9?, if we require additionally that the point p 0 e 91 be kept fixed. 

We assume that we may vary 9ft even with preservation of p 0 . 
In this case, we may choose bv(Q > 0 arbitrarily on y. On the other 
hand, we know that an interior cell attachment changes the term 


► only in infinitesimals of higher order. Thus, the total 


n 

Re 27 X v bb v 

V = 1 

effect of a mixed variation with arbitrary bv > 0 which preserves 
the moduli and keeps bb 0 = 0 will still be given by (8.2.39). 

{ n 

We see that we may indeed vary the value of Rej 


27 X v bb 9 }. In 


general, we shall even be able to increase or decrease this number 
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by appropriate Julia variations. This will be impossible only in the 
case that the quadratic differential Y(f) does not change its sign 
on the entire boundary of 9b 

Let F (Re b v Im b lt • • *, Re b n , Im b n ) be a continuously different¬ 
iable real valued function in some open set of the Euclidean 2w- 
space which contains V n . Then F must attain its maximum in V n 
at some point (b v • • *, b n ) and we must clearly have 


n dF n ?F 


0 


for all permissible variations within the family of schlicht functions 
on 92 relative to 92. Thus, the extremum function f(z) which leads 
to the maximum of F must satisfy a differential equation (8.2.27) 
in which the differentials do not change their sign on the boundary 

of 92. 

Thus we have proved: 

Theorem 8.2.3. Let f(n) be a mapping function of 92 into 92 whose 
first n coefficients b x , b 2 , • • •, b n maximize a continuously differentiable 
function defined in an open set containing V n . Then p = f(n) will 
satisfy a differential equation 

Y (n)dn z = iF' (p)dp 2 

where Y(n) andiT(p) are quadratic differentials of 92 and 92 which 
have poles of order n + 1 at most at the points tz 0 and p 0 and which 

do not change their signs on the boundary of 92 and on the boundary 
of 2)2, respectively. 

An extremum mapping p = f(n) may also be considered as a 

realization of the given surface 92 in the surface 92. In fact, if we 

identify those boundary points of 92 which correspond to the same 

point of a boundary slit of 2J2 we obtain another replica of 92. The 

process of identification can easily be carried out in 92 by means 

of the quadratic differential Y(n). In fact, let n x and n t be a pair of 

boundary points of 92 which have already been identified and suppose 

that both correspond to the boundary point p x of 9J2. If we run from 

Pi along an arc of the boundary till we come to a point p 2 , we will 

have one image arc on the boundary of 92 running from n x to 

and another arc running from n[ to tz z . But because of the differential 
equation we will have 
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(8.2.41) J V\Y(ti) | dn = J V| Y (n) | dn = J Vf^^) | dp. 

711 n x j>i 

Thus, we have to identify points on the boundary of 9? which give 

equal arc length on the boundary in terms of the metric based on 
the quadratic differential Y(ti). 

Since ft may be a surface of high genus and ft can be chosen even 
simply-connected and planar, the extremum problems considered 
often lead to very useful realizations of a complicated surface on a 
simple domain by boundary identification. We shall give examples 
of such realizations in the next section where we shall consider 
particular applications of the general theory developed here. 

8.3. Imbedding a Circle in a Given Surface 

In order to illustrate our general result, we make the following 
particular application. We assume that the surface 9? is a disc and 
suppose that it is realized over the unit circle of the 2 -plane. We ask 
for the coefficients b x of all functions which map the unit circle into 
a given surface 91 such that its center corresponds to a given point 
p Q eft at which a fixed uniformizer w(p) is prescribed. 

First it is clear that 9? can be mapped into 91; for let | w | < q 
be a neighborhood of p Q in the uniformizer plane. Then 9? can be 
mapped into ft by the simple correspondence 

(8.3.1) w = qz. 

If f(z ) maps ft into 9? then every function f(az) with | a | < 1 will 
lead to another imbedding of 9? in 91. In fact, the correspondence 
2 ' = clz maps 9? into a subdomain ft' Cft and the mapping by / 
transforms ft' into a subdomain of the image 9ft C 9? of 9?. 

If b 1 is the coefficient of a function f(z) w'hich imbeds 9? in ft 
then every number ab x with | a <1 will be an admissible coefficient, 
too. This shows clearly that the coefficient region V 1 is, in our 
special case, a circle around the origin in the complex plane and there 
remains only the question of determining its radius. 

In order to solve this problem it is sufficient to ask for the mapping 
function f(z) whose first coefficient is positive and has the largest 
possible value. In other words, we have to pose the extremum 
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problem of maximizing Re b v We can now apply the general theory 
of the preceding section, but here we have additional information 
about the functionals of 92. In a simply-connected domain no finite 
quadratic differentials exist. By (7.10.4) the variation kernel of the 
unit circle has the form: 


(8.,2) -(*.«—gsrrf 

Hence, we find from the definitions (8.2.10) and (8.2.12): 

(8.3.3) a 0 (() = 0, a 0 (() = 0; «,(?) = -Z «,(£) = - -L. 

*Q IQ* 

If we want to exhibit more clearly the dependence of the problem 
on /(*) it will be convenient to use instead of (8.2.11) the series 
developments: 

(8.3.4) N(w, p) = Z a Q (p)uf*, N(w,p) == Z ol q (P)w q 

e=o e=o 

which represent the variation kernel of 91 in a neighborhood of p Q 
in terms of the uniformizer w. The ct c (p) depend only on the choice 
of the uniformizer w while the coefficients A Q (p) in (8.2.11) depend 
also on the unknown extremum function /(*). We insert w = f(z) 

into (8.3.4) and compare the resulting series developments in z with 
the series (8.2.11). We obtain: 


(8.3.5) a ° W = «o(P) = (*o(P))~ = A 0 (P), 

= A i (p). = (bjOL !($))- = A Y {p). 

By Section 8.2, the function p = f(z) with maximum value of 

Re b ± maps the domain 91 into 91 such that the following differential 
equation holds: 


[ 6 i(«i(/>) + *i(P)) + ^(p) + A 0 a a (p) + 2. (p)]dp* = —b-dz*. 
(8.3.6) z2 

Here, 2{p) denotes again a finite quadratic differential on 9f 
The image domain SW of SR in SR will be a slit domain according to 

8 oT+rfi 2 ' We / enfy ln our s P ecial case the assertion of Theorem 
2“ quadratic differential Y(z) = !/«■ does not change its 

sign on the boundary of 91. . 
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We can readily determine the parameter ^ which occurs in (8.3.6) 
by comparing the singularities on both sides f or z = 0 and w = 0 
By (7.10.29) and (8.2.10)' we can easily show that 

(8.3.7) a 0 Ip) = —— + regular terms, «,(*) = — i + regular terms 

W W 2 

near w = 0. Inserting/. = /(z) into (8.3.6) and (8.3.7) and developing 

in powers of z, we obtain by comparison of coefficients the con- 
dition 


(8-3.8) X 0 = -2 b -\ 

We have shown that the extremum function /(*) maps 31 into a 
slit domain on 9ft in such a way that the differential equation 


(8.3.9) nr(p)dp* = — (y ) 2 

holds, where'#'* (p) is a quadratic differential on 9ft which has a double 
pole at the point p 0 . 

The slits which bound the image domain 9ft C 9t of 31 cannot end 
or begin at points interior to 31. For if a slit had a free end tip at a 
point w e 31 the derivative dpfdz would have to vanish at the cor¬ 
responding boundary point of 9?; but this is impossible in view of 

(8.3.9) . We see also that no zero point of the quadratic differential 
'# / ~(/>) can lie inside the image domain 9ft since l/z 2 does not vanish 
and since dpfdz is regular in the whole unit circle. Hence these zeros 
must lie on the boundary of 9ft. Thus, we see that the boundary of 
9ft consists of analytic arcs whose endpoints lie either on the boundary 
of or at the zero points of the quadratic differential if (p) of 9T 
This system of arcs may be considered as a set of analytic cross-cuts 
in 3i which transform the surface into a disc 9Jh 

The conformal mapping of 9R onto the unit circle is given by the 
function 


(8.3.10) 


z(P) = exp 


ifV^p) dp 

Pi 


where p x is an arbitrary boundary point of 9ft. The point p Q corresponds 
under this map fo z(p Q ) = 0. Now let p' be an arbitrary point on a 
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boundary slit of 9ft; corresponding to the two edges of the slit there 
will exist two points z[ and z' on the periphery of the unit circle 
which map into p' . If p' moves along the slit into another point p" 
its images will describe arcs on the circumference z 1 = 1 with 



(8.3.11) 




In fact, the points z' and z' move around the circumference in op¬ 
posite senses. 


We derive from this result two facts. First we see that the cut 

system in $ft is such that VW(p) has opposite signs on the two edges 
of every slit. Secondly, we have shown that the mapping (8.3.10) 
maps 9ft onto the unit circle in such a way that the two edges of any 
arc on a boundary slit are mapped into two arcs of the unit circum¬ 
ference in the z-plane which have the same angle but opposite 
orientations. 


The function z(p) maps the boundary of 9T, which also belongs 
to the boundary of SK, into arcs of the circumference | z =1. The 
slit boundary of TO goes, as we have seen, into circular arcs with 
two edges of the same slit going into a pair of arcs with equal length 
and opposite orientation such that all angular distances between 
images of corresponding points on the two edges of the slit are the 
same. Therefore, the image of 3? in SR is obtained by identifying the 
corresponding arcs. We obtain in this way an important theorem 
on the umformization of an arbitrary finite Riemann surface SR which 
was discovered by F. Klein in the case of algebraic surfaces. 

Theorem 8.3.1. Every finite Riemann surface SR can be mapped 

onto the interior of the unit circle with appropriate identification of 

certain boundary arcs. This identification is such that corresponding 
subarcs have equal length. r 6 

We are able to characterize the canonical mapping of SR onto the 

in TO'S Wlth . b °T dary identlficati on in the following way. Consider 
in JJI the regular harmonic function 
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( 8 * 3 * 12 ) H ip) = Im | J* Vi^(p)dp . 

*1 

It is easily seen that H(p) becomes infinite at the point p 0 with the 
development 

H{P) = l°g :- 7 + harmonic terms 

I w I 

and that H(p) vanishes on the boundary of 9ft. In other words, 

H(p) is the Green’s function of the domain 9ft, with the logarithmic 

pole at p Q ] this is also obvious from (8.3.10). It can also be seen 

_ 

from the character of the function ViT{p)dp on 9ft that if we 

Vi 

approach a point p' on a boundary slit of 9ft from opposite sides we 
arrive with the determinations + H(p') and — H(p‘). Thus, coming 
from the left edge of the slit with a determination H(p) we may 
continue H analytically beyond the slit by giving it the determination 
— H(P) where H(p) is the value in 9ft of this harmonic function on 
the right side of the slit. Thus, except for a change of sign H(p) 
can be continued over the original surface ft. 

There exists a well-defined two sheeted covering of ft on which 
H(p) is single-valued and harmonic. This surface ft will be constructed 
as follows. We consider the universal covering surface 91 of ft and 
the fundamental group of transformations of 21 into itself. We in¬ 
troduce a basis of transformations T lt • • •, T r such that every 
transformation of the group can be written in the form • • • TJ* 

with positive or negative integers n { and such that this representation 
is unique. We identify all points of 21 which are obtained by a trans¬ 
formation with En ( even; we call the point p associated with P if 
it is obtained from p by a transformation of the group with odd. 
It is clear that we obtain by this process of identification on the 
universal covering surface a two-sheeted covering of ft and it is also 

easily seen that H(p) is single-valued on ft. It has a logarithmic 
pole of the type (8.3.13) at the point p 0 c$ and a logarithmic pole 

A A - 

of the opposite sign at the associated point p 0 e ft. Moreover, H\p) 
is harmonic elsewhere on ft and vanishes on the boundary of ft if 



§ 8-3] 


IMBEDDING A CIRCLE 


381 


there is any. These properties of H(p) permit us to identify it with 
certain Green’s functions of 9T 

In fact, suppose at first that 9? has no boundary. In this case, 9ft 
will have no boundary either but it will have a Green's function 
V(p, pi, q, q x ) of the type described in Chapter 4. Consider, in par¬ 
ticular, the function V(p, p x \ p 0 , p 0 ). This is a harmonic function 

on 9? with the same singularities as H(p). Since it vanishes at the 
same point p x as H(p ) it must be identical with it and we have 
shown that 

Vir(p)dp J = v(p, p r \ p 0 , p 0 ). 

Pi 

In order to eliminate the unknown point p lt we observe that 

(8.3.15) H(p)=}-[H(p)~H(p)] 


(8.3.14) H(p ) = Im 



whence by (4.2.23) 

(8.3.16) H(p)=~V(p,^;p 0 ,p 0 )-, 

this formula is very similar to the representation (4.2.1) of the Green's 
function by means of the Abelian integrals on the double. 

Thus, the uniformization of the closed surface 91 in the Klein 
way may be performed as follows. One doubles the surface 91 into 

A 

91 and determines on the new closed surface the Green’s function 

P I Pq> Po)- The line V = 0 will cut 91 into two discs 9)1 and 
9J1 can be mapped onto the unit circle in order to give the desired 
uniformization of 91. 

If 91 has a boundary then 91 will have a boundary, too. It wall 

therefore have a Green’s function G(p, q). We can then show as before 
that 

(8.3.17) H(p) = G(p, p 0 ) — G(p, p 0 ) 

and obtain immediately the possibility of cutting 9? into the extremum 

domain W by means of the zero lines of this harmonic function on §L 
Let us return now to our original problem of determining the 
maximum value of Re b v We have characterized sufficiently the 
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domain 9J? on which 9? is mapped by the extremum function. We 
now give the numerical value for the maximum of Re b x . We invert 
the power series development for the extremum function and find 

(8-3.18) z = ± w + ... 

K 

Then we express the Green's function H{p) of SO? in the form: 

(8.3.19) H(p) = 1 °gjY| = log j-^-j -flog 1^1 -f 0 (J w |). 

On the other hand, we have the representations (8.3.16) or ( 8 . 3 . 17 ) 
for H(p) and by comparing coefficients we may find the value of b v 
Take, for example, the case of a surface 9? with boundary. Let 

(8.3.20) G(p, p 0 ) = log + g(p 0 ) + 0 {| w |) 

be the development of the Green’s function of & near p 0 in terms 
of the given uniformizer w. The constant g(p 0 ) depends on the 
choice of the uniformizer; it plays an important role in potential 

theory where it is sometimes called the capacity constant of $ with 
respect to the pointy and the uniformizer w. From (8.3.17)—(8.3.20) 
we derive 


(8.3.21) log | b, | = g(p 0 ) - G(p 0 , p 0 ). 

Thus, the problem of the first coefficient has been completely solved 

in terms of certain functionals of the covering surface 9b 

In order to connect our result with classical questions of the theory 
of conformal mapping, we define a functional for all simply connected 
plane domains 3) which contain the point at infinity. Let 2 = cp(w) 
map the domain 2) upon the circular domain | 2 | > q under the 
following normalization at infinity 

(8.3.22) z = rp(w) = w + p 0 + — +^-~}-•••. 

w w l 


The radius q of the image circle is a functional of 5) called the mapping 
radius of 2). Grotzsch and Polya have considered the following 
problem: 

Given an arbitrary bounded set of points in the w-plane, to find 
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a continuum C which contains the given set and whose exterior 3) 
has the least possible mapping radius g. 

Let $ be the w-plane from which the given point set has been 
removed. Let 91 be the exterior of the unit circle in the ^-plane. 
Consider all functions w = f(z) which are schlicht in 91, have at 
infinity the series development 

(8.3.23) w = f(z) = b l z + b 2 + ^+^+..., 

Z Z z 


and map 9? into SR. It is easily seen that the maximum of Re b, 
for all these functions equals the reciprocal 1/g of the minimal 
mapping radius g in the preceding problem. 

It is unessential that the normalization (8.3.23) is prescribed 

instead of (8.2.2); we can pass from one problem to the other by 

linear transformations. Thus, the extremum problem of Grotzsch_ 

Pdlya is answered by our result. It has already been treated by 

similar variational methods and an analogous characterization for 

the extremum domain has been obtained in special cases. It appears 

m the present treatment as a very special case of the coefficient 

problem for schhcht mappings of a Riemann surface SR into a Riemann 
surface SR. 


The function z(p) defined by (8.3.10) is a polymorphic function 
on the surface SR; that is, it undergoes a linear transformation if 
we continue it from some given point p e SR along a closed path back 
to the same point. Moreover, it maps the boundary points of SR into 
points of the unit circumference. These properties are not charact¬ 
eristic for z(p); consider, for example, the function f(£) which maps 
the universal covering surface 21 of SR into the unit circle. This 
unction will also have the same properties as z{p). If SR is a planar 

r z , b T 1 r y< ” n ^ 

: f r ; : maps r a domain coverin e the 

,, .' h that the lma § e of each boundary continuum becomes 

the unit circumference. We now give a property common to ^ 

analytic functions z(p) which are single-valued or polymorphic on 

into a aC circukJ h arc Undary ^ '*** ^ eaCh b ° Undar y continuum 
Consider the bilinear differential if (p, q) = q) 0 f SR; if both 
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argument points p and q lie on the boundary of 9? and if we use 
boundary uniformizers, J?(p, q) will be real. Let z(p) be a function on 9? 
with the properties described above. We may use z(p) as local 
uniformizer and write according to (4.1.5)': 


(8.3.24) &(p,q)dpdq = 


dz(p) dz(q) 
7i[z(p)—z(q)] 


l { z (P)> z ^)) dz ^P) dz (n) 


where l(z, f) is a regular analytic function of both arguments in the 
uniformizer neighborhood considered. Now let p and q lie near a 
boundary continuum of 9?; since this corresponds to a circular arc 
in the 2 -plane and since on a circular arc 


(8.3.25) 


1 dz(p)dz(q) 

7i [z(j>)—z(q)¥ 


we derive from the reality of £?{p,q)dpdq on the boundary of 9L 


(8.3.26) l(z, Qdzd£ = real 

if 2 and f correspond to two points p and q on the same boundary 
continuum of 9L In particular 

l(z, z)dz 2 

will be real on the boundary of the canonical domain. It is, therefore, 
a quadratic differential of 9L 

Let z*(p) be a local uniformizer of 9^ and let z = <p(z*) lead from 
it to the canonical variable z. We may express ££ in terms of the 
local uniformizer z* in the form 


&(fi. q)dpdq = - **(«*(*)» **[q))dz*{fi)dz*{q). 

(8.3.24)' 

Comparing (8.3.24) and (8.3.24)', we derive after easy calculation 

(8.3.27) l(z, z) = <p, z*} + **(z*. **) 

where 

(8.3.28) 

is the Schwarz differential parameter. Since l* can be calculated and 
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since l is a quadratic differential, this result leads to a third order 
differential equation for each function 9? (z*) which is polymorphic 
in ft and maps each boundary component into a circular arc. 

In the case of a domain of genus 0 we may also consider the mapping 
of ft onto a plane domain bounded by m circles. If <p(z*) is the 
mapping function, we can again assert that it must satisfy the 
differential equation (8.3.27). This result shows the close relation 
between the mappings on circular domains and the bilinear different¬ 
ial q ). 


8.4. Canonical Cross-cuts on a Surface ft 


In the last section, we were led by an extremum problem for the 
coefficients of mapping functions to a cut system on a given surface 
ft which was composed of analytic arcs, made the cut surface to a 
disc and such that the disc could be mapped upon a circle with 
particularly simple behavior of the boundary under this mapping. 
In the topology of Riemann surfaces ft, a crosscut or cycle on ft 
is determined only by its topological character; in particular a 
homotopic deformation of a cut is considered unessential. 

It is, however, interesting to show that we may associate with 
each homotopy class of cuts one particular cut which can be charac¬ 
terized invariants by an extremum problem. In order to formulate 
the extremum problem, we choose a fixed point p 0 € ft and a fixed 
uniformizer w(p) at this point. If 9ft is a subdomain of ft with 
boundary and if G(p, q ) is its Green’s function, we have near p 0 : 


(8.4.1) G(p, p 0 ) = log -L + g(p 0 ) + 0(| w |). 

w e call g(p a ) the capacity constant of 2JI at p 0 with respect to the 
uniformizer w. 


We give now a curve T on 91 which does not bound and ask for 
a curve C which is homotopic to T and such that the capacity 
constant gfo,) 0 f the domain 2Jt = 3t_C be a maximum. We have 

th !‘ ^ ere exists a curve C for which the maximum 
value g(p 0 ) is actually attained. For this purpose consider all com¬ 
peting domams 91 -T and map their universal covering surfaces 
»r onto the uni, circle so that the point h goes i„„ S.3E’ 
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Let p — pr(C) be the inverse mapping from the unit circle onto 
^ — F - Consider finally the function z(p) which maps the universal 
co\ ering of 91 itself upon the unit circle with the center corresponding 
again to p Q . Then the functions 

(8.4.2) 2 = 0 r (C) = z(p r (Z)), 0 r (O) = 0, 

are schlicht and bounded in the unit circle and form a normal family. 

Let a(r) be any continuous functional of r. We can then assert 
that there exists at least one admissible curve r for which a(r) 
attains its least upper bound A. In fact, let r v (v = 1, 2, • • •) be a 
sequence for which a(r v ) converges towards A. The functions 
@r v {t) possess a subsequence 0 V (£) which converges uniformly in 
each closed subdomain of the unit circle towards a schlicht bounded 
function. Hence, there exists a uniformly convergent sequence of 
functions pr v (C) for which the corresponding sequence a (TV) converges 
towards the least upper bound A. Let p c (£) be the limit of this 
sequence of functions; it maps the unit circle into the surface 91 
cut along an admissible curve C. For this particular curve C, a(C) 
attain its maximum value A. 

Having established the existence of an extremum cut C on 91, 
we now characterize it by a variational method. We choose a Jordan 
curve y on 91 outside of a neighborhood of the extremum continuum 
C. We define on it an analytic reciprocal differential R(p) which is 
orthogonal to all finite quadratic differentials on 91. We perform a 
transformation of 91 into itself by a cell attachment which preserves 
conformal type. According to Theorem 7.13.1 this deformation can 
be realized in terms of a local uniformizer w(P) as follows: 


w* = W + -. f R(p 1 )N(w, pi)dw 1 — -L-. f R{p 1 )N(w,p 1 )dw 1 + o{e), 

2 TCI J J 

(8.4.3) y y 

where N is the variation kernel of 9? and where we suppose (for the 


sake of definiteness) that 91 has a boundary. We wish to hold the 
distinguished point p 0 fixed under this deformation and to have 


at p 0 
(8.4.4) 


dw* 

dw 
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this will permit us to use w * as well as w in computing capacity 
constants at p a . We impose, therefore, on R(p) the additional 
restrictions 




±jR[p l)N '(0, pjdw, = ±j RtfJN'iOjJdWi, 

y y 

where the prime denotes the derivative of N with respect to the first 
argument. 

By the deformation (8.4.3) the domain 9ft = — C has undergone 

a transformation, too. Its conformal type has, in general, changed 
but we can determine the new capacity constant g*{p 0 ) by means 
of the variational formula (7.8.16) for the Green's function under 
cell attachment. If we use w as uniformizer at p 0 , we find 


(8.4.5) 

and 

(8.4.5) ' 


(8.4.6) g*(p 0 ) = g(p 0 ) 


-{ 3 / 


X'iPv Po) 


dpi 


j dw x +0(e 2 ) 


If we map the deformed domain 9back onto 91 by the correspond¬ 
ence (8.4.3) and change over from the uniformizer w to w* we do 
not affect the equation (8.4.6) since w and w * as well as their deri¬ 
vatives agree at p 0 . Thus, the extremum property of the curve C 
leads to the condition 


(8.4.7) 


i*(Po) ^g(p 0 )- 


Because of the arbitrariness in the choice of the small real parameter 
e, we conclude 


(8.4.8) 


Re I 


1 

( 2m 


J 


Seh V rIT Ch ° iCe ° f R{P) - The usual ^Plication of linear 

algebra leads therefore, to the following condition. There exist two 

complex numbers X 0 and X x such that 
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(dG(p,p 0 )y 

(8.4.9) V dp ) “ X * N 'U>o. P) + Ao(AT'(/» 0 , f))- 

+ *iN(fi 0 . p) + li(N(p 0 ,fi))~ + 2(p), 

where £{p) is a finite quadratic differential on 91. For p € 9?, the 
right side of (8.4.9) is a quadratic differential which has a double 
pole at the distinguished point p Q . Thus, we have 


(8.4.10) 



where i^(p) is a quadratic differential on 91 with a double pole at 
p Q . On the other hand, (dGldp)dp is a linear differential on 9J1 = 91—C 
which has a simple pole at p 0 . We find, therefore, that the boundary 
C of 9J1 relative to 91 satisfies the differential equation 


(8.4.11) 



where w is an appropriate boundary uniformizer on C. Thus, C is 
an analytic curve in terms of uniformizers for 91. 

We can again give a geometric interpretation for the curve C 
analogous to our result in the last section. We observe that the 
function dG(p, p 0 )ldp is determined at each point of 91 up to a 
±-sign under arbitrary analytic continuation. If we continue dG\dp 
from the same initial value along two different paths to two points 
p x and p 2 lying opposite each other on the curve C, we will arrive 
at different determinations of the sign of dG/dp. In fact, by its 
definition, Green’s function has always a positive derivative in the 
direction of the interior normal and since at p Y and p 2 the sense of 
the interior normals is opposite, dG/dp must have opposite sign. 
Thus, we see that dG/dp is two-valued on 91 and has the curve C 
as its branch line. 

We now define a two-sheeted covering 91 of 91; we consider the 
universal covering surface 91 of 91 and identify all points of 91 lying 
over the same point p e 91 if the path connecting them cuts C an 
even number of times. All points over p e 91 which can be connected 
with p by a curve which cuts C an odd number of times are also 

identified and form the point p associated with p. ^ 

We assumed 91 to have a boundary; we know, therefore, that 91 
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has a boundary, too, and possesses a Green’s function G{p, q). Con¬ 
sider 


(8.4.12) Gj(/>, A>) = G(p, p„) — G{j>, p 0 ). 


This function is harmonic on 9^ and has a positive logarithmic pole 
at the point p 0 and a negative logarithmic point at the associated 

point p Q . It vanishes on the boundary of Clearly, the Green's 
function G(p } p Q ) of the extremum domain 9ft = $ — C has all the 

same properties on 9? and must, consequently, coincide with G^p, p 0 ). 
Thus, we have proved: 


Theorem 8.4.1. Let 9? be a surface with boundary and r a closed 
curve on 9t which does not bound on 9t. Consider the two-sheeted covering 

& of 9t which is obtained from the universal covering surface % of 9t 
by identifying all points of 21 which lie over the same point p € 9? and 
can be connected by a curve which cuts P an even number of times. Let 

p be the other point of & lying over the point p. Let £ (p, q) be the 
Green's function of &. Then the curve 


(8.4.13) 


0(P, P 0 ) =G(P, p 0 ) 


is homotopic to r and is the curve C on 9? which gives to 9?_C the 

largest capacity constant at p 0 . 

It is easy to formulate the corresponding result for the case that 

91 does not have a boundary. Instead of £ (p, p Q ) we shall have to 

use the Green’s function 9 (p, p ; p 0 , p 0 ) of the dosed surface $ and 

the extremum cutting C is just the zero line of this Abelian integral. 

We may generalize our problem by prescribing curve systems F . 

on SR and ask for homotopic systems which maximize the capacity 

constant at some point p 0 e SR. The same reasoning can be applied 
and analogous results are found. 


We deal next with the following extremum problem. Consider a 
surface SR and fix in it two points p 0 and p v Let w(p) be a fixed 
local umformizer at p 0 and v(p) a given local uniformizer at p, 
The problem is to decompose SR by a system of crosscuts into two 

sum T *?’ and SUCh that h £ ®0’ Pi £ and such that the 
sum of the capacity constant g 0 (Po) of % and of the capacity 
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constant g x (p Y ) of 9ft 2 be as large as possible. One easily verifies 
that the question is significant, that is, that there exists at least one 
decomposition SR = 3J? 0 + 2R, such that the value of g 0 (p 0 ) + gl (p x ) 
is the largest possible. 

As before, we will characterize the extremum domains 9^ and 
by varying 9? by means of a cell attachment and comparing the 
sums of the capacity constants before and after the variation. We 
select a curve y 0 in 9ft 0 and a curve y 1 in 9ft x and prescribe on y { 
a reciprocal differential R { (p) such that 


(8.4.14) j R 0 (p) £(p)dw + J R\(p) £(p)dv = 0 

Y 0 Y\ 

for every finite quadratic differential on 9?. We vary $ by a simul¬ 
taneous cell attachment at y 0 and at y 1 by means of the reciprocal 
differentials R 0 (p) and Ri(p), respectively. The orthogonality con¬ 
dition (8.4.14) guarantees that the deformed surface 9?* will be of 
the same conformal type as 9? and by Theorem 7.13.1 we can map 
back from 9?* onto 9i. We consider first the case that 9? has a boun¬ 
dary. We have 


(8.4.15) 




Z [ R v (p 2 )N{w,p 2 )dw 2 

2m v=0 J 



z J R v (fa)N(w, p 2 )dw 2 + o(e). 



This mapping affects 9ft 0 and SCRj and may be interpreted as a defor¬ 
mation by cell attachment of 9ft,- along the curve y { using the reci¬ 
procal differential R { (p). We want to keep the points p 0 and p 1 
fixed under the shift (8.4.15) and also keep dw*/dw = 1, dv*/dv = 1, 
so that we may use w* or w as local parameter in computing g 0 (po) 
and interchange v* with v when determining gi(p x ). We require, 
therefore, the following conditions: 


(8.4.16) Z f Rv{p 2 )N[pi, P 2 ) dw 2 

V =0 J 


= Z f Rr($i)U(i>i,fa)dw 2 , *=0,1, 
r~0 J 
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and 

(8.4.16) ' S ( R.(PiW(pi,p 2 )dw 2 = E [R,(fi 2 )N'(p 0 fi 2 )dw 2 , *=0,1. 

r =0 J *’“0 J 

** y v 

Let G<(£, #) be the Green’s function of the domain 9ft,; using 
the variational formula (7.8.16) for the Green’s functions we find 
the following new values for the capacity constants: 

(8.4.17) g : (j,,) = g,(P,) -Re |^ J R.(p 2 ) ( 8G> *dw t | +o(e), 

for v — 0, 1. Because of the assumed extremum property of the 
domains and 30^ we deduce as before 


(8.4.18) 




for every pair of reciprocal differentials R y (p) which satisfy the 
conditions (8.4.14), (8.4.16) and (8.4.16)'. 

The equation (8.4.18) leads in the usual way to equations for the 
quadratic differentials [dG v (p, p,)/dp] 2 on the surfaces SR,. Let x 0 , x x 
and A 0 , be four complex constants and define the quadratic dif¬ 
ferential on 91: 

r £ # { P) + X'(N(J>„$))~ + hN'(p,, P) + X{N'(p„P))~ j 

(8.4.19) + jg (p) =1T(p), 

where £{p) is a finite quadratic differential on 91. iT(p) has a double 
pole at p 0 and at p v From (8.4.18) and the side conditions (8.4.14), 
(8.4.16) and (8.4.16)' it follows that we can determine four constants 
Xp, K and a finite quadratic differential £(p) on 91 such that 

(8.4.2°) for p e 3JI,. 

We deduce from (8.4.20) that the boundary curves of the domains 
SK, are analytic curves on SR satisfying the differential equation 
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(8.4.21) ^)(g) 2 = _i. 

It can easily be shown that there are no points on 9? which are 
exterior to 9ft 0 + 9ft x . Thus, the differential equation (8.4.21) 
determines a set of analytic arcs which cut the domain 9? into two 
pieces 9ft 0 and 9ft x such that 9t = % + Let us consider now a 
boundary arc y of 9ft 0 ; there are two possibilities regarding y. It may 
separate 9ft 0 from 9CR X or it may be a division line between two sub- 
domains of 9ft 0 . In other words, the edges of y may be boundaries 
of 9ft 0 and 9J?! in the one case, or may both be boundary arcs of 
9ft 0 in the second. We want to show that the extremum property of 
9ft 0 excludes the second possibility. Let us suppose, in fact, that 
both edges of y are boundaries of 9ft 0 ; let us remove a subarc y 1 C y 
and identify points on both edges of y v In this way, 9ft 0 will become 
a larger domain 9ft* which still contains the point p 0 while 9ftj will 
not be affected by the removal of an interior slit of 9ft 0 . Let G* (p, p 0 ) 
be the Green's function belonging to 9ftJ. The difference function 
G*(p,p 0 ) — Goip.po) is regular harmonic in 9ft 0 and non-negative 
on its boundary. But then it is positive inside 9ft 0 by the minimum 
principle and, in particular, its value at p 0 will be positive. Thus, 
we have: 

(8.4.22) g*(p 0 ) > g 0 (p 0 ) 

which shows that 9ftJ has a bigger capacity constant at p Q than 9ft 0 . 
It leads, therefore, to a value 

go (Po) + gi(Pi) > So(Po) + giiPi) 

in contradiction to the assumed extremum property of 9ft 0 , 9ft r 
Thus, we have shown that all boundary arcs of 9ft 0 are also boundary 

arcs of 9ft x . 

Since iV'(p) is single-valued on the whole surface 9* we conclude 
from (8.4.20) that the differentials dG v /dp coincide on the boundary 
between 9ft 0 and 9ft x , except possibly up to a ±-sign. Since each 
Green’s function has a positive derivative in the direction of the 
interior normal of its corresponding domain, we easily conclude 

dG °(P’ = _ dGl{pl pl) on boundary of 2R 0 , W v 

dp 


(8.4.23) 


dp 
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Since, moreover, both Green’s functions vanish on the common 
boundary, we recognize that — G x (p, p x ) is the analytic continuation 
of G 0 (p,p 0 ) across the boundary. Thus, G 0 (p,p 0 ) and — G x (p, p x ) 
form together a harmonic function on 91 which is regular everywhere 
except at the points p 0 and p x where it has logarithmic poles of 
opposite sign. 

Let &{p, q) be the Green’s function of 91; then we have obviously: 


(8.4.24) 9<p.p 9 ) — 9(p.p i) 


GAP. PA in 
-GAP. Pi) in 9K,' 


Thus, we have expressed the harmonic function composed of G 0 
and — G x in terms of the Green’s function of 91. The division line 
between 9J1 0 and 90^ has the simple equation 


(8.4.25) 9(fi,Po) = 9<j>.Pi) 

which is the integral of the differential equation (8.4.21). 

We are also able to calculate the maximum value of g 0 (p 0 ) +g x (p x ) 
in terms of the Green's function &(p, q) of 91. Let ${p Q ) and f{p x ) 
be the capacity constants of 91 with respect to /> 0 and p x for the local 
uniformizers w(p) at p 0 and v(p) at p x . We then derive from (8.4.24) 

,o , goiPA = fiPA — V(Po. Pi). 

gAPi) = ?{pi) - m. pa- 

Hence, we have proved: 

Theorem 8.4.2. Let 9 \ be a surface with boundary and &($>, q) its 
Green's function. Given two points p 0 and p x on 91 with fixed local 
uniformizers w and v, let ?(p 0 ) and q(p x ) be the capacity constants 
of 91 at pQ and at p x . If 91 is subdivided into any two domains 9J1 0 and 
SJli such that p 0 € 9Jlo and p x € 901^ we have the inequality : 

(8.4.27) g 0 (p 0 ) + gAPA ^ ?(PA + f(PA - 23? (p 0 , PA 

for the capacity constants g 0 {p a ) of W 0 at p 0 and gApA of TOj at p v 

Equality in (8.4.27) holds for the extremum decomposition of SR by 
means of the cut system 

&(P. PA = Zip. PA 

which divides 91 into the two extremum domains 3J1q and SOI*. 

Until now we have worked under the assumption that 91 has a 
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boundary. We can also carry through the same reasoning in the 
case of a closed surface 9h We derive in exactly the same way the 
fact that G 0 (p, p 0 ) is the analytic continuation of — G x (p, p x ) across 
the common boundary of the domains and 2^. But since a closed 
Riemann surface does not possess a Green’s function of the type 
?)> we have to change our reasoning from this point on. We 
remark that G 0 (p, p 0 ) and — G x (p, p x ) may be considered as the 
single-valued real part of an Abelian integral of the third kind on 9i 
Thus: 


(8.4.28) 




G oiP> Po) 

Pi) 


in yfl 0 
in Ml,. 


The integral of the third kind Q VqVi (p) is determined only up to an 
additive constant. We may take any determination of an integral 
Q PqJ>i (P) and consider the lines on 91 where 

(8.4.29) Re {p V()Vx (P )} = a, a = const. 

These lines will decompose 9? into two domains and and their 
corresponding Green's functions will be 


G 0 (p, p 0 ) = Re {Q Vi (p)} - a in 2J 

GAP. PA = — Re [Q Vi (P)} + a in 3Ri- 


We recognize that the value g 0 {p 0 ) + is independent of the 

choice of a, so every decomposition (8.4.29) leads to an extremum 
domain. While the extremum decomposition is uniquely determined 
in the case of a surface with boundary, we have an infinity of ex¬ 
tremum domains in the case of a closed surface. 

In order to illustrate our result let us specialize to the case that 
9? is the sphere. We introduce w as universal uniformizer on 9t and 
find the extremum domains by considering the lines: 


(8.4.31) 


Re {£>,„„,(/>)} = log 


w — w 1 

W - Wq 


a. 


For each fixed a the plane is decomposed into two circular domains; 
the one which contains w 0 has the Green’s function 


w 


w 


0 


w 


(8.4.30)' 


G 0 (w, w 0 ) = log 


w 


a 
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and the other, which contains w lt has the Green's function 


(8.4.30)" 


G^w, w x ) = log 


w — w 0 

w — w t 


+ *• 


Thus, we have proved: 

Theorem 8.4.3. Let and 9ft x be two plane domains which have 
no common points . If w Q e 9ft 0 and w x e we have the following 
inequality between the capacity constants g 0 (w 0 ) of 9ft 0 at w 0 and g x (w x ) 
of 9ft x at w x : 


(8.4.32) gofao) + gi(^i) ^ 2 log | w 0 — w x |. 

The inequality (8.4.32) contains as a special case a theorem of 
the theory of schlicht functions in the unit circle which is due to 
Lavrentieff. Consider two schlicht meromorphic functions in the unit 
circle with the series developments near the origin: 


(8.4.33) w = f(z) = 1 aj, w = g{z) = Zb 9 f. 

f-O r~0 

Suppose, moreover, that f(z') ^ g{z") for any points z' and z" in 
the unit circle, that is, the images of the unit circle by means of 
f(z) and g{z) considered together are still schlicht over the w-plane. 
There arises the question of estimates for the coefficients of these 
schlicht function sets. Lavrentieff showed that the product \a 1 b 1 \ 
can be estimated if the values a 0 and b 0 are given. We will derive 
his result from inequality (8.4.32). 

In fact, let 9ft 0 be the image domain of the unit circle by means of 
f(z) and let ^ be the image by g(z). It is easily seen that 


G o(w> *o) = log 
(8.4.34) 






and 

G x (w, b x ) = log = log t-- 

(8.4.34)' M 


T- + log I 6,1 +0(1 
°0 


w 


M) 


Applying (8.4.32) with w 0 — a„, w x = b a , we find 


(8.4.35) 


log | «, 6, | g 2 log | a 0 — b 


0 » 
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that is, 


(8.4.35)' 


a i b i ^ a o~ b o 2 


One might continue the generalization of the concept of a schlicht 
function in a given domain 2) by considering sets of schlicht functions 
f v (z) in 3) such that no two image domains of 2) overlap. In the 
theory of these “schlicht function vectors” the variational method 
can be easily applied. 


8.5. Extremum Problems in the Conformal Mapping of 

Plane Domains 

A particularly simple and interesting case of the general imbedding 
theory of a domain 91 into a domain 31 arises if 9? is a domain in the 
complex z-plane with finite connectivity and 31 is the complex 
c^-plane. The theory of imbedding 91 into 31 becomes the classical 
theory of the schlicht conformal mappings of 91. Our general variational 
method enables us to solve extremum problems connected with 
such schlicht mappings of the domain 9?. 

It is convenient to introduce a few general concepts which will 
allow us to formulate a rather general result in extremum problems 
of the above nature. Let &]] be a real valued functional defined for 
all functions f(z) analytic in 9L We assume that 

(8.5.1) lim — {&[] + eg] — 0[/]} = Re [L^]}, e real, 

e->0 £ 

exists for all analytic functions g(z) in 3? and that L f [g] is a complex 
linear functional of g(z). L f [g] depends in general on f(z ); 
Re{Z. 7 [g]} is called the functional derivative of &[f] for the ar¬ 
gument function f(z). 

Suppose that we know that some functional &[f] is bounded for 
the class of all schlicht regular functions in 3? and attains its maximum 
for at least one function of this class. We can then characterize the 
extremum functions by variational considerations. Suppose that the 
extremum function f(z) maps the domain 9? into a subdomain 9ft 
of <ft. We choose a Jordan curve y in 91 and determine a reciprocal 
differential r(z) which satisfies the orthogonality condition 
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for all finite quadratic differentials of 9L Let r be the image in 
of the Jordan curve y; we define on it the reciprocal differential 


(8.5.3) 


R{w) = r(z)^ = r(z)j'(z) 


and perform a variation of 9? and by a cell attachment along y 
and r as described in Section 7.14. Since does not possess any 
finite quadratic differentials, the conditions (8.5.2) guarantee that 
the conformal types of 9? and are preserved under this deformation. 
If we map the deformed domains conformally back into the original 
domains, we obtain a new one-to-one relation between z and w which 
leads to a new schlicht function in 9L By (7.14.10), we have 


(8.5.4) 

with 


/ A (*) = t{*) + eh(z)f'{z) -eH[f(z)] + o(e) 


(8.5.5) h(z) = J r (t)n(z t t)dt — —. J (r{t))~n(z, l)dl 


and 


(8.5.6) 


The variation kernel N(q,p) for the sphere was given in (7.10.2) 
and an arbitrary fixed point q 0 occurred in the formula. Since in most 
problems of conformal mapping the point at infinity plays a dis¬ 
tinguished role in any case, we shall choose w(q 0 ) = oo; then 


(8.5.7) 


N(w,(o) = 


If we calculate the value of #[/ A ] by means of (8.5.1) and (8.5.4), 
we obtain 

(8.5.8) $[/A] = $[/] + e Re {L,[hf — H (/)]} + o(e). 

Because of the extremum property of f(z) and the arbitrariness in the 
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choice of the small real quantity e, we are led to 

(8.5.9) Re {Lf\hf' — #(/)]} = 0, 

for every choice of r(t), which agrees with the condition (8.5.2). 

Because of the linear character of L f , we may put (8.5.9) into 
the form 

(8 - 5 ' 10) Re {i / r{t) [A {t) + B M-/'W 2 c(/(<))]*} = o 

y 

with 

(8.5.11) A (t) = L f [f'[z)n(z, <)]. B[t) = (.)])- 
and 

(8.5.12) 

We observe that A(t), B(t) and C(w) depend analytically on their 
arguments and that we have, on the boundary of 31, 

(8.5.13) A (t)dt 2 = (B(t)dt 2 )- 


Thus, A{t) + B(t) is a quadratic differential of 9?. 

The usual considerations allow us to deduce from (8.5.10) and 
(8.5.2) that 

(8.5.14) A(t) 4- B(t) —/'(0 2 C[f{t)) = Q(t) 

where Q(t) is a finite quadratic differential of Thus, (8.5.14) may 
be put into the simple form 

(8.5.15) C(w)dw 2 = Y(t)dt 2 


where Y(t) is a quadratic differential of ' 

If we use boundary uniformizers on 31, we can deduce that the 
boundary of the image domain 3JI is composed of analytic arcs each 
of which satisfies the differential equation 


(8.5.16) 



We can show by the same reasoning which was applied in Section 
8.2 that the extremum domain 2K has no exterior points on SR. 
After having shown by (8.5.16) that SIR has an analytic boundary, 
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we may apply to it a boundary variation of the Julia type described 
in Section 7.15. Using the notation of this section and formula (8.5.1), 

we obtain a function f A (z) such that, using a uniformizer t on the 
boundary y, we have: 

(8.5.17) <P[/ A ] = <?[/] — Re {L j L ,[f’(z)n(z, *)>(<)<»} + o(e). 

y 

By (8.5.11) this can be written as 

(8.5.17) ' 0[f A ] - 0[j] = - Re { JL J[>1 (/) + B{t)]v(t)dt } + 0 (e), 

Y 

and since v(t) is orthogonal to all finite quadratic differentials of 9?: 

(8.5.17) " 0[/ A ] -*[/] = - Re{^ fc(w) (~) 2 vm } + o(e). 

y 

Since we are quite free to vary the boundary of 5ft with respect 
to the interior normal, that is to choose v(t) positive, so long as the 
orthogonality to all finite quadratic differentials is satisfied, we see 
as in Section 8.2 that 


(8.5.18) 



0 on each boundary curve of 5ft. 


We thus arrive at the theorem: 

Theorem 8.5.1. Let 92 be a plane domain of finite connectivity ; let 
$[/] be a real valued functional with the f unctional derivative Re {L f [g]|. 
The schlicht regular function f(z) which maximizes 0J] maps the 
domain 52 onto a slit domain in the w-plane whose boundary curves 
are composed of analytic arcs satisfying the differential equation 

(8-5,19) L > »'W* =i. » = »«• 

This theorem shows that in the case that is the sphere the nature 
of the original domain SR is rather unessential for the nature of the 
boundary slits of extremum domains. The differential equation 
(«.5.19) depends only on the nature of the functional encountered 
We may also interpret the result of Theorem 8.5.1 in the following 
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form. Let &[f] be the functional to be maximized. Introduce into 
it the function 


(8.5.20) 


m = m + 


m 


w 


and calculate 

= Re (e C(w)} + o(e). 

The extremum curves will then satisfy the differential equation 

C(w)w' 2 = 1. 

This result has been obtained previously by a quite different type 
of boundary variation in which it was shown that there actually 
exist schlicht functions in 9£ of the form 


(8.5.21) fl (z)=f(z) + 


/(*) 


w 


-{- 0 (e), w = boundary point of 9ft 


which may be used as comparison functions [8a]. This method requires, 
however, a very penetrating study into the possible singularities of 
the boundary curves under conformal mapping. 

Let us now illustrate the possibilities in applying Theorem 8.5.1. 
In order to be sure that a functional has a maximum within the 
family of all schlicht functions in %l, we can frequently use the fact 
that important subclasses of schlicht functions form normal families. 
Let, for example, z = 0 lie in 9?; then it is well known that all functions 
j(z) which are regular and schlicht in 9? and have at 2 = 0 the 
normalization /(0) = 0, /'(0) = 1 form a normal family S. Thus, 
given any bounded functional on S satisfying (8.5.1), we can assert 
that there exists at least one function in S for which the functional 
attains its maximum value. But from this fact we can show the 
existence of a wide class of functionals which necessarily possess 
maxima in the family F of all regular schlicht functions in 9h 

In fact, let &[f] be a functional which is bounded on S and attains, 
therefore, its maximum in this family. If f(z) is an arbitrary function 
of the class F, the transformation 

/(*)—/( 0 ) 

(8.5.22) f'(0) 

will transform it into an element of S. Thus, every functional 0J] 
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bounded on S gives rise to a functional 


(8.5.23) 


m = * [/o] 


which is bounded on F and attains its maximum there. We can 
readily calculate the functional derivative of }F[f] if the functional 
derivative of 0[f] is known. An easy calculation shows that 

(8.5.23) ' 'F[f+eg] = m+e Re { j (g.(*)-/oM)] J +o(e) 

where Re{L /o } is the functional derivative of &[f] at the value 
f 0 (z) of the argument function. 

Because of the close relation between the classes F and S most 
extremum problems for regular schlicht functions in 91 are for¬ 
mulated for the class S. However, it must be observed that our 
variational treatment does not preserve the class S. Suppose that 
a function f(z) of the class S maximizes a functional &[f], fe S. 
Since f 0 (z) = f(z) for all elements of S, we may equally well say 
that f(z) maximizes W[f], f c F. Hence, by Theorem 8.5.1, the boun¬ 
dary curves of the extremum image 9J1 satisfy the differential 
equation 

(8.5.24) L f f.7y~ — 1 = !» w = w(t), 

Lf(z) — wj w 2 

as is easily seen by inserting the functional derivative of W[f] 
into (8.5.19). 

We summarize: 

Theorem 8.5.2. Let 91 be a plane domain of finite connectivity ; let 
S be the class of all regular schlicht functions f(z) in 91 which have at 
the point z = (>€91 the normalization /(0) = 0, /'(0) = 1. Let #[/] 
be a real functional satisfying (8.5.1) and bounded on S. Then 0[/] 
attains its maximum in S for a function f(z) which maps 91 on a slit 
domain in the w-plane whose boundary slits satisfy the differential 

equation 


Let us consider, for example, the question of characterizing among 
all functions /(*) e S that which attains at a given fixed point € 91 
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the largest possible value log | f(z 0 ) |. Since /(0) is prescribed to be 
zero, our problem is to determine for which function f(z) the distance 
I f( z o) —/(°) | is maximal; the problem is therefore called the distort¬ 
ion problem of conformal mapping Since here 


we obtain from (8.5.1) 


<£[/] = log f(z 0 ) 



g(*o) 

/(*„)' 


Hence, by (8.5.24) the boundary curves of the extremum domain 
satisfy the differential equation 


(8.5.25) 


w 


w 


ft 


1 


1 


w 


= 1 , 


m 


which can easily be integrated: 


(8.5.25)' 


w(t) = /(«„) 


4 ce 


(1 -f ce 1 ) 2 


The value of the constant of integration c will depend on the boun¬ 
dary component of 9? considered and will, in general, be complex. 
There must be one boundary arc of 9ft, however, which runs up to 
infinity since 9ft cannot contain this point. On this arc, c must 
necessarily be real and hence this particular boundary slit is a straight 
line lying on the ray from the origin w = 0 to the point — f(z 0 ). 

The further study of the extremum .function f(z) and the deter¬ 
mination of the numerical value of log | f(z 0 ) | belongs to the theory 
of schlicht functions and will not be carried out here. We wished 
only to show the type of information which is available in that theory 

by means of the variational method. 

As another example, we consider the series developments of all 

functions f(z) e S at the origin: 

00 

(8.5.26) /(z) = 2 + T a/. 

v = 2 

We ask for the maximum value of the functional 0[f] = Re a n . Let 
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(8.5.27) 


/(*) 


hr-‘ + 


7 /w 


the coefficients can easily be computed and shown to be poly¬ 
nomials of degree v — 1 in the argument — with coefficients which 
depend on f(z). We clearly have * 


(8.5.28) 


m 


m 


«/w 


m 


rr -["■ - 4 - (i) ]*■• 

-/w 


From Theorem 8.5.2 we easily derive that the function (8.5.26) 
which has the maximal value of Re a n maps 92 upon a slit domain 
in the w-plane whose boundaries satisfy the differential equation: 



This differential equation may be used as a starting point for a 
more penetrating study of the coefficient problem for schlicht func¬ 
tions in multiply-connected domains. 

It should be observed in this connection that if Ms a boundary 
point of 9ft, the auxiliary function (8.5.27) also belongs to the class 
S. Hence, the extremum property of f(z) leads to the inequality: 

(8.5.30) Re | b n ^j J ^ Re {a n } 

for all boundary points of 9ft. This remark is very helpful in the 

study of the extremum domain 9ft; in fact, the points on the w- 
plane for which 


(S.5.3 1 ) = b, (1) 

are the critical points of arcs satisfying the differental equation 
(8.5.29). Let us ask, therefore, under what conditions a critical 
point w 0 of this type could lie on the boundary of the extremum 
domain 9ft. By our previous remark, the function 
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(8.5.32) 



would also belong to the class S and possess by (8.5.27) the same 
w-th coefficient as the extremum function f(z). But then f*(z) would 
itself be an extremum function and map 97 on an extremum domain 
937* whose boundary slits satisfy 


(8.5.33) 



In order to evaluate the meaning of the simultaneous equations 
(8.5.29) and (8.5.33), we must investigate the relations between w 

and w*, b n \ —) and b* (—). The connection between f*(z) and 

\wl \w*J 

f(z) is most easily expressed in the form 


(8.5.32)' 

and correspondingly 


1 


1 


/*(*) m 


i 


w, 


(8.5.32) 


// 


1 


_ 1 1 

w* w w 0 

Let w x be a* boundary point of 907; by (8.5.32)" it corresponds 


to a boundary point of 937*: 


(8.5.34) 


To calculate b 


1 




1 

i u>i 
we consider 


w. 


1 


Wt 


(8.5.35) 


/*(*) 


i 


i 


w 


•/*w 


=r_L 

If* (z) 


11- 1 r_i _ i_y = /(*) 

!_L /(z) 

W-i 


and compute its n-th coefficient. Hence, we have: 


(8.5.36) 


.. n=«(i). 

xw-J \w x 1 


Thus, the differential equation (8.5.33) can be put into the form. 
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where w(t) is the same representation of the boundary curves as that 
used in (8.5.29). Dividing (8.5.37) by (8.5.29), we obtain on all 
boundary curves of 2ft the relation 

(8.5.32) 7 --— — > 0, w = w(t). 

(w 0 — w) 2 

Thus, if there were a critical point w Q on the boundary of 9ft, all 
boundary slits would be rectilinear and lying on the line through 
w — 0 and the point w 0 . We have thus proved that the boundary 
curves of the extremum domains in the coefficient problem are 
regular analytic arcs without any critical points. 

The further discussion of the equation (8.5.29) was possible 
because of the existence of a finite transformation of the class S 
into itself, given by (8.5.27) with t on the boundary of 9ft. While 
the variational method permits a comparison of the extremum 
function only with its immediate neighbors in the class, a finite 
transformation formula leads us to distant elements of the class 
and contains additional information. It is often possible to amplify 
the information gained by variation by using a simple transform¬ 
ation of the class of functions considered, analogously to the above 
treatment. 

Another class of schlicht functions which is normal and of great 
interest in the theory of conformal mapping is defined as follows. 
Assume that the point z = oo lies in 92; consider the class of all 
schlicht functions in 92 which have at infinity the series development 


(8.5.33) /(,) = * + flQ + f! + .. . 

z 

and are regular analytic elsewhere in 92. These functions form the 
class F of schlicht functions in 92. 

Since every variation (8.5.4) transforms a function of the class F 

into another function of the same class, we may apply the reasoning 

of this section immediately to extremum problems for the class F 
We obtain: 
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Theorem 8.5.3. Let W be a plane domain of finite connectivity 
containing the point at infinity, let F be the class of all schlicht functions 
in 91 which are regular in 91 except for a pole of type (8.5.33) at infinity. 
If 0[f] is a real functional satisfying (8.5.1) and bounded on F, then 
it attains its maximum in F for a function f(z) which maps 91 on a 

slit domain in the w-plane whose boundary slits satisfy the differential 
equation 

w' 2 = l, w = w(t). 

Let us illustrate this theorem by some applications. Let us ask 
for the maximum value of the functional Re {«-*%} where a is a 
fixed real constant and a x is the coefficient of z~ l in the development 
(8.5.33). Applying (8.5.34), we see that the extremum function f(z) 
maps ft onto a slit domain over the w -plane with the differential 
equation for the boundary slits: 

(8.5.35) w l e- 2ia = 1. 

This differential equation can be integrated and leads to 

(8.5.35) ' w(t) = c + e ia t\ 

that is, all boundary slits of the extremum domain 9ft are rectilinear 
segments with the direction e ia . 

We see here a new aspect of the variational method, namely the 
possibility of giving existence proofs for certain canonical mappings. 
We may put an extremum problem for which the existence of an 
extremum function is ensured; we may then characterize the ex¬ 
tremum function by variation and obtain in this way the existence 
of a function of the class with particular properties. For example, 
the preceding reasoning leads to the existence theorem: 

There exists a function f(z) of the class F which maps the domain ft 
upon the w-plane slit along rectilinear segments in any prescribed 
direction. 

Let z 0 be a given fixed point in ft; we ask for the maximum value 
of the functional Re{^ _2ia log f'(z 0 )} for all functions f(z) of the 
class F. Using (8.5.34), we see that the extremum function f(z) maps 
ft upon a slit domain in the z^-plane and each boundary slit w(t) 
satisfies the differential equation: 


(8.5.34) 
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(8.5.36) 



Integrating this equation we obtain the following parametric 
representation of the boundary slits: 


(8.5.37) log [w — /(*„)] = c + ie ia t, w = lv(t) } 


where the complex constant of integration c is, in general, different 
for different boundary slits. These curves are spirals with prescribed 
inclination around the point f(z 0 ). For a = 0, these spirals degenerate 
into circular arcs with center f(z 0 ) and for a = n/2 they become 
rectilinear segments pointing to the common center f(z 0 ). We have 
thus proved the existence of a large class of canonical domains by 
raising an appropriate extremum question. 
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Remarks on Generalization to Higher 
Dimensional Kahler Manifolds 


9.1. Kahler Manifolds 

To place the subjects discussed in the preceding chapters in a 
wider setting, we describe in this chapter certain special properties 
of Kahler manifolds of arbitrary complex dimension k. Since, as we 
shall presently show, a Riemann surface can always be made into 
a 1-dimensional Kahler manifold by the introduction of an appro¬ 
priate metric, the theory of Riemann surfaces may be regarded as 
the special case k = 1 of the general theory of ^-dimensional Kahler 
manifolds, and it is illuminating to see how some aspects of Riemann 
surfaces may be generalized and others not. 

In this chapter proofs of some statements are omitted, references 
to literature being given instead. By omitting a few details we are 
able to give a general description of some aspects of Kahler manifolds 
without making the chapter too lengthy. 

For the sake of completeness, we bring together in this section 
various known properties of complex manifolds. 

A complex (analytic) manifold M k of complex dimension k is a 
space to each point p of which there is associated a neighborhood 
N(p) which is mapped topologically onto a subdomain of the Euclidean 
space of the complex variables z 1 , • • *, z k . If q eN(p), the coordinates 
of q will be denoted by z l {q), i = 1, 2, • • •, k. Wherever two neigh¬ 
borhoods intersect, the coordinates are connected by a pseudo-con¬ 
formal mapping. We consider only those manifolds which are 
paracompact and Hausdorff. 

Following [3] we introduce a conjugate manifold M k which is a 
homeomorphic image of M k in which the point p of M k corresponds 
to the point p of M k and the neighborhood N(p) to N{p). Let Latin 
indices run from 1 to 2k, and let 

(9.1.1) 1 = i + k (mod 2k). 

If ~q e N(p), we define 


[408] 
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(9.1.2) t 1Q) = ( 2 %))- 

where ( 2 )- denotes the complex conjugate of the quantity 2 . By 
means of (9.1.2) the neighborhood N(p) is mapped onto a domain 
in the space of the variables 2 7 = z\ i = ], 2. • • k. 

Now consider the product manifold M k x M k whose points are 
the ordered pairs (p, q), and let 


(9.1.3) 

Then 


z *(p. q) 


\ Z ‘(P). 

U't?) = (* 7 (?))-, 


* - 1, 2, • • •, k, 
i = k + 2k. 


(9.1.4) z'(p, q) = ( z T {q> p) y f i= i 2 .. % 2k 

The product manifold M k x M k is covered by the coordinates 

zi (P> q), i = 1, 2, • • •, 2A. Introduce coordinates xHp, q) bv the 
formulas j 


(9.1.5) 




1 + V —1 


x‘ = 


X* + 


V—i . 


i^- 1 2 .+> 


t = 1, 2, • • •, 2&. 

Then 

(9.1.6) *'(/>,?) = (*'{?, ?))', *= 1,2,-.,2ft. 

On the diagonal manifold £>* of Af* x AT* where £ = ?l we have 

( 9 . 1 . 7 ) 2 < = 2 ‘(/>, £) = ( 2 7 )- = x i(p t p) = ( x ()_ 

Thus D k is covered either by the self-conjugate coordinates 2 ', 
0 - * . * = 1. 2, • • •, 2ft, or by the real coordinates x< 

We shall be concerned mainly with the diagonal space D k A 
tensor A whose components are real when they are expressed in 
the real coordinates will be called a real tensor. A real tensor A 
when expressed in self-conjugate coordinates 2 < satisfies 

( 9 - 1>8 ) = (4 7 -"»■••«)- 

Let unbarred Greek indices run from 1 to k. and write 

I 9 - 1 -’)' J - a + 4, ; _ «. 
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Then (9.1.8) can also be written 


(9.1.9) 


A — /iv...A — (A— —A* v — A\ — 


The tensors properly associated with the original manifold M k are 
the complex analytic ones whose indices range over values from 
1 to k. 

On D k there is a “quadrantal versor” which is a real tensor h t * 
satisfying 

-1, i = l, 

0, i ^ l. 


(9.1.10) 


hih} = 


In self-conjugate coordinates z { this tensor has the components 

■ 


(9.1.11) h t i {z)=- 


V 


1, 1 ^ i = i ^ k, 

1, k + 1 g * = / ^ 2k, 

0, i ^ j, 


or, in the real coordinates x‘, 


(9.1.11)' 


V(*) = 


1 , i = j, 1 k, 

- 1 , i = 7 . k + 

0 , 

The values (9.1.11) and (9.1.11)' are pseudo-conformal invariants. 
Given a vector <p„ let 

(9.1.12) (I<p)t = <Pi 
be the identity transformation, and let 

(9.1.13) (Mi = h /<Pi 

be rotation through a "quadrant”. Given real numbers a and b, 
the operation al + bh applied to vectors corresponds to complex 
multiplication in which the reality of the vector is preserved. We have 

(9.1.14) (al + bh)(cl + dh) = (ac — bd)I + (ad + bc)h. 

In other words, the field obtained from the real vectors by adjoining 
the ope ator h is isomorphic to the complex number field. 

Now suppose that D k carries a Kahler metric gil of class C . A 
Kahler metric is a Riemannian metric which satisfies the following 

two conditions: 
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(a) gii^gnKK, 

(b) D p (h/ 9i ) = h/DjfPf. 


Here 


(9.1.15) 

denotes covariant differentiation, 



the coefficients of 


affine connection. Condition (a) states that the vectors 9 and 
(h<p) i have the same length, while (b) states that the operators h 
and D commute: Dh = hD. 


Let 


(9.1.16) h u = g n h}. 

Multiplying both sides of (a) by h r * and summing on 7 from 1 to 
2k, we obtain 


(9.1.17) h ri = g„v = e„ V W = -g„K v = — K- 
Thus h if is skew-symmetric, and hence by (9.1.16) 

h ‘t h v V = s» K } h v V = — giv V = — K, = 

that is, 


(9.1.18) = 

In terms of self-con jugate coordinates z l , the formula (9.1.18) shows 
by (9.1.11) that any non-zero component of is necessarily of the 
form htf or h%. In other words, h„ = 0 unless p and q are indices 

of opposite parity with respect to conjugation. A metric satisfying 
(a) is said to be Hermitian. 

Condition (b) gives 


(9.1.19) 



Taking q = *,i = p and using self-conjugate coordinates, we obtain 
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Hence 


(9.1.19)' 



and therefore the only possible non-zero components of the coef¬ 
ficients of affine connection are those with all three indices of the 
same parity. Since 

{ ^ I — * I _ dg.j l 

\i if 2 L dz> ^ dz< dz'Y 

we conclude that 


(9.1.20) 




d \n 

dz a ' 


A 1 -form (p on D k is a differential form of the first degree 

<p = (p.dz*, 

where are the components of a covariant vector, the summation 
convention being used. A p-iorm, or exterior differential form of 
degree p, p > 1 , is a sum of exterior products of 1-forms. Exterior 
multiplication, represented by the symbol a, is associative, dis¬ 
tributive, and satisfies (see [ 11 ]) 

dz { a dz’ = — dz f a dz { , dz { a dz { = 0, 
a a dz' = dz *’ a a = adz\ 
dz' a adz* = adz' a dz y , 


where a denotes a scalar. Exterior multiplication has already been 
defined in Chapter 1 where, however, the symbol a was omitted 
for simplicity. In this chapter we adopt the notation current in 
tensor calculus. A ^-form (p may be written in the form 

• • • 

<p = dz ' 1 A dz Xx a • • • a dz x 9 

(9.1.21) _ ^ £ z i x A £ z i t A . .. A dz { 9, 

T 

where 9 ?, lp is a skew-symmetric covariant tensor of rank p, 
or p-ve ctor in the language of E. Cartan, and where the parentheses 
indicate that the indices are ordered according to magnitude. 
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Let 

(9.1.22) 
Then 

(9.1.23) 


p 


Shh • • • Z>.h 

gi.i, • ■ • gt,i. 


p . ^1 • • • p i\ 

1 h-J 9 = 6il Slp 

&/• • • • gij* 


is just the Kronecker symbol which is usually denoted by 

1 p 

We depart from the conventional notation in this instance for reasons 
of notational symmetry. 

The differential dtp of a ^>-form is the (fi + l)-form 


(9.1.24) 

where 


dtp = (dtp) {ix ^ x) dz^ a * • • a dz **«, 


(9.1.25) 


Here 


D /p = -^r —^ {■ ■ } v 


and we observe that 




since |^. J j^. ^.J. Hence in (9.1.25) we may replace covariant 

differentiation D, by ordinary differentiation djdzK We have 
(9.1.26) Pip = d(d<p) = 0. 

A form <p satisfying d<p = 0 is said to be closed, and a form ® = dm 

is said to be exact. Formula (9.1.26) therefore states that an exact 
form is closed. 

Let 


(9.1.27) 


e t t = r. , 1 2-2 k +/~P 

1 1 2...2k, 1 2...2k # 


and after de Rham [11] set 
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(9.1.28) *9? — (*9?)(* iM# y 1Jk _ p) dz } i a • * • a dz’tk-, 

where 


(9.1.29) 

We verify that 


() 4 4 ' =1 e<- r \ j ) 


(9.1.30) **,,= (_ 1) 
and, for the scalar 1, 

(9.1.31) *1 = e x 2...2k^ zl a • • • a dz 2k . 

Thus *1 is just the volume element. 

The co-differential 6cp of a ^-form <p is the {p — l)-form 

(9.1.32) dtp = (^)(i v ..i 9 _ x) dz^ a • • • a dzU-i 
where 


(9.1.33) (^?’)( t ...(,_ 1 = — (*d*<p) — 

In contrast with the differential dtp, the co-differential involves the 
metric structure of the manifold in an essential way. We have 


(9.1.34) 


d 2 (p = <5((5<p) = 0. 


A form qp satisfying dq> = 0 is called co-closed; a form <p = dip is 
said to be co-exact. 

Let 


(9.1.35) a) = h Uj) dz i a 

The condition (9.1.20) expresses the fact that co is closed: 

(9.1.36) dw = 0. 

The condition (9.1.19), on the other hand, asserts that D % h iS = 0 
and hence 

(9.1.36) ' dco = 0. 

Thus the form co is both closed and co-closed. 

The classical Laplace-Beltrami operator for ^-forms is 

(9.1.37) A = dd + dd. 

A p-iorm cp satisfying Acp = 0 will be said to be harmonic, and one 
satisfying dtp = dcp = 0 will be said to be a harmonic field. From 
(9.1.36) and (9.1.36)' we see that the 2-form co is a harmonic field. 
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We recall that the Riemann curvature tensor 

has the symmetries 


m 

P l 


(9.1.39) 


f Rhui — 
1 = 


^ihil ^hili > 


Rjlhi • 


It also satisfies the Bianchi identity 

Rhm + Rhju + Rnw = °* 


(9.1.40) 


The nomcommutativity of covariant differentiation is expressed by 
the Ricci identity 

(9.1.41) (D,D, - D,D l)r ^ — «V 

In terms of geodesic coordinates y i , 


(9.1.38)' 




If the metric is Kahlerian, then by (9.1.19) 

( 9 - 1 - 42 ) h m n R m i,i = hrR’' mll . 

Thus, in self-con jugate coordinates R”>„, is zero unless m and i have 
the same parity. In other words, R hm = 0 unless h, i are of different 
parity and also j, l. From (9.1.40) it follows that 

{9J - 43 > = = 

In other words, indices of the same parity commute. Finally any 
non-zero component of the Ricci tensor 

(9 - 1 ' 44 ) R„ = R\n 

has indices of opposite parity. 

9.2, Complex Operators 

The tensors and operators considered in Section 9.1 are all real- 
n other words, the operators send a real tensor into a real tensor’ 
Now we define the complex tensors and operators introduced in [7b]’ 
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As in [4] let 

(9.2.1) 77/= I (g/_ V=7 V). 

1, 0 * 

The conjugate tensor is 


(9.2.2) 


n i = n> = -i ( gi > + V- 

0,1 1,0 * 



conjugates always being defined in terms of a real coordinate system. 
Let g + o — p, g 0, cr^O, and set (compare [4]) 


(9.2.3) 


JJi , = r ■ m v" m e n v n o IT r i 

m. 

e. ° l.o 


• • 


i,o 

n r 6 n • • • 77 *<* r', 

1,0 " 0,1 0,1 p 


In self-conjugate coordinates 


(9.2.4) 

Therefore, 


Hi = { 

i.o 10, 


1, 1 ^i = j^k, 

otherwise. 


any non-zero component of the tensor 
( n 9 ? )» l ...*p = n i v ..i 9 {h "' i9)( Pu v ..i 9 ) 


has precisely £ indices between 1 and k and a indices between k + 1 
and 2k. In other words 


(9.2.5) 


— 9 7 <a 1 ...aJ<y i ...? 0 > 

Q,a 


dz? 1 a • • • a d^Q a dz& 1 a • • • a dzP°. 


If q -f- a = p > 2k or if either g < 0 or a < 0, we define 77 to be 
zero. We plainly have C,<T 


(9.2.6) 
and 

(9.2.7) 


Z 77= r 

e+o~j> Q,a 

[77, Q = Q, O = o'. 
77 77 = p* 

o', o' 0, otherwise. 


Thus (9.2.6) is an orthogonal decomposition of the identity operator 
r. Since 


(9.2.8) 



hi = = 
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we have 


(9.2.9) 


Q» a q,o a, q 


If <p = n<p we say sometimes (after Hodge) that <p is of type (g, a ) 

Q, a 

We define next a complex covariant differentiator, namely 

(9.2.10) = TI/Df. 

1,0 

The corresponding contravariant differentiator is 

(9.2.10) ' <2* = = 77/7)' = 77/7)'. 

0,1 1, 0 

The conjugate operators are 

(9.2.11) 


(9.2.11)' 


9i = 77/T),, 

0,1 

= 77/Z)', 

1.0 

It follows from (9.1.41) and the symmetry properties of the 
Kahler curvature tensor that 


(9.2.12) 


P * 9 *—= £ n, , w . 

/i-l 1, 0 * T *x"- S P-\ ht W* 9 


z n i 1 r*<», . .. , 


(complex form of the Ricci identity). 

In the complex tensor calculus which we propose to use, the 
Hemutian operator 77 replaces the symmetric identity operator f 
and the complex differentiator 2 replaces D 

Formulas (9.1.25) and (9.1.33) may be written 

= Dty* i— 

W.,,.. = — r. 


x -* p-i 


The complex analogues of these operators 


are 
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{fy)i ,.... , = z n dn= z n , ( 

(9.2.13) * + e+ a ~v e+1,0 e,o q+°=p e+i,a 1 " +1 ” 


e+o=p e+i, o 


P+1 1 P 


(^)( 1 ...r - n 6n=—z n ti , “!■■■>jgi , <p n 

(9.2.13) Q+o = v g.o-l q, a e+o = v Q,a *~ l 1 p 

e+o=p e.o 

The conjugate operators have the forms 

(9.2.14) (J^...* == E 77 dI7 = E 77 »..... *<* 

e+o = p e,o+i p, a e+0 = p e,a+i p p 

(9.2.14) ' K?>)( i : = £ n sn= - z n u ( „,svv--v. 

e+0=p e-1,0 e,0 e+0=j> p p 

The following identities are readily verified: 

(9.2.15) 

(9.2.16) 

(9.2.17) 

(9.2.18) 


*0 = ( 


* 77 = 77 *, 

e, 0 *—o, fc—e 

l) 1 * 1 /**, = ( 

02 = 0, = 0, 


l)'3*. 


aa+33 = o, ^-^ + ^-^ = o. 


We also verify that 


[A<p)i i 

1 P 


(9.2.19) 


D i Dfp i ... i 

1 P 

P 

/i=l 


— 2 * 7 ?,. i hi < Pi— i 

9 l u *v ' 1 /i-1 

* p.”=l 




In view of the properties of the curvature tensor for a Kahler metric, 
we have 


(9.2.20) 


a n = n a- 

Q.O e,a 

Now we introduce a complex Laplace-Beltrami operator 

| | = d -}- dn9". 


(9.2.21) 

Then 


(9.2.22) 


A = □ + □ 
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where 


(9.2.23) 


□ = ^a + dr&. 


The following identities are readily seen to be valid: 


(9.2.24) 


*□ = □*. □ = (— !)’*□*, 
da = ad, ~*a = a*. 


We note also the identity 


na = an 

C.<* Q,a 


which, in contrast with (9.2.20), is trivial. A calculation gives 


{□?)<•••* 

1 P 


B i 2 i (p ir . i 


(9.2.25) 


£ n { 1 Rfa... { hi ... { 

<1-1 1,0 » 1 WW % 


4 fLi ** ^ V * ’*#«-i A Wi* ‘' 


• € • 


Taking conjugates in (9.2.25) and interchanging g and cr, we find that 


( □?)<•••< 
i p 


(9.2.25)' 




■ ^ n t 1 R t h <p t ...f 

/i-l 0,1 
1 ** 


h I • • • 

i M-iV+i 


_ y j? 

4 ,.7-1 


W • 


»+i * 


Hence by (9.2.12) we have 


□ -□ = T A. 


(9.2.26) 

If P ^ 2, define 

(9.2.27) Wy= - A** 0 

while if p = 0 or 1, set /lp = 0. It may be verified that 
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(9.2.28) Ad — dA = — V— 1 Ad — dA = h~ l dh 
where h is the operator 


defined by 


Also 








p 


(9-2.29) A6 = SA, AA = AA, 

(9.2.30) Acp = ( — l) p * (co a * 9 ?) 

where 9 ? is a p- form. 


9.3. Finite Manifolds 

A relatively compact subdomain B of the Kahler manifold M will 
be called a finite submanifold if each boundary point poiB has a neigh¬ 
borhood N(p) in M in which real coordinates u l , u 2 , • • •, u 2k exist 
satisfying the following conditions: (i) each u* is a function of the z’ 
of class C 00 , and the Jacobian d(u l , • • *, w 2 fc )/ 9 ( 2 : 1 , • • •, z 2k ) does not 
vanish in N(p); (ii) N(p) is mapped topologically onto a subdomain 
in the w-space in such a way that the hyperplane u 2k = 0 corresponds 
to the points of the boundary of B, the coordinates u 1 , • • *, u 2k ~ l being 
local boundary parameters; (iii) the « 2fc -curve is orthogonal to the 
hyperplane u 2k = 0 and hence g ijt expressed in terms of the u\ 
satisfies on the boundary the condition that g t 2k = 2k — 0 for 
i = l, 2, • • *, 2k — 1 . The coordinates u { will be called boundary 
coordinates. 

A finite manifold is either a finite submanifold with boundary or 
is a compact (closed) manifold. 

The topological boundary operator will be denoted by b. In N(p), 
P e bB, set 

t(p = E (p { du il a * * • a du*p, 

<•••<*,< 2k 1 9 

n<P = Z du<l A 

< ... =2fc P 

1 p 


• • • 


A du'v. 
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Then in N(j>), (p — t<p 4 * ncp, but this decomposition will in general 
have geometrical meaning only on the boundary bB itself. However, 
if we choose u 2k to be geodesic distance from the boundary, u 2k > 0 
in N(p) O B, then Up and n<p are well-determined ^-forms in a 
sufficiently small boundary strip 0 < u 2k < e covered by the coor¬ 
dinate systems u 1 , • • •, u 2k . We verify that *t = n*, t* = *n. 

The scalar product of two ^-forms cp and yj on a subdomain D of 
M is defined to be 

(<p, yi) = (tp, y)) D =j<p A ♦y, 

D 

and the corresponding norm is 11 <p 1 1 = V(<p, tp). We plainly have 

(II cp,y>) = (<p,IIy>); 

q>° e,o 

that is, II is a symmetric operator. 

If C" is a differentiable y-chain on M k with real coefficients and if 
q> is a. (?— 1 )-form, we have the well-known Stokes formula 


(9.3.1) 



where bC « denotes the boundary of C«. In particular, if we take 

q = 2k and C" = C tk = B, where B is a finite manifold, then for 
a ^>-form <p and a (p -f- I)-form yi we have 



J (dtp A *y + (— l)»y A d*y) = f [dq> a — tp a *6y>) 



<p A *ip. 


Thus 


(9.3.2) 


[dtp, yi) 


(tp, iy>) = J <p 


A *ip. 


bB 


By specializing tp and y, we derive at once from (9.3.2) the following 
well-known „real” Green’s formulas: § 
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(d<p, dtp) 

— (cp, ddtp) = J (p a *dip, 

bB 


(dd<p, y>) 

— (dcp, dtp) = j dcp a *ip, 

bB 

(9.3.3) 

(<5 dtp, tp) 

— (<P, ddtp) = j (cp a *dip — tp a *dcp), 

bB 

(A <P, V>) ■ 

(ddtp, tp) 

~ W, Av>) = J 

bB 

(<P, ddtp) = J* (dcp a *ip — dip a *(p), 

bB 

(cp a *dijj —ip a *dcp -f dcp a *ip — dip a * 9 ?). 

Taking 

analogue: 

<P = n <p, tp = 

Q,a q 

n tp in (9.3.2), we obtain its complex 

, 0+1 

(9.3.4) 

(dcp, tp) - 

- (Cp, nttp) = J 9 ? A *ip. 

bB 

From (9.3.4) we derive immediately the “complex" Green’s formulas: 


(d(p, dtp) - 

— ( 9 ?, tfdtp) = J 9 ? A *(dy>)“ 

bB 


(dntfp, tp) 

— (^ 9 ?, /i^y;) = J* ^ 9 ? a *y>, 

(9.3.5) 

(s&dcp, tp) 

— (cp, nfdtp) = j (cp A *(dtp)~ — ip A *c? 9 ?), 

bB 


(dntcp, tp) - 

— ( 9 ?, 'drfrip) = j (n?cp A *ip - (^w)~ A *9 ? )» 

bB 

(Ap.vO— 

(cp, £\tp) = 2 j (cp A*(dtp)~ — ip a *d(p+si?(p A *ip — (rftp) a * 9 ?). 


bB 
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9.4. Currents 

Let D be an arbitrary subdomain of M (which may coincide with 

M), and let C p denote the space of />-forms <p which are of class C 00 

and have compact carriers relative to D (that is, vanish outside a 

compact subset of D). A ^-current T [cp] on D in the sense of de 

Rham [II] is a linear functional over the space C 2 *-* which satisfies 

the following continuity restriction: for an arbitrary sequence of 

forms 9 ^, <p? € C 2 *-*, whose carriers are contained in a fixed compact 

subset K of D, where K is covered by a single coordinate system, 

T fa?*] -> 0 (p oo) if (p M and each partial derivative tend uniformly 
to zero. J 

Lemma 9.4.1. (Partition of unity). Given a locally finite open 

covering {U { } of D, there exists a corresponding set of scalars cp j such that : 

(i) Zcp j = 1 ; (n) ( p j € C 00 , 0 <: <p i everywhere, and the carrier of cp, is 
contained in one of the open sets 

This is a standard lemma, easily proved (see [11]). 

Given a (2k — pyioim cp of class C 00 with a non-compact carrier, 
we say that T[cp] is convergent and that 


T[cp] — ZT[<p t <p] 

i 

if the series is convergent for each partition of unity. 

The extenor product T a y> of a ^-current T with a ? -form wtC» 
is defined to be 7 r 


T a y[9?] = T[tp a <p], 
and (after de Rham [ 11 ]) 


dT M = (-1 )™T[d<p], 6T[<p] = (_ i),r[^ ]f 
*ri>] = (_ i)*T[^], (T.cp) = r[^]. 


of ^ e l hat l T iS l eS at a P ° int ° f D if there is a neighborhood N 

carrie^ofT Wh ^ ^ ~ 0 for ^ ^ whose carriers lie in N. The 
carrier of T is the set of all points of D where T does not vanish A 

Jformof clifc t »°in e so egUlar "L" POint ° f ° “ T Coincides a 

is called singular at the X"£ ^ °' ?“ P ° int; ° the ™ se r 
the singularset of T S,r « ular P 0lnt s of T is caUed 
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Given two ^-currents 5 and T whose singular sets do not meet, 
there exist decompositions S = S' + S", T = V -f T ", where 

S", T" are everywhere regular while the carriers of S' and V do 
not meet. In this case we define 

(9.4.1) (S, T) = (S', T") + (S", T) + (S", T"), 

provided that the scalar products on the right converge. We observe 
that the scalar products on the right side of (9.4.1) are defined 
since the scalar product of a current and a form has already been 

given and since at least one of the factors in each scalar product is 
regular. 

Theorem 9.4.1. If T is a p-current in DQM and if AT is regular 
at a point of D, then T is also regular at that point. If dT and ST are 
both regular at a point, then T is regular at that point. 

This theorem, often called Weyl’s lemma, is proved in [11]. 

A current of degree 0 is a distribution in the sense of L. Schwartz 
[12], and an arbitrary ^-current T may be represented as a formal 
differential form 


T = T u a • • • a dz { 9 

1 V 

where the coefficients T { ... f are distributions in the space of 

1 P 

local self-conjugate coordinates z { . Hence the operator FI may be 
applied to I: 6,0 

n T[<p] = T[ n cp ]. 

q, a fc-c, k—a 

We define 

dT[cp] = (— 1 ) p+1 T[dcp], *T[<p ] = (- 1 Vn^cp]. 


A ^-current T is harmonic if A T[q>] = T[ A <p] = 9. By Theorem 
9.4.1 a harmonic current is equal to a harmonic form. Similarly, if 
dT[(p] = ST[(p] = 0, then T is equal to a harmonic field, that is, 
T is equal to a form \p satisfying dtp = Sip = 0. If the ^-current T 
is of type (g, o) and satisfies dT = n?T = 0 (or dT = T = 0), 

we say that T is a complex field. _ 

If T = TI T, then r&T = 0 automatically and the relation dT = 0 


implies that the coefficients of T are equivalent to holomorphic 
functions of the complex variables z 1 , z 2 , • * •, z k . 
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Lemma 9.4.2. If T = n T is holomorphic in a domain D CM, 
then dT = 0 in D. e> 0 

By (9.2.28) we have 0 = (Ad— M) T = V^l ~#T, so ^ T= 0. 
Since r&T — 0, it follows that 6T = (r& +^-)T = 0. 


9.5. Hermitian Metrics 

It is easy to construct a positive-definite Hermitian metric on 

an arbitrary complex manifold M (which is paracompact and 
Hausdorff — hence normal). 

In fact, let {{/,.} be a locally finite open covering of the complex 
manifold such that each U { is covered by local coordinates z t l , zf, 

j ! ™ be a P artition of unity corresponding to the covering 
{Uih and define 5 


(9.5.1) 


ds* = Z(Z< Pi \ dz,• I*) 

i a=l 


• ^ 4 

The metric (9.5.1) is plainly Hermitian. 

the^ b /‘ 91 ; 16) USing the metric ( 9 - 5 - 1 )* ^ consider 

the 2-form a, defined by (9.1.35). In the special case k = 1 this 

ZZ meS° H^ C, ° Sed = 0) ^ defines a* 

R^ZtsurfJ KMer mCtriC ^ ^ C ° nStrUCted ° n an 


9. 6 - Dirichlet-s Principle for the Real Operators 
formulas (9.1.30) and (9.1.33) are to be replacedly ^ 

^ 9 ' 1,30 ^ **<p = (— i)«»+j> ?)i 

( 9 L33 ) dtp = (_ l)»»+m+l * ^ 

where tp is assumed to be of degree p. 

The expression 

^ 9 ‘ 6 '^ D to) = ( d< P, dtp) + (dtp, dtp) 
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is the obvious generalization of the classical Dirichlet integral. Given 
a positive number s, we define 

(9.6.2) D 9 {<p) = D(<p) + s(<p, 9 p) = D(<p) -f s || q> || 2 . 

Moreover, we write 

(9.6.3) A* = A + s. 

Let A v be the Hilbert space of norm-finite differential forms of 
degree p and let 

A = Z A*. 

V 

If op e A, then cp = + y 1 -f- . . . -f- rp m where rp v e A v , and we define 

II v II - Vrn^ll 2 - 

V 

We denote by G the subspace of A composed of forms of class C® 
with compact carriers. 

We say that a form (p is in the (closure of) the domain of the 
operator d if there exists a sequence {9?^}, 9^ e C®, 9^, dtp^ e A, such 
that || (p — 9?^ || and || d<p h — dop v || tend to zero (jx, v-> 00). If such a 
sequence exists with € C, we say that 9? is in the domain of the 
operator d e . We define the domains of 6 , S c , in a similar fashion. If 9? 
is in the domain of d, we write 9? e d\ similarly for the other operators. 
Finally, we say 9? is in the domain of the operator A if there exists a 
sequence {9?^}, 9^ e C®, 9^, A % * A, D( 9>J < co, such that ||9> — fyll, 
D(q > lt — %) and II A %— Ay v II all tend to zero (fx, v -> 00). 

We introduce the following spaces: 

G = {<p | (p e A, D{<P> w) = (<P> A y) for ever y 9 € A}, 

N = {p | <p e A, D(<p, y>) = (A q>, V>) for every y e A}, 

H = {<p \ (p e A, A <p = 0}, 

F c = G n H, F = NnH. 

Denote by D the closure, in the Z) s -norm, of the space of forms 9 ? 
of class C® with D $ (tp) < 00 , and let D c be the closure of C in the 
D a -norm. Since any two norms D 8 >, D 3 >, s' > 0, s" > 0 , are equi¬ 
valent, the spaces D, D c are independent of the choice of the positive 

number s. 

If 9? e G, we have s|| 9 ? || 2 ^ D 3 ((p) = ( 9 ?, A s <p) = II A & II * II 9 II» 
that is, || <p || ^ || A ,<P ll/s- and the same inequality is true for <p e N. 
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Let (p e G or N; then A <p = 0 implies D(<p) — 0, and A S <P = 0 
( s > 0) implies <p = 0. Therefore 

F = {<p | (p € D, d<p — d(p = 0}, 

and it will follow from (9.6.19) that 

F c = {<P I <P € D c , d(p — Sep = 0}. 

Now let [dC] denote the closure, in the sense of the norm||---||, of 
the space of forms d<p, cp € G, and let [(5 C] be defined in a similar 
way. Also, let [A C] be the closure of the space of forms A (p, <p * C. 

We have the following two well known formulas of orthogonal 
decomposition ([9a], [11]). 

( 9 - 6 . 4 ) A = [A C] + H, 

(9-6.5) A = [dC] + PC] + F. 

These two formulas are easily proved using Theorem 9 . 4 . 1 . 

Given a form (p e A, we have by (9.6.4) 


<P = 9i + 9> 2 

where <p 2 * H and Vl is orthogonal to <p a , that is, {<p v cp 2 ) = 0 . We call 

¥> 2 the harmonic component of <p and write <p 2 = Hip. We say that a 

current T of degree p is of class A if it is convergent (see Section 

9.4) for every <p <r A"-", 9 ? e C”. For currents of class A, we define 

HT[ip] = T[H<p}. Now let y be a point of M and consider the operator 
1 = l y satisfying 


( 1 , 9 ?) = tp(y) 


for every <p. Strictly speaking, the operator 1 applied to forms of 
degree p > 0 is not a current (since 1 [ 9 ?] = (— l) m *+»(l ( * 9 ?) = 

(~1 )m r+p *<p(y) is not a mapping into the reals), but it is a trivial 
extension of the notion of current and may be treated as though it 
were a current of class A. 


We define fllfo] = l^] = Hiply), an d then we have 

(Hi, <p) — (1, H<p) = H<p{y). 

By Theorem 9.4.1, Hi is a symmetric harmonic double form 
applying the inequality of Schwarz, we obtain 



\H<P (y)! ^ V~(H1, Hi) ||ff9j|| =K y ||/f9>||. 

This mequality shows at once that the space H is closed; and hence 
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is a Hilbert space (the Hilbert space of norm-finite harmonic forms). 

The operator H denotes orthogonal projection onto H. 

It follows that F is also closed, and hence F is the Hilbert space 

of norm-finite harmonic ^-fields. We denote orthogonal projection 
onto F by F. 

Let B denote the space of forms which belong to both the domain 

of d and the domain of <5; that is, B = {<p | <p <r d, 5}. We note the 
following lemma: 

Lemma 9.6.1. The space B coincides with D. 

To prove this lemma, we have to show that, given any form cp 
in the domains of d and d, there exists a sequence {cp }, cp € C®, 
< 00 , such that D,(cp — -» 0 (ji -> 00 ). 

We base the proof on formula (9.6.5). Let xp e A; then 

(9.6 6) V = Wi + Vi + V>3> Vi * [dC] t xp 2 e [6 G], 

xp 3 = Fxp € F. 

If xp e C°°, then xp lt xp 2 e C®. In fact, we regard (9.6.6) as a current 
formula and apply the operator dd to it; we obtain 

ddrp 1 = A^i = ddxp e C®, 


and hence, by Theorem 9.4.1, xp x e C®. Similarly xp 2 € C®. 

Assume cp is in the domains of d and <5. Then there exist two sequen- 

ces {Pv)> such that I W-— 11 -* °, 11 dcp — dap 11 -> 0, and 11 cp—P v 11 

-> 0, 11 dcp — dfi v 11 -> 0. Let cp, and be decomposed according to 
formula (9.6.6): 

9 ~ 9l + 92 + 9z» = a ^l + a ^2 + «u3 » Pv = Pv 1 + Pv 2 + Pw 

We define 


9p = P» 1 + a ^2 + F<P 


Then 


9~9, 


2 = Il9>i 


ftii II 2 + n^ —vii 2-> 0| 


and 


D(<P — 9 ft) = ||dcp — dcL^W 2 + || dcp —dp^ 


0 


as pi 00 . ThusZ) 3 ( 9 ? — 9 ^) -> 0 (pi -» co), and Lemma 9.6.1 follows. 

If they exist, we define the Green’s operator G t of the manifold M 
to be the one-one linear mapping of A onto G whose inverse mapping 
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is A s , and we define the Neumann's operator N s to be the one-one 
linear mapping of A onto N whose inverse is As- 
If these operators exist, they are unique. For if tpeG, and 
A a <P = 0, then (p = 0. Similarly, if (p € N and A a <P = 0. 

Theorem 9.6.1 [13c]. For each positive s the Green's and Neumann's 
operators exist. They are symmetric operators and they satisfy 

(9.6.7) D 8 (G,<p) < |Ml7s, D a (N s <p) ^ ii^hvs. 

Theorem 9.6.1 follows in a straight-forward fashion from Dirichlet's 
Principle, and we now give a proof which, in its main lines, does not 
differ from the classical Dirichlet’s Principle. 

Given ft e A, write y = fi/s, and define 

E ,{<P, v>) = D(<p, y>) +s(<p — y, w — y), E, (<p) = E s ( v , y). 

The Dirichlet’s Principle which we estabhsh asserts the existence of a 
unique form a which minimizes E,(<p) and satisfies, perhaps in a 
generalized sense, the equation A,a = /S. If we restrict the forms 
in the minimum problem to those with compact carriers, then 
a = GJ where G, is the Green’s operator while, if we place no 
restriction on the forms <p in the minimum problem, then oi — N B 
where N, is the Neumann’s operator. ' 

Let 


(9.6.8) e = e(s) = inf E,( v ), e„ = «,(s) = inf E.{ 9 ) for <p £ G. 

It is obvious that 

( 9 ' 6 ' 9 ) ° g«(s) ^e c (s) g 110117 *. 

We have to show that the above minimum problems have solutions 
SmC f, thf ]- treatment is essentially the same in both problems we 
consider the problem of minimizing E,( r ), ycD. The minimizing 

2 “ h6n Sh0w that the minimizing element is in the 

bpace in • 

We base the proof on the following variant of B. Levi’s inequality: 
(9.6.10) 


Vr>,{<p— f ) g VE,{(p)~e + VEJw) 


e . 
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Let or, T be real numbers, a + r = 1 . Since ay + ryj — y = 
°{<P — y) + ^(y;— y), we have 

£.(?) + 2ar £ s (<p, v ) + T 2 E # (y) ^ e; 

that is, 

* 2 [ £ .fo>) — «] + 2 err [£ s (<p, y) — *] + r 2 [E 8 {xp) — e] ^ 0. 

Since the left side is homogeneous in o and r, this inequality is valid 
for arbitrary real numbers o, r and it follows that 

| E s(<P> V>) — e | ^ VE a (<p) — e • VE 3 (y>)—e. 

Hence 

D *{<P — V>) = E $ (<p) — 2 E,(<p, y>) + E a (y>) 

= [£«(?) —e] — 2[ E s ((p,y)) — e ] + [E s (yj) — f) 

^ [£.(?) — + 2VE s (<p) — * • VE a (yj) — e 

+ [£sM — e], 

and this is (9.6.10). 

Let {fy}* Vfx € be a sequence such that £,( 9 ?^) e 00 ). 
Then Z) s (^ — <p v ) -> 0 (/*, v 00 ) by (9.6.10), and hence by Lemma 
9.6.1 there exists an a e D such that £ = £ s (a). Since E s (a + £ 9 ?) ^ e 
for every real e, we conclude by the usual reasoning that the coefficient 
of e in E s (a + £ 9 ?) must vanish, that is 

(9.6.11) D s (a, 9 ?) = (ftp), 9 ?cD. 

If 9 ? e C, then 

D s(*> <P) = K A,?)- 

Therefore a, regarded as a current, satisfies the equation 

(9.6.12) A,a|>] = Pty]> € G * 

Theorem 9.4.1 remains valid if A is replaced by the operator A*- 
In fact, the proof, which is based on the existence of a local elementa¬ 
ry solution for the operator A«» does not differ essentially from the 
proof given in [11] for the case s = 0. Hence, if 0 € C 00 , then a is 
equal to a form of class C® and, in this case, As a = 0 the 
ordinary sense. Thus (9.6.11) becomes 

(9.6.13) £> 3 (a, 9 >) = (A,a, 9>)» 9 € D - 
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The above reasoning applies equally well to the restricted minimum 
problem in which the competing forms belong to C and, in particular, 
the formulas (9.6.11), (9.6.13) are valid with D replaced by D c . 
We denote the solution of the restricted minimum problem by G 3 f$, 


that of the unrestricted problem by N g fi, and we show now that these 
operators are linear, bounded and symmetric, therefore self-adjoint. 

It is sufficient to consider N a , since the same reasoning applies to 
G a . Let p v p 2 be two elements in the space A, and write <x. x — 
N s Pi, <*2 == N s /? 2 , a = N a (p x -f- p 2 ). By (9.6.11) we have 


D s(* — «i — a 2 , <p) = 0, <p e D. 

If we choose (p = a — a x — a 2 , we conclude that oc = oc 2 -f a 2 ; that is, 

Since it is obvious that N s (c@) = cN s p for any real number c, the 
operator N a is linear. Next, taking a = N a p, we have by (9.6.11) 

s||a|| 2 gZ),(a)== (0, a) fg ||a|H|0||, 

and therefore s ||a|| ^ ||/?||. Thus 


D s (N s p) = D e ( a) g ||fl|*/s. 

In particular, N a is continuous, and we may verify that the equation 

— p is valid. In fact, let {p^}, P^ e C 00 , p c A, be a sequence such 

that II P — || -> 0 <ji -+ oo), and let a = NJt Then 0 = A s a„ 

and p I* * f* 

I * II — II ^ Pn II/*- D Mp — O ^ WPj, — p v || a /s. 

Hence II a— ||, £>(<*„ — «,), || A*,, — As II tend to zero 
v -> oo), and it follows that a = N,0 is in the domain of A and 
at A,N,P = A,a = p. Finally, if <p, y e A, we have by (9.6.11) 

D,(N, v ,N,tp) = (<p,N, v ). 

Hence 


(N ,<p, y) = [ <Pi N,y ). 


(9.6.14) 

This completes the proof of Theorem 9.6.1 so far as N, is concerned. 

In the restncted minimum problem we have an additional identity 
which is obtained as follows. Let <p <r D 0 , and let {? }, <p e C , be a 
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H V> e A, 


D A<P.V) = lim 0,(V V) = Hm (<p A,V>) = (<p, A.v) 

and therefore 

(9.6.15) D,(<P, y>) = (p, A,ip), <p e D c , yie A- 
Since G s p e D c , we obtain 

(9.6.16) D S (GJ, y>) = (G a p, AsV>), P e A, y, € A. 

This formula shows that G s p e G, and the proof of Theorem 9 . 6.1 is 
completed. 

If M is a finite manifold with boundary, Green’s formula shows 
that the difference 

D s(G a P> V>) — {G s p, A s y>) 

is the limit of integrals extended over the boundaries of a sequence of 

subdomains which converge to M, and these integrals involve the 

values of G s P,*G 3 f] on these boundaries. Formula (9.6.16) states that 

the limit of these boundary integrals vanishes and hence, in this 
sense, 

(9.6.17) t G s p = n G S P = 0. 

Similarly, (9.6.13) shows that 

(9.6.18) tdN a p = ndN s p = 0 . 

In the case of scalars these formulas state that G S P vanishes at 
the boundary and that the normal derivative of N s fi vanishes at the 
boundary, and therefore G s , N s have the boundary behavior of the 
classical Green's and Neumann’s functions. 

We have 

(9.6.19) F c = {<p|<peA, A G s (p = (p — sG 8 <p = 0 }, 

(9.6.20) F = {(p | cp e A, ANjT 5 = (p — s N s <p = 0}. 

In fact, if cp e A and A G a (p = 9 ? — s G a <p = 0, then 9 ? e G, A <P = 9. 
Conversely, if 9 ? <• G, A <P = 9, then 9 ? = G t ( Afp) = 5 Gjp. Similarly 
for (9.6.20). From the minimum principle by which G„ N s were 
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defined it follows that 

(9.6.21) Ffi, = G,F C = FJs, 

(9.6.22) FN S = N,F = F/s. 

Finally, we have the orthogonal decompositions: 

(9.6.23) A = [AG] + F c , 

(9.6.24) A = [AN] + F, 

where [A G] denotes the closure under the norm || • • • || 0 f the 

space of forms <p = Ay, y e G, and where [A N] has a similar 
meaning with respect to the space N. In fact, let <p e A, {<p, y ) = 0 
for y e [AG], Then 0 = (y, A G,y) = (<p, ,p — sG,y) = (q> — sG t <p, y) 
for every y> e A, and this implies that <p e F c . Similarly, for (9.6.24). 


9.7. Bounded Manifolds 


A relatively compact subdomain M of a Riemannian manifold R 
will be called a 6-manifold (bounded manifold). We have: 

Theorem 9.7.1. [13b], Let M be a b-manifold imbedded in a 
Riemannian manifold R. Then F e is the subspace of harmonic forms 
on R which vanish identically outside M. 

We define the Green's operator G„ of a manifold M to be the one- 
one linear mapping of A - F c onto G - F e whose inverse mapping 
is A- If this operator exists, it is unique. For let we G — F 

A? = 0. Then „ c H n G = F.. so * = 0. The domain of the 
operator G may be extended to the whole space A by defining it to 
be identically zero on the space F„. Then G„ satisfies 


(9.7.1) (I F c )v = AG 0 tp, F c G a ip = G 0 F c <p = o, <p € A. 

ho ^ e H ', Call f that t an °P erator is completely continuous if it carries 
unded sets into sets whose closure is compact. 

heorem 9.7.2. A b-manifold possesses a bounded symmetric com 
Pletely continuous Green’s operator G 

A Th H bih onto °t C G r' S < T at0r iS ° the ° ne -° ne linear mapping of 
±~ ? ° nt0 ( G H N) - F t whose inverse mapping is A We 

extend this operator to the whole space A by defining it to be 

identically zero on H, and denote it by B 
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Theorem 9.7.3. A b-manijold possesses a bounded biharmonic Green*s 
operator B 0 . 

We begin by deriving Theorem 9.7.3 from Theorem 9.7.2, and we 
observe first that Theorem 9.7.2 contains a solution (in the generaliz¬ 
ed sense) of the first boundary-value problem of potential theory. In 

fact, let 9 ? be an arbitrary form in the domain of the operator A 
and set 

(9.7.2) y) = (p — G 0 /\cp. 

Then 

= At 7 — (A 9 — F c A <p) = F c At 7 = 0 . 

On the other hand, ip — 9 ? = — G 0 A <p € G, so y) is a (generalized) 
solution of the first boundary-value problem. Since we may add to ip 
any form in F c without changing its boundary behavior, the solution 
is unique if and only if F c contains only the form 0 . 

Now define the adjoint operators 

(9.7.3) B q = G 0 - G 0 H, B' 0 = G 0 — HG 0 . 

Given any form cp in the domain of the operator A» set 

ip = (l —H)<p — B' 0 At 7 - 

Then 

AV 7 = A <p— (A 9 7 — -FcA t 7 ) = 9, Hip = 0, 

so ip = 0. That is 

(9.7.4) (1 — H)(p = B' 0 At 7 - 
On the other hand, we obviously have 

(9.7.5) (1— H)ip = A B 0 ip, ip € A. 

Let (p be an arbitrary form in the domain of A» ip arbitrary form 
in A. Since B 0 ip € G, we have 

(ip, (1 — H) (p) = (y>, B' 0 At 7 ) = ( B 0 ip, At 7 ) = B(B 0 ip, cp). 

By (9.7.5) 

(ip, (i—H)<p) = ((l— H) ip, t 7 ) = (A B 0 y>, cp). 


Therefore 

(9.7.6) 


D(B 0 ip, cp) = (A B 0 ip, cp) 
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for every 9 e A, 9 * A, and it follows that £?* 9 e N. Since F 0 B 0 y> = 
0 , is the biharmonic Green’s operator whose existence is asserted 
in Theorem 9.7.3. 

From Theorem 9.7.3 we obtain a solution of the first boundary- 
value problem for biharmonic forms. In fact, given any 9 in the 
domain of A> let 


Then 



B 0 A<P- 


A 9 = A9 — (A9 — HA<p) = HA<p, AV == A Ay> = 0, 

so 9 is biharmonic. Since 9 — <p cGnN.yisa (generalized) solution 
of the first boundary-value problem for biharmonic forms. 

It remains to prove Theorems 9.7.1 and 9.7.2, and we base the 
proof of both on the following results: 

Let R be an arbitrary Riemannian manifold of class C®. Given 
any point q e R, there is a neighborhood U = U(q) depending only 
on q such that, given an arbitrary integer v, a number s ^ 0, and a 
positive number 77, there exists a double form y(x, y) with the fol¬ 
lowing properties: 

(i) the double form y(x, y) is defined for x e R, y e U, and y(x, y) 
is of class C® in x, y if x ^ y. If r(x, y) is the distance of the points x 
and y, [r(x, y )] m ~ 2 y(x, y) is of class C® for x = y. 

(ii) for fixed y e U, the carrier of y(x , y) has diameter less than rj. 

(iii) for x € R,y € U, we have A«(*) y(x, y) = g(x, y) where g(x , y) 
is a double form of class (7 in x and y. 

(iv) the operator (<p(x), d(x)y((x t y)) is a completely continuous 
transformation which maps forms peA (R) into A( 17 ). The same 
statement applies to (<p{x), 6(x)y(x, y)). 

The form y(x, y) with the properties (i) — (iv) can be constructed 

by the method of Kodaira [9a]. Kodaira assumes that the metric is 

real analytic, but the infinite series used by him can be replaced by 
finite partial sums. 

To prove Theorem 9.7.1, let 9 c F 0 and extend 9 over R by defining 
it to be identically zero outside M. There exists a sequence { 9 ,}, 
V G W; converging to 9 in the D r norm. Given a point q A, 
e y{x,y) be the double form associated with the neighborhood 
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U = U(q). For y e U we have by Green’s formula 

n(y) = D.W^x), y(x, y)) — (<p^x), g(x, y)), 

As /j, co, we obtain as limit (in the sense of the norm || • • • ||) 

(9.7.7) <p(y) = D,(<p{x), y(x, y)) — (<p( x ), g(x, y)), y € U. 

Formula (9.7.7.) (with y depending on s) is valid for each s ^ 0. 
Since dip = dip = 0 in M and in R — M, the case s = 0 gives 

<P(y) = — (<p( x ), g{x, y)), ytU. 

Thus <p(y) £ C v in U, and hence everywhere in R. This proves Theorem 
9.7.1. 

We base the proof of Theorem 9.7.2 on the following lemma: 

Lemma 9.7.1. For every b-manijold the operator G, (s > 0) is 
completely continuous. 

In fact, since G t q> e G, there exists a sequence {y^}, ip^eC(M), 
converging to G s <p in the Z) s -norm, and we obtain formula (9.7.7) 
with cp replaced by G s <p: 

(9.7.8) G s (p{y)=D s (G s (p(x), y(x, y)) —{G s (p{x), g(x, y)) t yeUnM. 

Since M can be covered by finitely many neighborhoods U, it follows 
that G s is a completely continuous transformation from A onto G. 

We remark that the operator N s will not in general be completely 
continuous on 6-manifolds. For if N 9 were completely continuous, the 
space F would be finite dimensional. 

To prove Theorem 9.7.2, we begin with the following observations 
concerning a completely continuous operator P, || Pep || c || (p ||, 
c > 0. Let 0 < X <[ c. Then 

|| P(p — Pip || = || (Py — Xy) — (Pxp — Xip) + X((p — ip) || 

(9.7.9) >,X\\(p — ip\ \ — || Pep — X(p\\ — || Pip — Xip ||. 

If {(p^ is a sequence of forms such that (<p h , (p v ) = 6 ^, then for 

H ¥= v, 

(9.7.10) || Pep, — P<p, || 2S V2 A - || P<Pp — ^ || — || P<P—*<P, II. 

and it follows that there is a positive number k such that || Pq> M — Xfp^ || 
^ k for all but a finite number of values of pi. In fact, if 
11 P<p Ml — X(pn { 11 -> 0 as i -> oo for some subsequence {/*,}, then the 
sequence || P(p l i i || could not contain a convergent subsequence, 
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contrary to the hypothesis that P is completely continuous and the 
set {<p M } bounded. In particular, the space E = E(P, X) = {<p \ <p € A, 
Pep X<p = 0} is a finite dimensional vector space (over the reals). 

Consider next the space E' = {xp | xp e A, (xp, <p) — 0 for all cp e E}. 
There is a positive number a = a(P, X) such that || Pxp — Xrp || ^ a 
for all y>€ E' with || xp || = 1 ; that is. 


(9.7.11) II Pip — Xxp\\ ^ a|| V ||, y> e E'. 

For suppose || Pxp^ — % || -► 0 as n -> 00 , xp^e E', || || = 1 . If 

is a convergent subsequence of {PyJ, then {^.} is also 
convergent, by (9.7.9). Let xp be the limit of the y v Then xp € E', 

II ^ II 1 an d Py> Ay; = 0 , that is, xp e E, a contradiction. 

To construct the operator G 0 , we choose an arbitrary s > 0 , and 
apply the above result with P = G s , X = c = 1 /s; then E = F bv 
(9.7.19) and E' = A —F c by (9.6.23). 

Given /? € A, let 


(9.7.12) m = inf || £ — (,, — s G,y>) ||, y <• A — F e , 
and let {yij, <• A — F c , be a sequence such that 

(9.7.12) ' 11 P — (?„ — sG.yJ \\-ftn, p-+ao. 

Then IKv, — T».) — sG.(y>„ — y>,)|| _ o (ft, v -+ oo) and, by (9.7.11), 

'I II 0 (/*, v -> co). Let 95 be the limit of the y . Then 

! * a-7 Fc ’ °v F,? = °* and F ' G # = 0 b y (9-6.21). The minimizing 
condition implies that a = ft - (y _ sG/P ) is orthogonal to y-sG^ 

for all y « A - F ( . or « . F.. Then a = F c a, or ft _ (y_ sG,y]Z F J. 


FA 


<p — sG J? > = A G s9 ! = £ - 
and we define GJ = G s? >. Further, 

(9.7.8)' GJ{y)= D ,(GJ{x), y(x,y))-(GJ(x), g( x , y))> y £ £/ nM . 

and it follows that the operator G 0 is completely continuous. This 
completes the proof of Theorem 9.7.2. 

w J c h h 6 °fP° Site °/ a . 6 ™ foId ^ a ^-manifold (unbounded manifold) 

d™ Of ir nZ f by the pr0perty that ' evef y form in the 

closure of the operator A belongs to N. Let 


(9.7.14) 


H . = {<P I 9 e A, A. <p = 0}. 
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On a w-manifold the spaces G and N coincide, G s = N a , and H 
contains only the form 0 for s > 0 . Moreover, 

(9-7.15) H(=H 0 ) = F=F C . 

A compact (closed) manifold M may be regarded either as a 
6 -manifold (without boundary) or as a w-manifold. In the case of a 

compact manifold, the operator G 0 coincides with the operator G 
of de Rham (see [11]). 

9.8. Dirichlet’s Principle for the Complex Operators 

We assume now that M is a Kahler manifold with Kahler metric 
of class C°. The Dirichlet integral for the complex operators d, is 

(9.8.1) D{(p) = (dtp, d(p) + R<p, ,&(p) t 
and we define 

(9.8.2) D s (<p) = D(<p) + —s((p, cp) = D(p) + — s||<p|| 2 . 

^ 2 

The factor 1/2 is used in (9.8.2) since r&d + cR = a/2. 

We define the domains of the operators d, in the same way as for 
the operators d, 6. We denote by A Q,a the subspace of A composed 
of forms of type (g, cr): 

A = E A 0, 

e,a 

If (p € A, then 

<p = £IJ<p, || <p || = V£\\IJ<p || 2 . 

Q,a q, a 

Apart from a trivial factor 1/2 which occurs in the definitions of the 
spaces G, N, namely D(<p, rp) = ( 9 ?, A^)/ 2 » the definitions of G, N, 
H, F c , F are the same as those given in Section 9.6. 

We remark that 

(9.8.3) H = 2*77 H. 

e.o 

In fact, by (9.2.20), the operators A and 77 commute. 

e.o 

The complex analogue of the orthogonal decomposition formula 
(9.6.5) is valid: 

(9.8.4) A = [5C] + RC] + F. 
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The proof of this formula is the same as in the real case. By the 
same reasoning as that used to prove Lemma 9.6.1, but based on 

(9.8.4) , we see that B = {q> \ <p € d t may also be regarded as the 
space obtained by taking the closure, in the i) 4 -norm, of forms of 
class C® which lie in the domains of <5 and 

We define the complex Green’s and Neumann’s operators as in the 
real case, and the method of Section 9.6 applies with trivial modifi¬ 
cations to prove the complex analogue of Theorem 9.6.1, namely, 
Theorem 9.8.1. For each positive s there exist complex Green's and 

Neumanns operators G e , N s These operators are Hermitian and they 
satisfy 

(9.8.5) D s (G,<p) ^ \\<p\\ 2 /2s, D s (N s <p) < |M|*/2s. 

As in the real case, it turns out that 

(9.8.6) F = {(p | (p € A, (p — sN t <p = A N a (p = 0 }, 

(9.8.7) F c = { 9 ? | cp € A, <p — sG a <p = A G a <p = 0 }. 

In the case o = 0, we have 

(9.8.8) F ®’ 0 = {(p | 9 ? € A 6, °, (p a holomorphic form of degree g}. 

Thus, on a Kahler manifold, the holomorphic differential forms are 
characterized as the eigen-forms of type fe, 0) of N a which belong 
to the eigen-value s. 


9.9. Bounded Kahler Manifolds 


Assume that Mi s a 6 -manifold imbedded in a Kahler manifold R. 

It is obvious that F/ ° is composed of the harmonic forms of type 

(p, a) on R which vanish identically outside M. 

Lemma 9.9.1 [13a]. The space F„ c '° contains only the form 0 if 

either q or a has one of the extremal values 0 or k, where k is the complex 
dimension of M. 


Suppose, for example, that <r = 0, and let <p e F*Then a, is a 
holomorphic form of degree e on R which vanishes identically outside 
M and therefore, by analytic continuation, it must vanish every¬ 
where. Similarly, if a = k, <p e F.*\ then *y f F^», so is 

holomorphic on R and vanishing outside M, therefore identically 

zero The remaining two cases e = 0 , k are reduced to the preceding 
by taking conjugates. 6 
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Now let R be an arbitrary Kahler manifold, and let B be any finite 
submanifold of R. We can always choose a 6-manifold M which 
contains the closure of B in its interior, and we denote the Green’s 
operator of M by G 0 . It is readily seen, by Theorem 9.4.1, that G 0 
is an integral operator with symmetric kernel g = g(z, f): 

t 9 - 9 - 1 ) G 0 <P(C) = (<p(z), g{z, 0). 

Now let (p e F. Then we obtain from Green’s formula by the usual 
reasoning, 

(9.9.2) (1 — F c ) <p(£) = — 2j[>A *(dg)~— a *?>]. 

bB 

Formula (9.9.2) is a Cauchy's formula for the space F. If either 
Q or 0 is equal to 0 or k, then F c e,a = 0 by Lemma 9.9.1. In par¬ 
ticular, if o = 0, then n?g = 0 automatically and we have simply 

(9.9.3) ?>(0 =— 2j<fA *(3g)~ ?e P'°. 

bB 

In the ordinary case of Euclidean space of complex dimension k = 1, 
this formula reduces to the classical formula 

1 r dz 

9 0 = T~- f{ z ) -r- 

2m J z — ; 

bB 

9.10. Existence Theorems on Compact Kahler Manifolds 

In this section we assume that M is a compact Kahler manifold; 
then the Green’s operator G 0 coincides with the operator G of de 
Rham. We have 

(9.10.1) TIG = G Ft, AG = GA, dG = Gd, 6G = Gd. 

Q,o q, a 

These formulas are all proved in the same way. For example, to show 
that G commutes with d, consider the difference y = (Gd — dG)(p. 
Since yj is harmonic and, at the same time, orthogonal to harmonic 

forms, it is zero. 

The formulas (9.10.1) show that G commutes with the complex 
operators d, d, ^ and . 
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We now consider the following "Cousin problem" for M. Let 
{U t } be a locally finite open covering of M, and let there be given in 
each U t a current w t of type ( e , a) such that 

(9.10.2) S{w t — Wj) — 0, — Wj) = 0, in U, r\U t . 

The problem is to find a current w of type (<?, a) defined over the 
whole of M, such that 

(9.10.3) d(w — w<) = 0, — w t ) = 0 in U,. 

Let 


(9.10.4) p = g Wo g _ r&Wi in 

In view of (9.10.2) we see that P and Q are well defined, and the 
conditions of solvability of the problem are that 


(9.10.5) 


HP = HQ = 0. 


If these conditions are satisfield, a solution is given by 

( 9il0 - 6 ) w = 2G(dQ -f n?P). 

In fact, 

dw = 2G(dn?P) — ^Qp _ p — fjp __ P' 

rtw = 2 G(r&dQ) = AGQ = Q — HQ = Q t 


and it follows that w satisfies (9.10.3). 

dw~ v j„ e -'o s :r? v a c T nt * ° f type ®> exists suc h that 

ow — «r w = 0 outside its singular set. 

If we define 


(9.10.7) 


P = dw, Q = r&w, 


the conditions (9.10.6) are satisfied and w is given bv (9 10 Th* 
currents P and Q define the residues of * 7 ( °' 6) ‘ The 

satisfy^ = os 0 e r^r = °’ the soiution * (if * ^ »*> 


Aw = 2G(Ad Q + AnS-P) 
where we have in U„ by (9.2.28), 
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AdQ = dAQ -f- V —1 r&Q = dn?Aw t + V — 1 '7&r&w i = V— 1 7&n? W{) 

An? P — n? A P — n?Adw t = n?dAw i -f V - 1 n?7?W { = V - 1 n?7&w { . 

Since + 7&n? = 0 by (9.2.18), we have Aw = 0 . 

As a simple illustration, let M be a compact Riemann surface 
which, by Section 9.5, can be assumed to be a Kahler manifold of 
dimension 1 . Let q v q 2 (q 1 ^ q 2 ) be two points of M, z x a uniformizer 
with center at q v z 2 a uniformizer with center at q 2 , and take a cover¬ 
ing {U,} such that q x *U x , q 2 <z U 2> but neither q x nor q 2 hes in any 
other Uf. Let 

[ d log z^ni, j = 1 
w t = \d log zJ2m, j = 2 , 

l 0 , j > 2, 

Then the conditions (9.10.2) are satisfied with g = 1 , a = 0 , and we 
have 


(9.10.8) p = qi — q 2t Q = 0. 

In fact, since w f is of type (1,0), we have n?w { = 0 and therefore 
Q = 0. As for P, let <p be a 0-form of class C® with carrier contained 
in U v Then 

P[(p] = dw x \(p] = w x [d<p] = J w 1 Adcp= j w, a d<p 

u x u x -q x 



since d(w x a 9 ?) is of type (2,0), therefore 0. Thus 


£-►0 


d(w x a 9?) = lim 

J £->0 J 


KI ^« 




J 


Similarly for the neighborhood U 2 of q 2K 

Finally, let (p be any 0 -form of class C® in M. Then 



§ 9.11J THE L-KERNELS ON FINITE KAHLER MANIFOLDS 


443 


HP M = P[H<p] = Hq>(q x ) — H<p(q z ) = 0 

since Hip, a harmonic form of degree 0, must be a constant. It follows 

that there exists a current w of type (1,0) on M which is a holomor- 

phic differential except at q lt q 2 where it has simple poles with residues 
+ 1, —1 respectively. 

These considerations may be generalized to a compact Kahler 
manifold M of arbitrary (complex) dimension k. In fact, suppose that 
S x and S 2 are two analytic subvarieties of M each of complex dimen¬ 
sion k 1, and suppose that S 2 is homologous to S 2 (a condition 
which generalizes the statement that the residue sum vanish). In 
a neighborhood U„ the subvarieties S 2 and S 2 are defined by minimal 
local equations R^z,) = 0, R u (z t ) = 0 respectively, where *, = 
( z i r - *, V) refers to a local coordinate system. We define 

" 55 {d log R v { 2 > } ~ d l °S ,(»<)} in u { . 


A computation similar to the above gives 
(9.10.9) P = Sl ~ Si , 0 = 0. 

The hypothesis that S, - S 2 is homologous to zero implies the 
existence of a current T such that P = dT, and then it follows that 

holomn\ HenCe ^ here c X1StS a CUrrent W ° f type < I '°) 0n M whic h is 
holomorphic in M — S x — S 2 and has a pole of residue + 1 on 5, 

a pole of residue -1 on 5 2 . A v 

The Green’s operator G combined with the notion of currents 
p ovides a systematic and powerful method for establishing the 

Sfolds. mer ° m0rphic differen tial forms on compact Kahler 


1HE ^-kernels on Finite Kahler Manifolds 

“? of ,h, ra „,, s L 

kem t m »• de,i “ d «■ * S” 
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In fact, let 

(9-11.1) g = gv ( z ,D = n lS (z,Z) 

e.o 

be the kernel of the operator G for forms of type (q, a), q -j- a = j>, 
on the finite Kahler manifold B. It is readily seen that the difference 

(9.112) dzgv-i — ^cgv 

is harmonic and regular even at the point f. Define 

(9.11.3) L„(z, ?) = 2(a 2 a { g„_ 1 + w c g, +1 ), 

(9.11.4) l v (z, i) = 2(a 2 a ; g J ,_ 1 + ^^ c g v+ i), 


where 

d z = n d n, d c = n d n, a c = n d n , 

Q, a &-l t o Q,a Q-l,a <t,q o,q- 1 

z = 77 s n , ^ — n 6 n, = n s n. 

Q,o e + l,o Q+l,o Q,a a,e a,e+ 1 


By (9.10.1) we see that L p (z, f) vanishes except in the two cases 
q = o + 1, q = or — 1, where 

/All K\ f L ' (2 ’ ^ = 2d ‘ d (Sv-v e = <f + 1. 

[L V (Z,C) = 2^ z ^ c g p+1 , e = 0—1. 


In the special case q = k, a = k — 1, we obtain 

(9.11.6) f) = 2> ^2k-l{ Z » f) = g 2 fc- 2 * 

If k — 1, these formulas agree with those given in Chapter 4. 

We plainly have 

(9.11.7) L v [z,l)= [L v {Z,z))-, £„(*,£) =-Me. *)j__ 

(9.11.8) d z d c L v _ 2 (z,l;) ^J-^cL^z,!;); d z d c L,_ 2 (z,£) = f ); 

(9.11.9) " i^2k—p) 

for both kernels. For k > 1 we cannot_expect that L„(z, £) will in 
general satisfy the equations d z L v = n? z L v — 0 since, for example, 
in the case q = 0 , a = 1, the equation d z L v = 0 implies that (L v )~ 
is meromorphic and this is impossible because L v (z, C) has a point 
singularity. In fact, these equations are not satisfied by either kernel 



§ 9 . 12 ] 


INTRINSIC DEFINITION OF THE OPERATORS 


445 


if k > 1, and this is the reason why the kernels cannot be used in 
higher dimensions. However, the other properties of these kernels 
remain valid and we have: 

Lemma 9.11.1. If < pe ¥*’ a t then 
(9.11.10) (< p ( z ), L „( z , ?)) = — p(f), ( V ( Z ) > L p ( z , 0 ) =0. 

The proof of this lemma is a generalization of that given in Chapter 
4 for the case k = 1, and will be omitted. 

We remark finally that, in the case q = k = 1, a = 0, two cir¬ 
cumstances combine to_ make the kernels (9.11.6) meromorphic; 
(a) for scalars, A = 2^3; (b) if <p is of type (1, 0), then >&<p = 0 
implies that <p is holomorphic. If k > 1, the relation (a) remains 
true for scalars while (b) is true for forms of type ( k , 0). We have 

here an illustration of the extremely special character of Riemann 
surfaces. 


9.12. Intrinsic Definition of the Operators 

It is possible to give intrinsic definitions of all the operators 
introduced in Sections 9.1 and 9.2. For example, the operator 3 is 
■characterized by the following Jour axioms: (i) linearity; (ii) anti¬ 
derivation, namely 3 (<p a rp) = d<p a y» + (— 1) ■ > 9 a dy> if ? is a form 
of degree fi; (Hi) for a scalar /, 3 f(w) = 77 w(f), where * is a tangent 

vector of the manifold at the point being considered; (iv) for a scalar 
f.ddf - d df. In (Hi), the operator 17 is the projection operator 

associated with the direct-sum decomposition of the tangent bundle. 

In terms of an arbitrary Hermitian metric, we can define an 
adjoint operator of 3, namely ^ = — *3*, and we can introduce as 
Laplaaan A = 2(^3 + M). Dirichlefs Principle remains valid for 
the Dinchlet integral defined by (9.8.1) in terms of the operators 
d *, and we obtain Green's and Neumann’s operators G„ N For a 
-manifold M imbedded in an arbitrary complex analytic manifold R 
there exists a completely continuous Green's operator G 0 , A G <p = 

IZl&L fT F ' = i ?,|9,e = 0}- ^ terms of thfreal 

‘ * * d ' S = ~ * d * : the Hermitian metric is Kahlerian if and 
only if JJ commutes with 6d + dd. 

Q,o 
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However, unless the metric is Kahlerian, A will not in general be a 
real operator, and the operation of taking complex conjugates will 
not map the space of harmonic forms into itself. In particular, if M 
is a compact manifold, the relationship between the real harmonic 
forms satisfying dy = 6y = 0 and the complex harmonic forms 
satisfying dy = r&y — 0 will not necessarily be simple. 
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